Mathematica 11.3 Integration Test Results

Test results for the 932 problemsin "4.2.2.1 (a+b cos)*m (c+d
cos)*n.m"

Problem 7: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c +dx] dx

Optimal (type 3, 16leaves, 2 steps):
aArcTanh[Sin[c +d x]]
d

aXx+

Result (type 3, 73 leaves):

alog[Cos[€+ 4] —sin]|
ax- 22 +
d d

Problem 8: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c+dx]2dx

Optimal (type 3, 24 leaves, 4 steps):
aArcTanh[Sin[c+dx]] aTan[c+dXx]
d d

Result (type 3, 81 leaves):

Q.

dTXH +aL°g[C°5[§+dTX] +Sin[§+7"H +aTan[c+dx]

d d d

aLog[Cos[iJr dTX] - Sin|

Problem 9: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c+dx]3dx

Optimal (type 3, 47 leaves, 5 steps):

aArcTanh[Sin[c+dx]] aTan[c+dx] aSec[c+dx] Tan[c+dX]
+ +

2d d 2d

Result (type 3, 138 leaves):
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atog[cos[1 (e ax)| -sin[} (eodx]]]

2d
aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]]

a
+ _

2d 4d(cOs[§(c+dx)]—Sin[i(c+dx>”2
a +aTan[c+dx]
4d(Cos[§(c+dx)]+Sin[i(C+dx)])2 d

Problem 10: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c+dx]*dx

Optimal (type 3, 63 leaves, 5steps):

aArcTanh[Sin[c+dx]] aTan[c+dx] aSec[c+dx]Tan[c+dx] aTan[c+dx]3
+ + +

2d d 2d 3d

Result (type 3, 163 leaves):
aLog[Cos[i (c+dx)] 7Sin[i (c+dx)]]

2d
aLog[Cos[% (c+dx) ] +Sin[% (c+dx)]]

a
+ _

. 2
2d 4d(COS[§<c+dX)]—Sln[i(c+dx)”
a 2aTan[c +dx] aSec[c+dx]2Tan[c +dXx]
+ +
4d(cos[g(c+dx)]+sm[§<c+dx)])2 3d 3d

Problem 11: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c+dx]>dx

Optimal (type 3, 85leaves, 6 steps):
3aArcTanh[Sin[c+dx]] aTan[c+dX]
+
8d d
3aSec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dx] aTan[c+dx]3

+ +

8d 4d 3d

+

Result (type 3, 227 leaves):
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~3atog[os[} (c+dx)]-sin[; (c+dx)]]

+

8d
3aLog[Cos[i(c+dx)]+Sin[§(c+dx>]] 3
+ +
8d 16d(Cos[%(c+dx)}—$in[§(c+dx)])4
3a B a ~
16 d (Cos[i (c+dx)] —Sin[i (c+dx)”2 16 d (Cos[% (c+dx) ] +Sin[§ (c+dx”)4
3a 2aTan[c+dx] aSec[c+dx]?Tan[c+dXx]
+ +
2 3d 3d

16d (Cos[i (c+dx)] +Sin[§ (c+dx)”
Problem 12: Result more than twice size of optimal antiderivative.

j(a+aCos[c+dx]) Sec[c+dx]®dx

Optimal (type 3, 101 leaves, 6 steps):

3aArcTanh[Sin[c+dx]] aTan[c+dx] 3aSec[c+dx] Tan[c+dXx]
+

+ +
8d d 8d
aSec[c+dx]3Tan[c+dx] 2aTan[c+dx]3 aTan[c+dx]®
+ +
4d 3d 5d

Result (type 3, 249leaves):
3aLog[Cos[§ (c+dx)] —Sin[% (c+dx)]] 3aLog[Cos[% (c+dx) ] +Sin{§ (c+dx)]]

- + +

8d 8d
3a

+ —

16d (Cos[i (c+dx)] —Sin[% (c+dx)”4 16 d (Cos[% (c+dx)] —Sin[% (c+dx”)2

a 3a

+

16d (Cos[i (c+dx)] +Sin[§ (c+dx)”47 16d (Cos[% (c+dx)] +Sin[§ (c+dx”)2

8aTan[c+dx] 4aSec[c+dx]?Tan[c+dx] aSec[c+dx]*Tan[c+dx]
+ +

15d 15d 5d

Problem 18: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])ZSec[c+dx] dx

Optimal (type 3, 34 leaves, 3 steps):

5 a?ArcTanh[Sin[c+dx]] a?Sin[c+dx]
2a° X+ +
d d

Result (type 3, 106 leaves):



4 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”n.nb

a?Cos[dx] Sin[c] a%Cos[c] Sin[dx]
+

d d d

+

Problem 20: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])ZSec[c+dx]3dlx

Optimal (type 3, 54 leaves, 7 steps):

3a2ArcTanh[Sin[c+dx]] 2a?Tan[c+dx] a?Sec[c+dx] Tan[c+dXx]
+ +

2d d 2d

Result (type 3, 119leaves):

ia2 -6 Log[Cos |
4d

N =

(cedx)] —Sin[% (cedx)]] +6Log[Cos[§ (cvdx)] +sm[§ (cedx)]]+

1 S - 1 2+8Tan[c+dx}
(Cos[i (c+dx)] —Sin[i (c+dx>” (Cos[i (c+dx)] +Sin[§ (c+dx>])

Problem 21: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])ZSec[c+dx]4d1x

Optimal (type 3, 66 leaves, 8 steps):

a?ArcTanh[Sin[c+dx]] 2a?Tan[c+dx] a?Sec[c+dx] T Tan[c+dx] a?Tan[c+dx]3
+ + +

d d d 3d

Result (type 3, 669 leaves):
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2 d B d dx 14
_(a+aCos[c+dx]) Log[Cos[§+7"]—Sln[§+TXHSec[§+TX] )
4d
araCosfc+dx])?Llog[Cos[S+9%] 1sin[<S+ 9%]] sec[< 4 9x]*
(+ [c+ X]) Og[05[2+2}+ 1n[2+2H ec[2+2] )
4d
(a+aCos[c+dx})ZSec[§+d7X}4sin[d7x] )

X

24 d (Cos[i] —Sin[ﬂ) (Cos[i

a+aCos[c+dx] 2 sec
( )

a8d (Cos[ <] ~sin[<]) [cos[ €+ x] ~sin[ <+ 4x])

5 (a+aCos[c+dx])?Sec]

12d (Cos[i] —Sin[ﬂ) (Cos[§

a+acCosfc+dx] 2 sec
< )

24d (Cos[i] +Sin[§” (Cos[i

(a+aCos[c+dx])?Sec|

48d (cOs[g} +Sin[§}) (cOs[§+7X] +Sin[§+dx})2

5 (a+aCos[c+dx])?Sec]

12d (Cos[i] +Sin[§” (Cos[i

Problem 22: Result more than twice size of optimal antiderivative.
J(a+aCos[c+dx])ZSec[c+dx]5d1x

Optimal (type 3, 96 leaves, 9 steps):
7 a2 ArcTanh[Sin[c+dx]] 2a’?Tan[c +dXx]

+ +
8d d
7a’Sec[c+dx] Tan[c+dx] a?Sec[c+dx]3>Tan[c+dx] 2a?’Tan[c+dx]?
+ +
8d 4d 3d

Result (type 3, 797 leaves):
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~ 7 (avacosic+dx))?Log[cos[ S+ LX) sin[ S+ TX] ] sec[ S IX5,
32d 2 2 2 2 2 2
7(a+aCos[c+n1x])2Log[cOs[§+"TX}+Sin[§+‘*7"]]Sec[§+"7"]“+
32d

(an+aCos[c+dx})25ec[§+"7}“+ (a+aCos[c+dx])?sec[S+9x]*sin[L
64d (Cos[ ¢+ ] -sin[S+ 2*])" 124 (Cos[S] -sin[<]) [Cos[$+ ] -sin[S 4
(a+acos[c+dx])?sec[$+9x]* (29Cos[<] ~135in[<]] )

1924 (Cos[ <] - sin[€]] (cos[<+ <] -sin[ €+ X])°

(a+acosfc+dx])?sec[ ¢+ 2*]*sin[ 4*] (a+aCos[c+dx])?sec[<

30 [Cos[ €] sin[]) [cos[ S+ 2] ~sin[+%]] ead [cos[ s %] . sin[< .

a+acCosf[c+dx] 2 sec
< )

12d (Cos[ ] +Sin[9” (Cos[

< <
2 2 2

a+aCos[c+dx])?sec
( )

192 d (Cos[ﬂ +Sin[§]) (Cos[ 4 4x] +sin[§+d7><})z

a+aCos[c+dx] 2 sec
( )

3d (Cos[¢] +sin[$]] (cos]

Problem 28: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])3Sec[c+dx]2d1x

Optimal (type 3, 48 leaves, 6 steps):

3 3a3ArcTanh[Sin[c+dx]] a®>Sin[c+dx] a3Tan[c+dx]
3a’x+ + +
d d d

Result (type 3, 211 leaves):
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3X_3Log[CosE (c+dx)] —Sin[i (c+dx)]] )
d

laz’ (1+Cos[c+dx1)3’Sec[l (c+dx) ]
8 2

3Log[Cos[} (c+dx)]+Sin[} (c+dx)]] cosidx] sin[c]

+ +

d d

Cos[c] Sin[dx] N Sin[de] N
d d (Cos[i] —Sin[i) (Cos[i (c+dx)] —Sin[i (c+dx)])

Sin[%x}

d (Cos[i] +Sin[§]) (Cos[i (c+dx)] +Sin[% (c+dx)])

Problem 29: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])3Sec[c+dx]3d1x

Optimal (type 3, 59leaves, 7 steps):

7 a®ArcTanh[Sin[c+dx]] 3a®Tan[c+dx] a®>Sec[c+dx] Tan[c+dXx]
X + + +

2d d 2d

3

a

Result (type 3, 144 leaves):

- £+X77Log[Cos[% (c+dx)]-sin[> (c+dx)]] )
d 2d
7Log[Cos[§(c+dx>]+51n[§(c+dx)}]+ 1 )
2d 4d (cos[X (c+dx)] -sin[L (c+dx]])’
1 +3Tan[c+dx]
4d (Cos[2 (c+dx)]+sin[t (c+dx)])’ d

Problem 30: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])3Sec[c+dx]4dlx

Optimal (type 3, 72leaves, 9steps):

5a3ArcTanh[Sin[c+dx]] 4a’Tan[c+dx] 3a’Sec[c+dx]Tan[c+dx] a3Tan[c+dx]3
+ + +

2d d 2d 3d

Result (type 3, 669 leaves):
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fLS (a+aCos[c+dx])3Log[Cos[Eer—X] ,sin[£+dl]] Sec[£+d—x]6+
16d 2 2 2 5 2 )
5 (aracos(c+dx))’Log[Cos[f+ 4] +sin[£+ ¥]] sec[f+ 5]
16d
(a+aCos[c+dx]>3Sec[§+d7x}651n[d7x] )
X

48d (Cos[i] —Sin[ﬂ) (Cos[

2
(a+aCos[c+dx])>Sec| +dx]6 (SCos[ﬂ -45sin]

<
2

48d (Cos[ﬂ —Sin[i]) (Cos[

N |0

11 (a+aCos[c+dx])>sec|

24 d (Cos[i] —Sin[ﬂ) (Cos[

(a+aCos[c+dx])?Sec|

48d (Cos[ <] +sin[<]) (co

(%]
—
N A

+

|Q.
J—

+

0n

e

=
—
NN

+

a
NN
f——
—_
w

(a+aCos[c+dx])3Sec

(
[
48d (cos[ <] +sin[<]) (cos[ £+ ] +sin[ €+ &X])°
)
(

24d (Cos[i] +Sin[§}) Cos|
Problem 31: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])3Sec[c+dx]5d1x

Optimal (type 3, 93 leaves, 11 steps):
15 a3 ArcTanh[Sin[c+dx]] 4a3Tan[c+dx]

+ +
8d d
15a3Sec[c+dx] Tan[c+dx] a*Sec[c+dx]3Tan[c+dx] a3Tan[c+dx]?3
+ +
8d 4d d

Result (type 3, 797 leaves):
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—i15 (a+aCos[c+dx])3Log[Cos[£+dfx} —Sin[£+deH Sec[E
64d 2 2 2 2 2
L15 (a+aCos[c+dx])3Log[Cos[E+d—X} +Sin[£+d—XH Sec[E dx
64d 2 2 2 2 2

[

(a+aCos[c+dx])3Sec[ (a+aCos[c+dx])3Sec

1284 [Cos[ £+ ] -sin[ <+ 2]]* 164 (cos[<] -sin[<]] (Cos|

<
2

Fe ] -sinlg e )
3(a+aCos[c+dx])35ec[§+TX]651n[dTX] ) (a+aCos[c+dx])35ec[§+d7"]6 )
8d (Cos[i] —Sin[i]) (Cos{§+d7x} —Sln[§+d7"]) 128 d (Cos[i+d7x} +Sln[§+d7"])4

a+aCos[c+dx])3sec
( )

16d (Cos[i] +Sin[§}) (Cos[i
(a+aCos[c+dx])35ec[ + dx]e (—19Cos[ﬂ —1lsin[§])

128d (COS{?} +Sin[§]) (Cos[£+d_] +Sin{§+d7x})2

3 (a+aCos[c+dx])SSec[

2 2
¢ 9x)°sin[ 4]
d

8d (Cos[ ]+Sin[5]) (Cos[

< <
2 2 2

Problem 32: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])3Sec[c+dx]6dlx

Optimal (type 3, 114 leaves, 11 steps):

13 a3 ArcTanh[Sin[c+dx]] 4a®Tan[c+dx] 13a®>Sec[c+dx] Tan[c+dXx]
+ + +

8d d 8d

3a3Sec[c+dx]3Tan[c+dx] 5a*Tan[c+dx]> a3Tan[c+dx]°>
+ +

4d 3d 5d

Result (type 3, 487 leaves):
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1
3840d

a’Sec[c] Sec[c+dx]® |975Cos[2c+3dX] Log[Cos[1 (c+dx)] - Sin| (c+dx)H +
2

N |

975 Cos[4c +3dXx] Log[Cos[1 (c+dx)] —Sin[l (c+dx)H +
2 2

195Cos[4c +5dX] Log[Cos[l (c+dx)] —Sin[1 (c+dx)]]+
2 2

195 Cos[6 ¢ +5d X] Log[Cos{1 (c+dx)] —Sin[l (c+dx)]]+
2 2

1950 Cos [d X] (Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]]-

Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]|+1950 Cos[2c+dx]
2 2

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx)] +Sin[% (c+dx)]]|-

(c+dx)H—

1
975Cos[2c+3dx] Log[Cos[g (c+dx)] +sin|
975Cos[4c+3dx] Log[Cos[1

2

P N|RN|R

195 Cos[4c+5dx] Log[Cos|[ = (c+dx) | +Sin[= (c+dx)]] -
2

RN R

1
195 Cos[6 ¢ +5dx] Log[Cos|[ = (c+dx) | +Sin[; (c+dx)]|]-4640Sin[dx] +

— N

1440 Sin[2c +d x] -1500Sin[c +2dx] -1500Sin[3c+2dXx] -

3040Sin[2c+3dx] -390Sin[3c+4dx] -399Sin[5c+4dx] -608Sin[4c+5dX]

Problem 37: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])4Sec[c+dx]2d1x

Optimal (type 3, 73 leaves, 8steps):
13a*x 4 a*ArcTanh[Sin[c +dx]]

+ +

2 d

4a*Sin[c+dx] a*Cos[c+dx]Sin[c+dx] a*Tan[c+dx]
+ +

d 2d d

Result (type 3, 241 leaves):
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ia4 (1+Cos[c+dx])45ec[1

” (c+dx)]8

26 X -

+ +

2
16Log[Cos[§ (c+dx) ] —Sin[% (c+dx)]] 16Log[Cos{i (c+dx)] +Sin[i (c+dx)]]
d d

16 Cos[d x] Sin[c] Cos[2dx] Sin[2c] 16Cos[c] Sin[dx]

d ' d ' d '
Cos[2c] Sin[2dx] . 451"[%] .
d d (Cos[i] —Sin[i]) (Cos[% (c+dx)] —Sin[i (c+dx)])
4sin[ 2]
d (Cos[i] +Sin[§]) (Cos[i (c+dx” +Sin[i (c+dx)])

Problem 38: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])4Sec[c+dx]3dlx

Optimal (type 3, 73 leaves, 8steps):

4 13 a* ArcTanh[Sin[c+dx]] a*Sin[c+dx] 4a*Tan[c+dx] a*Sec[c+dx] Tan[c+dx]
43" x+ + + +

2d d d 2d

Result (type 3, 272 leaves):

1 4 4 1 8

— 1+C d S - d

64a (1+Cos[c+dx]) ec[2 (c+ x)]

26Log[Cos[%(c+dx)]—Sin[%<c+dx)H 26Log[Cos[%(c+dx)}+sin[%(c+dx)H
16 x -
X d + d +
4Cos[dx] Sin[c] 4Cos[c] Sin[dXx] 1
+ + +

d d d(cOs[i(c+dx>]—sin[i(c+dx”)2

16sin[ <]

d (Cos[i] —Sin[i]) (Cos[% (c+dx)] —Sin[% (c+dx)])
1
d (Cos[i (c+dx)] +Sin[§ (c+dx)])2

+

165in[ ]

d (Cos[i] +Sin[§]) (Cos[i (c+dx” +Sin[i (c+dx)])

Problem 39: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])4Sec[c+dx]4d1x
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Optimal (type 3, 73 leaves, 9steps):

4 6 a* ArcTanh[Sin[c+dx]] 7a*Tan[c+dx] 2a*Sec[c+dx]Tan[c+dx] a*Tan[c+dx]3
a X+ + +

"
d d d 3d

Result (type 3, 178 leaves):

c+dx-

1
—— a*Sec[c+dx]3 (9C05[c+dx]
12d

6Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] +6Log[Cos[§ (c+dx)] +Sin[§ (c+dx) |||+

3Cos[3 (c+dx) | [c+dx76Log[Cos[§ (c+dx)] 7Sin[§ (c+dx)]]+

6Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]

+

4 (6Sin[c+dx] +3Sin[2 (c+dx)]| +55in|3 (c+dx)]))

Problem 40: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])4Sec[c+dx]5dlx

Optimal (type 3, 96 leaves, 12 steps):
35a* ArcTanh[Sin[c+dx]] 8a*Tan[c+dXx]
8d : d "
27 a*Sec[c+dx] Tan[c +d X] . a*Sec[c+dx]3Tan[c+dx] . 4a3*Tan[c+dx]3

8d 4d 3d
Result (type 3, 797 leaves):
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—LBS(a+aCos[c+dx])4Log[Cos[E+dfx]—Sin[£+dl]]Sec[£+dl]8+

128d 2 2 2 2 2 2

1 4 c dx . rC dx c dx.s

——35 (a+aCos[c+dx])*Log[Cos[—+—]+Sin[—+—]]sec[—+—] +

128d 2 2 2 2 2 2
(a+aCos[c:+dx])4S.ec[§+‘17"]8 ) (a+aCos[c+dx])4Sec[§+dzx]ssin[%x} )
256d (Cos[ €+ 9x] -sin[ <+ 9x])®  24d [cos[<] -sin[<]) (cos[E+ 2] -sin[€+ 2x])’

5 (a+aCos[c+dx])*sec] +dX}SSin[dx] (a+acCos[c+dx])*sec|

12d [Cos[$] -sin[$]] (cos[ +9X]) 256d cos[ <+ 2] +sin[ <+ 4x])

a+aCos[c+dx])*sec
( )

24d (Cos[i] +Sin[§}) (Cos[i

(a+aCos[c+dx])*sSec|

7684 [cos[£] +sin[5]) [cos[5+ ] »sin[5 - 2]

5 (a+aCos[c+dx])*sec]

12d (Cos[i] +Sin[§” (Cos[i

Problem 41: Result more than twice size of optimal antiderivative.

J(a+aCos[c+dx])4Sec[c+dx]6dlx

Optimal (type 3, 111 leaves, 13 steps):

7 a* ArcTanh[Sin[c+dx]] 8a*Tan[c+dx] 7a*Sec[c+dx] Tan[c+dXx]
+ + +

2d d 2d

a*Sec[c+dx]3Tan[c+dx] 8a*Tan[c+dx]3 a*Tan[c+dx]®
+ +

d 3d 5d

Result (type 3, 498 leaves):
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1
(c+dx)} —Sln[g (c+dx)]] +

a*sec[c] Sec[c+dx]® |525Cos[2c+3dx] Log[Cos]|

N |

o960 d

525Cos [4 ¢+ 3dX] Log[Cos[1 <c+dx)] —Sin[l (c+dx)H +
2 2

105 Cos[4 ¢ +5d X] Log[Cos[1 (c+dx)] —Sin[1 (c+dx)]]+
2 2

105 Cos[6 ¢ + 5d X] Log[Cos{1 (c+dx)] —Sin[l (c+dx)]]+
2 2

1 1
1050 Cos [d X] (Log[Cos[g (c+dx)] 751n[£
]

Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]|+1050Cos[2c+dx]
2

2

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]|-

(c+dx)H—

525Cos[2c+3dx] Log[Cos|[ = (c+dx) | +Sin|

1

2

525Cos[4c+3dx] Log[Cos[1

2

105 Cos[4c +5d X] Log[Cos{l (c+dx)]+sin[= (c+dx)]] -
2 2

1 .1 .
105 Cos[6 ¢ + 5d X] Log[Cos{; (c+dx)] +51n[; (c+dx)]]-2360Sin[dx] +

960Sin[2c+dx] -660Sin[c+2dx] -660Sin[3c+2dx] -1600Sin[2c+3dXx] +
60Sin[4c+3dx] -210Sin[3c+4dx] -210Sin[5c+4dx] -332Sin[4c+5dx]

Problem 46: Result more than twice size of optimal antiderivative.

J Cos[c+dx]?

a+aCos[c+dx]

dx

Optimal (type 3, 43 leaves, 4 steps):

x Sin[c+dx] Sin[c+dx]
- — + +

a ad ad (1+Cos[c+dx])

Result (type 3, 89 leaves):

4adSec[§] Sec[% (c+dx)]

dx d x . dx i d x i 3dx . 3dx
(72dxCos[7]—2dxCos[c+7]+551n[7}+51n[c+7]+51n[c+ A | +sinf[2c+ A

]

Problem 49: Result more than twice size of optimal antiderivative.

Sec[c +dx]
J dx
a+acCosfc+dx]

Optimal (type 3, 38 leaves, 3 steps):
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ArcTanh[Sin[c +d x]] Sin[c +dx]

ad d(a+aCos[c+dx])

Result (type 3, 103 leaves):

|

2Cos[§ (c+dx)]

Cos[% (c+dx)]

Log[Cos[% (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]|+

Sec{%} Sln[dTX]])/ (ad (1+Cos[c+dx]))

Problem 50: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx

a+aCos[c+dx]

Optimal (type 3, 53 leaves, 5steps):
ArcTanh[Sin[c+dx]] 2Tan[c+dx] Tan[c +dXx]
- +

ad ad d(a+aCos[c+dx])

Result (type 3, 188 leaves):

2Cos[% (c+dx)]

Sec[%} Sin[dTX] +Cos{§ (c+dx)]

(c+dx) | —Sin[% (c+dx)]]-Log[Cos|[= (c+dx]] +Sin[% (c+dx)]]+

|

<C+dx)]

Cos{i (c+dx)]-sin]

Problem 51: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx

a+acCos[c+dx]

Optimal (type 3, 83 leaves, 6 steps):
3 ArcTanh[Sin[c +dx]] 2Tan[c +dx] 3Sec[c+dx] Tan[c+dx] Sec[c+dx] Tan[c+dX]
- +

2ad ad 2ad d(a+aCos[c+dx])

Result (type 3, 244 leaves):
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Cos[~ (c+dx) |

N |

—4Sec[§} Sin[dTX] +Cos[l (c+dx)]

5 —6Log[Cos{%(c+dx)]—Sin[§(c+dx)H+

6Log[Cos[§(c+dx”+sin[1<c+dx)H+ 1 -

2 (Cos[%(c+dx”—$in[l(c+dx)])2

2
- (4Sin[dx])/

1

(Cos[i (c+dx)] +Sin[i (c+dx)])2

((Cos[g} —Sin[g]) (Cos[g} +Sin[§])
J]

Problem 52: Result more than twice size of optimal antiderivative.

Cos[l (c+dx)]-sin]

N <c+dx>]

N |

Cos[1 (c+dx)] +Sin[1 (c+dx)]

2ad (1+Cos[c+d
8 8 / (2ad(1+cosicax))

Sec[c+dx]*
J dx

a+acCosfc+dx]

Optimal (type 3, 103 leaves, 6 steps):
3 ArcTanh[Sin[c+dx]] 4Tan[c+dX]
- +

2ad ad
3Sec[c+dx] Tan[c+dx] Sec[c+dx]%?Tan[c+dx] 4Tan[c+dx]3
- +
2ad d(a+aCos[c+dx]) 3ad

Result (type 3, 706 leaves):
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3Cos[§ "Z—X]ZLog[Cos[§+de]—Sin{§+d7XH _3Cos[§+d7] Log[Cos[—+dT"]+Sln[§ dTXH )
d(a+aCos[c+dx]) d(a+aCos[c+dx])
2Cos| €+ 9X] sec[ <] sin| 9%
{2 2} [2] [2] [ S[SeriX]zsin[diX})/
d(a+aCos[c+dx]) 2 2 2

[3d(a+aCos[C+dx]) [cos[ 5] -sin[ 7] Cos[g+d7x}*51”[§+d7x] 3]*

o 2 o w5

[3d(a+aCos[C+dX]) cos[g]fsin[g}) Cos[£+d7x}*51”[§+d7x] 2]*

060 % 530 851] / (20 (s 2 cos e ax) [cos] ] -s1n[ ]|
Cos[§+d7x}—51n[ 2} cos[—+d7x]251n[d7x] /

[3d(a+aCos[C+dx]) [cos <] < sn €] Cos[£+d7x}+51”[§+d7x] 3]+

2 e ) 250 )

[3d(a+aCos[C+dx]) (cos[gpsm[;) cos[§+d7x}+51n[§+d7x] ]

10cos [+ X Psin[ )] /

30 (3 costeax) (cos[ <] wsin[ €] [cos[ £+ ] wsin[ - 2] |

Problem 59: Result more than twice size of optimal antiderivative.

Sec[c +dx]
J dx
(

a+aCos[c+dx])2

Optimal (type 3, 66 leaves, 4 steps):
ArcTanh[Sin[c+dX]] 4Sin[c+dx] Sin[c+dx]

a%d 3a2d(1+Cos[c+dx}> 3d(a+aCos[c+dx])2

Result (type 3, 152 leaves):

|

2Cos[§ (c+dx)]

6Cos[§ (c+dx)]3

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]|+
Sec[%} Sin[dTX] +8Cos[§ (C+dXHZSec[§] Sin[dTX] +

Cos[ (c+dx” Tan[;)]/bazd (1+Cos[c+dx1>2)]
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Problem 60: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J( dx

a+aCos[c+dx])?

Optimal (type 3, 81 leaves, 6 steps):
2 ArcTanh[Sin[c+dx]] 1@Tan[c +dXx] 2Tan[c +dXx] Tan[c +dX]
- +

a?d 3a2d a’d (1+Cos[c+dx]) 3d(a+aCos[c+dx])2

Result (type 3, 239 leaves):
1

3a%d (1+Cos[c+dx])?

Sec[E} Sin[dx] +14Cos[l (c+dx)]25ec[5} Sin[d—x] +6Cos{l (c+dx”3

2Cos[l(c+dx>] —
2 2 2 2 2 2 2

(ZLog{Cos[i(c+dx”—$in[%(c+dx)“—2Log[Cos[§(c+dx”+$in[%(c+dx)]]+
Sin[dx}/ (Cos[g]—sin[g]] (Cos[g] +Sin[§}) (Cos[i (c+dx)] —Sin[i (c+dx)]
Cos[i(c+dx”+$in[§(c+dx)] )]+COS[§(c+dx)]ran[§}

Problem 61: Result more than twice size of optimal antiderivative.
Sec[c+dx]3
J dx
(a+acCos[c+dx])?
Optimal (type 3, 119leaves, 7 steps):
7 ArcTanh[Sin[c+dx]] 16Tan[c+dXx]

2a%d 3a%d
7Sec[c+dx] Tan[c+dx] 8Sec[c+dx] Tan[c+dx] Sec[c+dx] Tan[c +dXx]

+

2a%d 3a2d (1+Cos[c+dx]) 3d(a+aCos[c+dx])2

Result (type 3, 292 leaves):
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1

3a%d (1+Cos[c+dx])?

—ZSec[E] Sin[dfx] —40Cos[1 (c+dx)}25ec[£] Sin[dfx] +

1
C — d
os| (c+ XH A 5 A A 5

2

3Cos[§ (c+dx)]3

—14Log[Cos[§ (c+dx)] —Sin[i (c+dx)]]+

(c+dx)]]+ 1 -

(Cos[% (c+dx)] —Sin[i (c+dx)])2

1 .
S - (851n[dx})/

(Cos[i (c+dx)]+sin[> (c+dx)”

(Cos[%] _Sin[g}) (Cos[%] +51n[§})
|

Problem 62: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx
(

a+aCos[c+dx])?

14Log[Cos[l (c+dx)] +sin]
2

N |

Cos[% (c+dx)] —Sin{% (c+dx)]

Cos|

N |

1
(c+dx” +Sln[£ (c+dx)]

72Cos[§ (c+dx)] Tan[g}

Optimal (type 3, 133 leaves, 7 steps):

S5ArcTanh[Sin[c+dx]] 12Tan[c+dx] 5Sec[c+dx] Tan[c +dx]
) a’d : a’d . a’d

10 Sec[c+dx]?Tan[c +d x] ) Sec[c+dx]?Tan[c +dx] . 4Tan[c+dx]3

3a%d (1+Cos[c+dx]) 3d (a+aCos[c+dx])? a’d

Result (type 3, 403 leaves):
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2@Cos[§+ dTXrLog[Cos{ X —Sin[i dTXH

<
2

d(a+aCos[c+dx])?

29Cos[§+dz—x]4Log{Cos[§+ de] +Sin[ S+ dTXH

d <a+aCos[c+dx})2

1 c dx C
Cos[—+—| Sec[—] Sec[c] Sec[c+dx]?
48d(a+aCos[c+dx])2 2 2 2
. dx . r3dx . d x . d x
-3Sin[—] +155Sin]| | -153sin[c- —] +21Sin[c+ —| -
2 2 2 2
. dx . 3dx . 3dx . 3dx
135Sin[2c+ —] +25Sin[c+ A | +45sin[2c+ 2 | -85sin[3c+ A |+
2
X 5dx X 5dx . 5dx . 5dx
99 Sin|c+ A | +21sin[2c+ A | +33sin[3c+ A | -45sin[4c+ A |+
. 7dx . 7 dx . 7 dx
57Sin[2c+ | +18sin[3c+ A | +24sinfac+ A |-
2

. 7dx . 9d x . 9d x
15Sin[5c+ | +24sin[3c+ | +11sin[4c+
2 2 2 2

Problem 69: Result more than twice size of optimal antiderivative.

J Sec[c +dXx]

(a+aCos[c+dx])?

dx

Optimal (type 3, 97 leaves, 5 steps):

ArcTanh[Sin[c+dXx]] Sin[c+dx]
a’d 5d (a+aCos[c+dx])>
7Sin[c +dx] 22Sin[c +dx]

15ad (a+aCos[c+dx])2715d (a®>+a®Cos[c+dx])

Result (type 3, 201 leaves):

~ 1
15a°d (1+Cos[c+dx])>
2C05[§(c+dx)] 60Cos[§(c+dx)]5 Log[Cos[%(c+dx)]—Sin[§(c+dx)H—
Log[Cos| [cdx]] +sin[ ~ (c-dx]]]| +3sec[ ] sin[ ]«
14cos[§(c+dx)]25ec[§}sm[d7x]+sscos[§(c+dx)]“sec[§}sm[d7x]+

3Cos[§ (c+dx” Tan[%] +14Cos[§ (c+dx)]3Tan[§})
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Problem 70: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx

(a+acCos[c+dx])?

Optimal (type 3, 112leaves, 7 steps):
3ArcTanh[Sin[c+dx]] 24Tan[c+dXx]
- +
a*d 5ad
Tan[c +dXx] 3Tan[c +dx] 3Tan[c +dx]

5d(a+aCos[c+dx])? sad (a+aCos[c+dx])? d (a®>+aCos[c+dx])

Result (type 3, 286 leaves):
1

5a3d (1+Cos[c+dx])3

sec[ <] sin[9X] v 8cos[ S (c+dx)]*sec[<] sin[ X

1
2Cos[—(c+dx>] X X A A A

2

7<5cOs,[1 (c+dx)]45ec[5] Sin[dx

1 5
— 20C — d
A A 2}+ os[z(c+ x)]

(3Log[Cos[§ (c+dx)]-sin]

Sin[d x}/

Cos[% (c+dx)] —Sin[2
[

c+dx)H —3Log[Cos[§ (c+dx)} +Sin[1 (c+dx)H +

1

| 2
(Cos[i] —Sin[g]] (Cos[i] +Sin[£})

|

2 2 2

Cos[i (c+dx)] +Sin[§ (c+dx)]

IX

Cos[1 (c+dx)] Tan[g] +8Cos !
2 2

Problem 71: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J( dx

a+aCos[c+dx])3

Optimal (type 3, 156 leaves, 8 steps):
13 ArcTanh[Sin[c+dx]] 152Tan[c+dx] 13Sec[c+dx] Tan[c +dX]
- +

2a3d 15a%d 2a3d
Sec[c+dx] Tan[c+dx] 1lSec[c+dx] Tan[c+dx] 76Sec[c+dx] Tan[c+dx]

5d(a+aCos[c+dx])3 15ad(a+aCos[<:+dx})2 15d (a +a*Cos[c+dx])

Result (type 3, 403 leaves):
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52Cos[§+dTX]6Log[Cos[ + X —Sin[§+dXH

<
2

d(a+aCos[c+dx])

52 Cos [ < + ] Log[Cos [+ 22 sin[ £+ ]|

d <a+aCos[c+dx})3

= Cos[EerfX}Sec[E]Sec[c]Sec[Cerx]2

48@d(a+aCos[c+dx})3 22 2

. rdx . r3dx . d x . d x
1235Sin[ —| - 38@5Sin| A | +4329sin|c- 7} -1989 Sin[c + 7} +
2

. dx . 3dx X 3dx .
3575Sin[2c+ —| +475Sin[c+ 2 | -2005Sin[2c+ A | +2275sin[3c+ A
2

3dx

] -

5dx 5dx 5dx 5dx
2673 Sin|c+ A | -105Sin[2¢c+ A | -1593sin[3c+ A | +975Sin[4c+ A | -
. 7dx . 7 dx . 7 d x
1325Sin[2c+ A ] -255sin[3c+ A | -875sin[4c+ A ]+
. 7dx . 9d x . 9d x . 9d x
195Sin[5¢+ | -304sin[3c+ A | -90sinfac+ A | -214sin[5c+ A ]
2

Problem 80: Result more than twice size of optimal antiderivative.

Sec[c +dx]?
J dx
(a+acCos[c+dx])*

Optimal (type 3, 135leaves, 8steps):

4 ArcTanh[Sin[c+dx]] 664 Tan[c +dX] 88 Tan[c +dX]
. atd : 105 a*d 7105a4d(1+Cos[c+dx})27
4Tan[c +dx] Tan[c +dXx] 12 Tan[c +d X]
a*d (1+Cos[c+dx]) ) 7d (a+aCos[c+dx])4 ) 35ad (a+aCos[c+dx])3

Result (type 3, 401 leaves):
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64Cos[§+d7"] Log[Cos[§+dTX]+Sln{§+d7XH )
d(a+aCos[c+dx])*
1 c dx C
Cos[7+f]5ec[f} Sec[c] Sec[c +dx]
1680d(a+aCos[c+dx])4 22 2
. dx . - 3dx X dx X dx
-10780Sin[ —| + 18788 Sin| A | -205245sin[c- 7} +14644 Sin[c + 7} -
2
. dx . X . 3dx
16660 Sin|[2c+ — | - 4698 Sin[c + | +143785sin[2c+ 2 | -
2

. 3dx . X . 5dx . 5dx
9100 Sin |3 c + | +11668Sin|c + A | -630sin[2c+ 2 | +9358Sin[3c+ A
2

. 5dx . 7 dx . 7 dx . 7 dx
2940 Sin(4 c + | +4228sin[2c+ A | +315sin[3c+ A | +3493sin[4c+ A
2

. 7dx . 9d x . 9d x . 9dx
420 Sin[5c + | +664Sin[3c+ A | +105sin[4c+ A | +559sin[5¢c+ A ]
2

}_
},

Problem 81: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J( dx

a+aCos[c+dx])*

Optimal (type 3, 185leaves, 9steps):
21 ArcTanh[Sin[c+dx]] 576Tan[c+dx]

2a*d 35a%d
21Sec[c+dx] Tan[c+dx] 43Sec[c+dx] Tan[c+dX]

+

2a*d 35a%d (1+Cos[c+dx])?
288Sec[c+dx] Tan[c+dx] Sec[c+dx] Tan[c +dX] 25ec[c+dx] Tan[c +dXx]
4

35a%d (1+Cos[c+dx]) 7d (a+aCos[c+dx]) 5ad(a+aCos[c+dx])’

Result (type 3, 455leaves):
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_168Cos[§+dTX}SLog[CosEMTX} —Sin[§+d7"H )
d(a+aCos[c+dx])*
168Cos[§+d7}8Log[Cos[§+d7x} +Sin[§+dTXH )
d(a+aCos[c+dx])*
! Cos[£+dfx]5ec[£} Sec[c] Sec[c +dx]?
2240d(a+aCos[c+dx])4 22 2
. dx . 1 3dx . dx . dx
24402 Sin|[ —| - 55556 Sin| | +610545Sin[c - 7] - 33614 Sin[c+ ?] +
2 2
. d x ) 3dx . 3dx . 3dx
51842Sin[2c+ —| + 12460 Sin|c + | -33716Sin[2c+ A | +343005Sin[3c+ A ] -
2 2
. 5dx . 5dx X 5dx . 5dx
39788 Sin|c + | +2940Sin[2c+ A | -26068Sin[3c+ A | +16660Sin[4c+ A |-
2
. 7 dx . 7 dx . 7dx
21351Sin[2c+ | -1295sin[3c+ | -14911Sin[4c+ A |+
2 2
. 7 dx . 9d x . 9dx . 9d x
5145Sin[5c + | -7329sin[3c+ | -1225Sin[4c+ 2 | -5369Sin[5¢+ A ]+
2 2
. 9dx X 11dx . 11dx . 11dx
735Sin[6 ¢+ | -1152sin[4c+ | -28@sin[5c+ A | -872sin[6c+ A ]
2 2
Problem 91: Result more than twice size of optimal antiderivative.
Sec[c +dx]?
J dx
(a+aCos[c+dx])®
Optimal (type 3, 168 leaves, 9 steps):
5ArcTanh[Sin[c+dx]] 496 Tan[c +dX] Tan[c +dXx] 5Tan[c +dx]
- N - - -
a°d 63a°d 9d (a+aCos[c+dx])®> 21ad(a+aCos[c+dx])*

29 Tan[c +d x] 67 Tan[c +d X] 5Tan[c +dx]

63a2d (a+aCos[c+dx])> _63a3d (a+aCos[c+dx])? d (a®+a®Cos[c+dx])

Result (type 3, 453 leaves):
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160Cos[§+d7x]1 Log[Cos[§+d7X] —Sln[§+d7XH )
d(a+aCos[c+dx])®
160Cos[§+dTX}leLog[Cos{§+d7x] +Sln[§+dTXH )
d(a+aCos[c+dx])®
1 c dx C
Cos[7+f]5ec[f} Sec[c] Sec[c +dx]
2016d(a+aCos[c+dx])5 22 2
. dx . - 3dx X dx X dx
-33978Sin[—| + 52002 Sin| A }-5695251n[c-7}+4372251n[c+7}-
2
. d x . 3dx . 3dx . 3dx
47208 Sin[2c+ —| -18144Sin|c + A | +41796Sin[2c+ A | -28350Sin[3c+ A |+
2
. 5dx . 5dx X 5dx . 5dx
34578 Sin|c + 2 | -5691Sin[2c+ A | +28719Sin[3 ¢+ A | -11550Sin[4c+ A |+
. 7 dx . 7dx . 7 dx
15517 Sin[2 ¢+ A | -504sin[3c+ A | +13186Sin[4c+ A |-
. 7 dx . 9d x . 9d x . 9d x
2835Sin[5¢ + | +4149sin[3c+ A | +252sin[4c+ A | +3582Sin[5¢+ A | -
2
. 9dx . 11dx i 11dx . 11dx
315Sin[6 ¢+ | +496sin[4c+ A | +63Sin[5¢+ A | +433sin[6c+ A ]
2

Problem 92: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx

(a+aCos[c+dx])®

Optimal (type 3, 224 leaves, 10 steps):
31 ArcTanh[Sin[c+dx]] 7664 Tan[c+dx] 31Sec[c+dx] Tan[c+dXx]
- +

2a°d 315a°d 2a°d
Sec[c+dx] Tan[c+dx] 17Sec[c+dx] Tan[c+dx] 28Sec[c+dx] Tan[c+dX]

9d (a+aCos[c+dx])5 63ad (a+aCos[c+dx1)4 4532 d (a+aCos[c+dx])3
577 Sec[c+dx] Tan[c+dx] 3832Sec[c+dx] Tan[c +d Xx]

315a%d (a+aCos[c+dx])®  315d (a°+a°Cos[c+dx])

Result (type 3, 507 leaves):
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496Cos[§ dTX} Log[Cos[§ de] Sin[<+

- +
d(a+aCos[c+dx])®

N
Q
N
|><
—
[E—

496Cos[ 2} Log[Cos{i ’

d(a+aCos[c+dx]
1

c c
—+ —] sec[—] sec[c] Sec[c+dx]?
40320d (a+aCos[c+dx])° 2 2 2

. odx . - 3dx X d
1472562 Sin|[ —] - 2822886 Sin| A | +3057654Sin|c - ?] -
2

3dx
2

} _

. d x . dx .
1885854 Sin[c+ —| +2644362Sin[2c+ 7} +867048 Sin|c +
2

. 3dx . 3dx . X
1868436 Sin[2c + A | +1821498sin[3c+ | -2083537Sin|c+ ]+
. 5dx . 5dx . 5dx
339885Sin[2c+ | -1456687Sin[3c+ A | +966735Sin[4c+ A ] -
2
X 7 dx . 7 dx . 7 dx
1195641Sin[2 ¢+ | +46515Sin[3 ¢+ | -874341sin[4c+ A |+
2 2
7dx 9dx 9dx
367815Sin[5 ¢+ | -494579Sin[3 ¢+ | -31815Sin[4c+ A | -
2 2
9dx 9dx 11dx
374879 Sin[5¢c + | +87885Sin[6 ¢+ | -128187Sin[4c+ A ] -
. 11dx . 11dx . 11dx
18585Sin[5c + | -99837sin[6c+ | +9765Sin[7 ¢+ A | -
. 13dx . 13dx . 13dx
15328 Sin[5¢c + | -3156Sin[6 ¢+ | -12178sin[7c+ A ]
2 2

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx] Sec[c +dx] dx

Optimal (type 3, 37 leaves, 2 steps):
2+/a ArcTanh [ M}

a+aCos[c+dx]

d
Result (type 3, 1294 leaves):
1 i ,
_ - _ — 1 1cC
[([G-2) e
(\/?7 (1-1) e + (16 -16 1) ez tidx, (2e+20 i) V2 2t (34-34i)e or2Rdx
(20+201) V2 &' = +(16-161) ez EREELL (4+4j1) V2 et
(1-1) e X g it (S0 g5 o ol () _gq o5t (€190 | 340/ 21 (crdn)

5 .
. =1 (c+dXx) i (c+d x) (2 c+d x)
401 ex" (TN _16/2 3t (crdx) Lggert (CUN L \[7 gbi(crdx) _ (4+41) V2 e: '
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x\/a (1+Cos[c+dx]) Sec[£+d—x]

/(122 v 5] (rave)
2 2
(172\/?@%]1 (erdx) g4 i (c+dX) +2\/7e;11 (crdx) 4 g2t (UdX))z]] _

1 COS[%+%"]—Sln[i+%"]7ﬁsin[i+‘{7"}
i ArcTan| ]
V2 d ~Cos [+ 9X] + V2 Cos[§+ 4] ~sin[$+ 4]
\/a 1+Cos[c+dx])
c dx 1
Sec[—+—] -
2 2 Yad
Cos[S+9X] sin[€ 4+ 9X] _4/2 sin[& 4 9%
i ArcTan| [4 4} [4 4] [4 4}]
Cos[i+%"}+\/7Cos[i+%"]751n[i+t—x}
\/a 1+Cos[c+dx])
c dx
Sec[—+ 1] -
ec[2+ 2]
a(l+Cos[c+dx])
2+/2 d
Log[2-+2 cos[ S+ 8X) _vz sin[ . 2XT]
2 2 2 2
c dx 1
Sec[—+—] -
2 2 2+/2 d
\/a(1+Cos[c+dx1> Log[2+\/—Cos[£+—} \/—Sln[7+d—xH
2 2 2 2
Sec[c dx]
€, 9%
2 2

ticos[5] -3 (-VE -2sins] (%
J-2+4Cos[;}2+451n[§]2

2 1 ArcTan [

]\/a (1+Cos[c+dx])

Cot[g] Sec[£+d—x] /

2 2 2

C2 . 1 CH2
d\/2+4Cos[] +4Sin| | J+
2 2

\/_\/a 1+Cos[c+dx]) Csc[E}Sec[Eer—X}

2 2 2
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C dx C C d x C
-dxCos|— 2Log[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[2 +2cos[ <X stn[ *] +2cos| ] stn[ ]| sin[ *] +

[MCOs{j—}—i (-vZ -25in[]) Tan[ 2] ]

4i-/2 ArcTan Cos | ﬂ

-2+4 Cos{ﬂzﬁl Sin[;—]2

/ (d (4Cos[§]2+451n[§]2))

\/2+4Cos[§]2+451n[;]2

Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx] Sec[c +dx]2dx

Optimal (type 3, 62leaves, 3 steps):
\/?Ar‘cTanh[M

+/ a+a Cos[c+d x] aTan[c +dX]
+

d d+va+aCos[c+dx]

Result (type 3, 1426 leaves):
1 i .
_ — _ — 1+ ic
(53] e
(\57(171) e: + (16-161) e 9%, (2e+2ej)ﬁe“‘*hz (38-34i) ez 2H9%_

. 5idx 7ic . . 7idx
(20+201) V2 "2+ (16-161) ez i (4vai) V2 T -
(1-i) e 59 giest (€90 1617 ol (40 g ext (90 344/ g2l crdn)

201 ext (N 1612 @31 (X g ert (N [T eti (08N (4,44) 2 et 29X
dx ic
/(((-1-1) V2 e

C
X+/a (l+Cos[c+dx]) Sec|—+ —
Val ) sec[ =]
. . 2
(1—2\/2 e%l(“dx) —41 et (4% L 24/ ez]L (cxdx) +Jle“(c+dx)) J] -

(-1+e')

2

1 Cos[€+ ] —sin[£+ ] -2 sin[$+ 2]
i ArcTan| ” ; ]
2+/2 d —Cos[i } \/_Cos[i TX]—Sln[i+7X]
\/a 1+Cos| c+dx])
c dx
sec[ &4 &%)
ec[2+ 2]

1

242 d
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\/a 1+Cos[c+dx])

c dx
Sec|—+ —| -
155 ]
! \/a (1+Cos[c+dx])
4+/2 d
Log[Z—\/?Cos[§+d7x}—\/Tsin[§+d7xH
c dx 1
Sec[—+—] -
2 2 4~/2 d

d x

\/a(1+Cos[c+dx}> Log|[2 \/7Cos[E —X}—\/?Sin[EJr—H

Sec[—+—] -

2 2

2icos[$] - [-V2 - 2sin[5]] Tan[ %]

N

2 2 2

i ArcTan|

]

\/2+4Cos[§}2+451n[§}2

c dx

\/a(1+Cos[c+dx]) COt[;}Sec[_ _} /

N

2

c.2 c.2 c c
d [-2+4C —| +4Sin| — + 1+C +d C Z1s -, =
[ \/ 05[2] 1n[2] ] \/a( os[c+dx]) sc[z} ec[2 2}

dx

~axcos| ] v 2L0g[vZ +2cos[ 2] sin[$] + 2cos[$] sin[LX]] sin[S]

2 2 2 2 2
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4i ﬁArcTan[ZjCos{ﬂ—j (—\/?Qsin“—HTan“Tﬂ ] Cos[ﬂ

Jeacos ] asin] <]
\/2+4Cos[§]2+451n[;]2

/

[ﬁd(4cos[§}2+4sm[§}2])+\/a(1+Cos[c+dx]) Sec[i ax _

2d (Cos[i de] 7Sin[§+dx])

\/a 1+Cos[c+dx]) Sec[§+d7x}
2d<Cos[§ dTX]JrSin[ier?X])

Problem 102: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx] Sec[c+dx]?3

Optimal (type 3, 102 leaves, 4 steps):
3+/a ArcTanh [ /a sinfcrdx]

+Ja+aCos[c+dx] 3aTan[c +dXx] aSec[c+dx] Tan[c +d X]

+ +
4d 4d~/a+aCos[c+dx] 2d+/a+aCos[c+dx]

Result (type 3, 1671 leaves):

([ ) e

(\/7-(1-11) e%+(16—16j1) e¥*jdx+(2e+2ej)\/7e““”z (34-341) e Soezidx

(20+201) VZ e s (16-16i) s 21 (4441 VZ e

(1-i) e 10 gies @9 162 el (40 _ggj e:t (9% |34/ g2t (cdx)
401 ext (N 1612 @31 (4N g ert (N 3 et (8N (4,44) V2 et 29X
\/a 1+Cos[c+dx]) Sec[§+d?x] /(((71—j)+ﬁe%) (-1+e'€)
(1_2\/?&““”)_41@ (€4dx) | 2 1/2 ezt (€70 +je“<“dx>)2” -

Cos|[€+ dfx}fsin[Ser—x]fﬁSin[%d—x]
3]’1Ar‘cTan[ 4 2 4 4 . 4 z ]
82 d ~Cos[ £+ x| 42 Cos[£+ 9] -sin[ €+ OX]
\/a 1+ Cos| c+dx])
c dx
S -, 227
ec[2+ 2]

1

8+/2 d
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3
1
Cos[€+9X] ysin[€ 4+ 9X] _ /2 Sin[C& 49X
ArcTan | [4 4} [4 4} [4 4]]
Cos[i TX} \/_Cos[i T"}—Sin[i+%"]
\/a (1+Cos[c+dx])
c dx
S DA B
ec[2+ 2]
1
3\/a (1+Cos[c+dx])
16/2 d
Log[2 -2 Cos[ S+ 2] _vz sin[ S+ 4]
2 2 2 2
c dx 1
Sec[—+—] -
2 2 16+/2 d
d x
3 1+C d L +4/2 Cos[—+—=] -+/2 sin[—+ —=
\/a( +Cos[c+dx]) Log|2 os[2+ 2} 1n[2+ A |]
Sec[c dx]
S
2 2
2iCos|[€] -1 (-2 +25in[< Tan d—
31 ArcTan| [2} ( [2]) 4 \/a 1+Cos[c+dx])

\/2+4Cos[;}2+451n[;]2

C c dx
Cot|—| S -+ — /
) [2] ec[2+ 2] A

C.2 C.2
~2+4Cos|[—] +4Sin[— +
4sz4c ()7 asin[ €]

3\/a 1+Cos[c+dx]) Csc[S}Sec[Eer—x}
2 2 2

¢ dx_£+ osgindfx in|—| +
—dxCos[;}+2Log[ﬁ+2€os[7]51n[2] 2¢ [2}5 [ZHS [2}
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4i ﬁArcTan[ZjCos{ﬂ—j (—\/?Qsin“—HTan“Tﬂ ] Cos[ﬂ

-2+4 Cos {ﬂ 2+4 Sin[;—]z

/

\/2+4Cos[§]2+451n[;]2

(4\/7d(4Cos[S}2+4sin[S}2))+ d(\/a (1+Cos[c+dx]) Sec[i e ax )

2 2 Cos[i]—Sin[i]) (Cos[

\/a 1+Cos[c+dx]) Sec[i

8d (cos[ ] -sin[$]) [cos[§+ ] -sin[+ %]

\/a (1+Cos[c+dx]) Sec|

4d (Cos[i] +Sin[§]) (Cos{

\/a 1+Cos[c+dx]) Sec|

8d (Cos[;] +Sin[§]) (Cos[§+

Problem 103: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx] Sec[c +dx]*dx

Optimal (type 3, 138 leaves, 5steps):

5 \/?ArcTanh[@im_dXL

+/ a+aCos[c+d x] 5aTan[c +dXx]
+ +

8d 8d+/a+acCos[c+dx]

5aSec[c+dx] Tan[c+dx] aSec[c+dx]?2Tan[c+dX]
+

12d+/a+acCos[c+dx] 3d+a+aCos[c+dx]

Result (type 3, 1799 leaves):

_([(i_ﬂ] (1+et€)
64 64
(\/7- (1-1) e + (16 -16 1) e ridx, (20+201) V2 etie (34-341i) e Sreaidx
(20+201) VZ ST, (16-161) o r A, (4+4i) V2 e dies T
(1-1) e X g i (GO0 g5 5 ol () _gq 4 e;t (€190 | 341/ @21 (v

5 . 7 .
401 ez (Y 162 21 (9N _giert TN L2 et (40 (4. 414) V72 eyt (2erdx)

¢, dx /(((—1—1’1)+\Ee17c) (—1+e“>

x\/a (1+Cos[c+dx]) Sec[; ?]
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. . 2
(jfzﬁeif“““) LAt (00 o2 ert (@) +je“<c+“>) ]] -

Cos[€+9x] _sin[< 4 9] _ /2 sin[< 4 9
51 ArcTan| [4 4] [4 4] [4 4}]
16+/2 d —Cos[i+%}+\/?Cos[i—+%"]—sln[z—+‘2—x}
\/a(1+Cos[c+dx])
c dx
S — _— —
ec[2+ 2]
1
16+/2 d
5
1
Cos[ €+ 9x] sin[& 4 dx 7\/?Sin €, dx
ArcTan | [4 4} [4 4} [4 d4]]
Cos [+ TX} \/_Cos[i TX]—Sln[i+TX]
\/a(1+Cos[c+dx])
c dx
S — _— —
ec[2+ 2]
1
5./a (1+Cos[c+dx]
32+/2°d J )
Log[2 - V—Cos[—+—} \/—Sln[—+d—XH
2 2 2 2
c dx 1
Sec[7+—]—
2 2 32+/2 d
5\/a(1+Cos[c+dx}) Log[2+\/—Cos[§+7} \/_Sln[;+d7XH
Sec[c dx]
R
2 2

23 cos[¢] —i (/2 +2sin[5]] Tan[ %]
J2+4CO5[§}2+451n[;]2

5i ArcTan|

]\/a (1+Cos[c+dx])

cOt[E] Sec[5+d—x] /

2 2 2

Cc.2 . Co2
8d\/2+4Cos[—} +4sin[—]" | +
2

2

[« c dx
5 1+C d C —|S -+ —
\/a< +Cos[c+dx]) sc[z} ec[2+ 2}
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C dx C C d x C
-dxCos|— 2Log[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[2 +2cos[ <X stn[ *] +2cos| ] stn[ ]| sin[ *] +

ai \/?ArcTan[zjcos{Hii (V2 +2sin[ <) Tan| 4] ]

Cos[ﬂ

-2+4 Cos{ﬂzﬁl Sin[;—]2

\/2+4Cos[§]2+451n[;]2

/

(Sﬁd(4Cos[ } +4sm[2 ]) \/a 1+Cos[c+dx]) Sec[£+d7x} )

12d (Cos[ <+ ] ~sin[ <+ x])’

\/a (1+Cos[c+dx]) Sec]

N |

8d (Cos[i] —Sin[i]) (Cos[i o

\/a 1+Cos| c+dx]) Sec[iﬂ%}
3

12d (Cos[i "y

\/a (1+Cos[c+dx]) Sec]

8d (Cos[i] +Sin[§]) (Cos{

\/a 1+Cos| c+dx]) Sec[ <+ ¢X] (—SCos[i]—BSin[i])

Problem 108: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])3/2Sec[c+dx1 dx

Optimal (type 3, 66 leaves, 4 steps):

_Va Sinfc+dx]
2332 Ar‘cTanh[ a_Sinfcxdx

a+aCos[c+d x| 2a%Sinfc+dx]
+

d d+va+aCos[c+dx]

Result (type 3, 1404 leaves):
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1 1 )

_ - _ = 1 ic

([3-3) e
(\/7— (1-1) e2 + (16-161) I AL (20+201) V2 e
(20+20i>ﬁe3ic+¥ (16—16]’1) %+3jdx+<4+4j)\/— 4]-lc+7;2dx_
(1_]-1) eg‘%midx 81@21 (c+dx) _qg./7 i ( c+dx>_4aie§1 (€83 | 34 /5 21 (cd) |
401@21 (€dx) _16/2 e3i(crdx) 81'1:13%'L (erdx) | \J2 i (cvdx) _ (4+4J'l) \/?e;]l (2 c+d x)

x (a (1+Cos[c+dx]))3/25ec{—+—]

/(((-1-1) +V2 e?
2 2

. . 2
(]’172\5@%1<C+dx) _41 el (c+dX) +2\/7@%1(c+dx) +]-1621(c+dx)) J] _

(34-341i) e 210X

c dx,s3 (—1+e“>

(a (1+Cos[c+dx}))3/2

c dx;s3
Sec[7+—]
2 2
1
2+/2 d
1
Cos[€+9X] ysin[€ 4+ 9X] _ /2 sin[C& 4 &x
ArcTan | [4 4} [4 4} [4 4]]
Cos[i TX} \/_Cos[i T"]—Sin[i+‘2—x]
(a(1+Cos[c+dx]))??
c dx;s3
Sec[—+—] -
2 2

a7 a (a (1+Cos[c+dx]))>?
Log[2-+Z cos[ S+ 8X] _vz sin[ . 2X]]
2 2 2 2

c dx,s3 1
Sec[7+—

2 2 4ﬁd
(a (1+Cos[c+dx]))3/2Log[2+\/TCos[5+d—X] -2 sin|
2 2

+

N0

Cos[dx} (a (1+Cos[c+dx]))3/25ec[§ df]ssin[i}

> |

d

21 Cos|

] -1 (—\/?+2$in[§]) Tan[dA—X]

<
2

\/—2+4Cos[§}2+451n[§}2

]
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14C d 32 ot [ ] sec| & 1 93
(a(1+Cos[c+dx])) o {2] ec[2+ 2] /

d |-2+4Cos < 2+45in P +|(a(1+Cos[c+dx]))3?cCsc < Sec Eer—x ’
2 2 2 2 2

~dxcos[ ] +2Log[\/?+2Cos[d7X] sin[ "] +2cos[ ] Sin[d?XH sin|*

|+

41+2 ArcTan

[chOs[ﬂ-i (-ﬁasm[ﬂ) Tan| %X

L cos <]
~2:4Cos | r+451n[ ]2

c (4
2 2 /

J—2+4Cos[§]2+4sin[§]2

c s Cos[i] (a (1+Cos[c+dx]))3/25ec[§+dTXfSin[dT"}

(\/Td (4Cos[5}2+451n[—} )) +

2 2

d

Problem 109: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(a+aCos[c+dx])3/ZSec[c+dx}2d1x

Optimal (type 3, 65leaves, 4 steps):

_~/a Sin[c+dx]
333/2 Ar‘cTanh[ a_sinfc+dx

a+aCos[c+dx] a? Tan[c +dXx]
+

d dva+aCos[c+dx]

Result (type 3, 1449 leaves):
,([(17371] <1+(ch>
16 16
(\/7- (1-1) ez + (16 - 16 1) e r e, (20+20 1) NP S (34-341) e L

7idx

(20+20 1) NP S (16 - 16 1) e Aiax (4+4i) V2 s -

9ic , . 1, ) E )
(1—]1) ez HIX, gy eyt (¢rdN) ~16+/2 el (14X _ 49 e> " (c+dx) +34+/2 @2t (crdx)
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407 ert (C9Y) | 16+/2 @31 (dX) _gj eyt (40 L[5 o4 (crdx) (4+41) V2 eit @edx)
c dx
x (a (1+Cos[c+dx]))3/25ec[7+—]3

/(((7171) +\Ee?) (-1+e€)
2 2
(i_z\/?egi(mdx)_"_jei(udx +2\/? ii(c+dX>+iezi(C+dX))2J] _

Cos[€+9X]| _sin[€ 4+ 9x] _+/2 sin[ <+ 9%
3J'1Ar'cTan[ [4 4} [ 4] [4 4]]
42 d ~Cos[ £+ 9X] 1 /2 Cos[€+ x| _sin[€+ &x]
(a(1+Cos[c+dx]))??
c dx;,3
Sec[—+—] -
2 2
1
4+/2 d
3
i
Cos[S+9X] isin[& 4+ 9X] /2 sin[& 94X
ArcTan| [4 4} [4 4} [4 d4]]
Cos[€+ ] +1/2 Cos [+ 9] —sin[ < 4X]
(a(1+Cos[c+dx]))??
¢ dx;,3
Sec[—+—] -
2 2
! 3 (a(1+Cos[c+dx]))*?
82 d
Log[z-\/TCos[5+d—x}_WSin[EJLXH
2 2 2 2
¢ dx,3
Sec[7+—]
2 2
3 (a(1+Cos[c+dx]))>?
82 d
Log[2++2 cos|[ S+ 8X) _vz sin[ 42X
2 2 2 2
c dx;3
Sec[—+—] -
2 2
2iCos|[€] -1 (-2 +2sin[<]]) Tan[ %X
22 aneran 2L 511 ST e contc a2

J—2+4Cos[§}2+451n[§]2

cot[ <] sec| S+ 42 /{2d\/—2+4Cos[C}z+4Sin[c}2 N
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dx,3
3 1+C d ¥2csc[S] sec[ S+ 22
(a(1+Cos[c+dx])) sc[z} ec[2+ 2}

—dxCos[g] +2Log[ﬁ+2€os[d7x] Sin[g] +2Cos[§} Sin[dTXH Sin[%] +

4i \EAr‘cTan[ZjCos{ﬂ—i (—\/7+2$in[ﬂ) Tan[d“—ﬂ ]

Cos| <]
2
24 Cos[ r+4 Sin[%]z

% /

\/2+4Cos[§]2+451n[§]2

a(1+Cos[c+dx] 3/2gacfe &x 3
(2\/2d 4cOs[c}2+4Sin[c}2))+( ( /) [2 2} B
2 211 adfcos[5e %) sin[ £+ %))
2 2 2 2
3/2 c dx 13
(a (1+Cos[c+dx])) / Sec[;+7}
4d(Cos[§+d7x]+Sin[§+d7"])

Problem 110: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(a+aCos[c+dx])3/ZSec[c+dx}3d1x

Optimal (type 3, 106 leaves, 5steps):

_~/a Sin[c+dx]
7 a3/2 Ar‘cTanh[ a_sin[c+dx

araCos[crdx] 7a?Tan[c +dXx] a?Sec[c+dx] Tan[c +dx]
+ +

4d 4d~/a+aCos[c+dx] 2d+/a+aCos[c+dx]

Result (type 3, 1693 leaves):

,([(liﬂ] <1+(ch>
64 64
(\/7— (1-1) er + (16-161) e r e, (20+201) NP S (34-341) ez 2idx_
(20+201) V2 e, (16 - 16 1) e r BEAx, (4+41) V2 et
(1—]1) eﬂTﬁ+4idX+8i1 eij (cxdx) —16\/7@]'l (cvdx) _ 49 i egi (cxdx) +34\/7e2jl (crdx)

401 ert (T9X) _16+/2 @3 (¢rdX) _gj eyt (40 [ g4 (e _ (4+41) V72 it 2erdx)
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1
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ec[2 2]
2iCos[S|-i (-2 +25in[€]) Tan[ X
71'1Ar‘cTan[ [2} ( [2]) [4]]<a(1+Cos[c+dx])>3/2

J—2+4Cos[;}2+451n[§]2
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dx,s
7 (a(1+C d 32 c5c[ <] sec[ <+ °F
(a(1+Cos[c+dx])) sc[z} ec[2+ 2}

—dxCos[g] +2Log[ﬁ+2€os[d7x] Sin[g] +2Cos[§} Sin[dTXH Sin[%] +
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\/2+4Cos[§]2+451n[§]2

Cos| <]

(sﬁd(4cos[5f+4sin[5f]
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8d (Cos[i] —Sin[i]) (Cos[

+
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(a J)
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a (l+Cos[c+dx] 32 sec
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d
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Problem 111: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])3/ZSec[c+dx}4d1x

Optimal (type 3, 144 leaves, 6 steps):
11 a%2 ArcTanh | M]

a+aCos[c+dx] 11a?Tan[c+dx]
+ +
8d 8d+/a+acCos[c+dx]

11a?Sec[c+dx] Tan[c +dx]

a?Sec[c+dx]?2Tan[c +dx]
+

12d+/a+acCos[c+dx] 3d+/a+aCos[c+dx]



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”n.nb | 41

Result (type 3, 1825leaves):

(-5 e

128 128
(\/7— (1—]1) enTC+ (16—16]’1) etfcﬂidXJr (20+20]'1) \/762103‘2 (34 34 ) S +21dx_
(20+201) V2 T, (16 - 16 1) e xR, (4+41) V2 et
(1-1) e X g er (GO0 g5 5 ol () _gq 4 ;! (190 | 341/ 21 (crdn)
40]’1@31l (e+dx) 162 @3t (crdx) 81'1<ez]'l (c+dx) 12 etlterdx) _ (4+41) V—e (2 c+dx)
x (a (1+Cos[c+dx]))3/25ec[£+—] /(((7171'1) +\Ee%) (-1+e'€)
2 2
(j_z\/?eéi(c+dx)—4ile (c+dx) +2\/—ce i (exdx) +Jite2j(c+dx>)2)] )
+ dx} -Sin[ <+ dx} 7\/Tsin[
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32+/2 d ~Cos [+ dT] +2 Cos[€+

4

dx,s3
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J>|n

(a(1+Cos[c+dx]))>?

c dx,3
Sec[—+—] -
2 2
1
32+/2°d
11
1
Ar‘cTan[CO [i d‘TX}JrSln[i %}*\ESin[i+%]]
Cos[S+ 9] +4/2 Cos[€+ 9X] —sin[ €+ ¢x]

4
(a(1+Cos[c+dx]))>?
c dx,3
Sec|—+ —] -
2 2
1

64+/2 d
Log[2 \/7Cos[£+—} \/751n[7+d—XH

2 2

11 (a (1+Cos[c+dx]))*?

c dx,s3
Sec[—+—] -
2 2
1

64+/2 d

Log[2+\/—Cos[;+7} \/_Sln[;+d7XH

11 (a (1+Cos[c+dx]))*?

c dx;s3
Sec[—+—| -
2 2
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23 cos[£] i (/2 +25in[£]] Tan[ %]
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~2+4Cos[<]*+asin[]?
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2 2 2

C,2 C,2
16d\/-2+4Cos[—] +4sin[—]" | +
2 2

11 (a (1+Cos[c+dx}>)3/2Csc[£] Sec[£+d—x]3
2 2 2

C d x C C dx C
-dxC — 2L 2 +2C —| Sin| — 2C —1| Sin| — Sin| —
xCos[ ] +2Log[V2 +2Cos[ =] sin[ ] +2Cos[ ] sin[ =] ] sin[ ] +

[ZjCos“—Lﬁ (*\/T*ZSin[ﬂ) Tan[%ﬂ ] Cos{%}
~2+4cos| <] vasin[ £]°

% /

\/2+4Cos[§]2+451n[§}2

41+2 ArcTan

(16\/?d(4cOs[5]2+4Sin[5]2))+ PR +

2 2

3 (a (1+Cos[c+dx]))3/25ec[5+d—xrsin[dx}

1l6d (COS[%] —Sin{i” (Cos[i+dx] _Sin[§+%})2

(a (1+Cosfcwdx]))>?sec[S+ 9*]” (11Cos[¢] - 55in[<])
32d (Cos[i] —Sin[i]) (Cos[§+ d

a(l+Cos[c+dx]))3?sec
(a ))

24d (Cos[ + de] +Sin|

<
2

3 (a (1+Cos[c+dx]))3/25ec[5+dxfsin[dx}

16 d (Cos[i] +Sin[§” (Cos[
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(a(1+Cos[c+dx]))3/ZSec[2 %} (11Cos[

c
2
32d<Cos | +sin] ) (Cos [S+ —X +Sin[5+d"])
2 2 2

Problem 116: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])S/ZSec[c+dx} dx

Optimal (type 3, 98 leaves, 4 steps):

_Va Sinfc+dx]
2a%/2 ArcTanh | —c231nle dx

aracCos[c+dx] 14 a3 Sin[c +d x] 2a2+/a+acCos[c+dx] Sin[c+dx]
+ +

d 3d+va+aCos[c+dx] 3d

Result (type 3, 1513 leaves):
1 i .
s e
16 16
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. 5idx 7ic . X 7idx
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1 i ArcTan | [4 4} [4 4] [4 4}]
4~/2 d —Cos[ "A—X} \/_Cos[i T"]—Sin[:—+d‘1—x]
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c dx;s
Sec[—+—| -
2 2
1
4+/2 d
1
Cos[ €+ 9x] sin[& 4 dx —\/?Sin €, dx
ArcTan | [4 4] [4 4} [4 4]]
Cos[f—l —X] \/_Cos[i T"]—Sin[i+%"]

4
(a(1+Cos[c+dx]))®>?

c dx;s
Sec[—+—] -
2 2

(a(1+Cos[c+dx]))>?
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2 2
c dx;s 1
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2 2 8+/2 d
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2 2

SCOS{%"} (a (1+Cos[c+dx}))5/25ec[§+%]Ssin[i}

4d
21 Cos[5] 4 (-2 +2sin[5]) Tan[ %]

-]
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dx,s
1+Cos[c+d 52cot[ S sec[ S 2%
(a( os[c+dx])) 0[2] ec[2 2] /

C.2 C.2 C c dx;s
2d [-2+4Cos[—| +4Sin|[— 1+C d >2csc|—] sec[—+ —
\/ + 05[2} + 1n[2] J+ (a(1+Cosfc+dx])) sc[z] ec[2+ 2]

C dx C C d x C
-dxCos|— 2Llog[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[v2 ~2cos[ <X stn[ *] +2cos| ] sin[ ]| sin[ *] +

41+2 ArcTan

ricos gt (Ve aswlg] [y o e

c
—2+4Cos{ }2+4Sin[ r 2

C c
2 2 /

\/2+4Cos[§]2+451n[;}2

Cos[29%] (a (1+Cos[c+dx]))*?sec[<+9*]°sin
27 a scos( € 7 asan 7)) T2 )2 sec 5 4] sin|
2 2 12d
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Cos[%} (a (1+Cos[c+dx]))5/25ec[§ dz—x]ssin[“;'x]

12d

Problem 117: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])S/ZSec[c+dx]2d1x

Optimal (type 3, 92 leaves, 4 steps):

_Va sinfc+dx]
5a°2 ArcTanh [ ~L2510L€ dx

a+aCos[c+dx] a’Sin[c+dx] a2+/a+aCos[c+dx] Tan[c +dx]
+ +

d dva+aCos[c+dx] d

Result (type 3, 1547 leaves):

([ e

(\/7—(1—11) er v (16-164) e 9L (20420) V2 @1 CT - (34-3414) e 2PN

. 5idx 7ic . . 7idx
(20+201) V2 "2+ (16-161) ez 1y (4rai) V2 T -
(1-i) e #H9% giest (€90 1647 ol (40 _gpjert (90 344/ o2l (crdn)
20 i et 00 L1642 @3 (0 g ert (S [ b (0N (4, 44) /2 ext BIX)
C ic
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dx,s (—1+<e“>

Cos[S+9x] _sin[<¢ 4+ 9X] /2 sin[< 4 dx
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sra T ol T o[ ] ol 4]
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c dx,s
Sec[7+—] -
2 2
1
82 d
5
1
Cos[ €+ 9X] sin[& 4 9x 7\/75:i.n €, dx
ArcTan | [ 4] [4 4} [4 4]]
Cos[i+dA—x]+\/7Cos[i+%"]—51n[i+%"]

(a(1+Cos[c+dx]))®>?
c dx,s
Sec[—+—] -
2 2

5(a(1+Cos[c+dx]))®?

162 d
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Log[2 \/—Cos[;+7} \/_Sln[—+d—XH

2 2
c dx,s
S - —| -
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a(l+Cos[c+dx]))®>?
162 d
c dx
LOg[ZJ”/_COS[_Jf—} V2 sin[ =+ —]]
22 2 2
Sec[c dx]s
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2
Cos[TX} (a (1+Cos[c+dx]))5/25ec[§ Tx] Sln{ﬂ
2d -
2iCos[<|-i (-2 +25in[<]]) Tan[ 4
51 ArcTan| [2} ( [2]) [4]](3 (1+Cos[c+dx]))>?

\/2+4Cos[;}2+4sin[:]2

Cot[g] Sec[£+d—x]5 /

2 2 2

4d\/ +4Cos[ ] +4Sin[5}2 +
2

2

5 (a (1+Cos[c+dx]))5/2Csc[ | sec|
2

Nm
N

C d x C C dx C
~dxCos[—] +2Log[V2 +2Cos|[—] sin[—] +2Cos[—] Sin[—1]] sin[—
X 05[2}+ og| + os[z] 1n[2]+ os[z} 1n[2H 1n[2}+

reelslos [V asin[e]) vl 1 Cos [ <]

41+2 ArcTan

_244 Cos{ﬂzm Sin[%]z

/

\/2+4Cos[§]2+451n[§}2
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a(1+Cos[c+dx]))>?sec
(a )

8d (Cos{S dTX] - Sin|

N

a(1+Cos[c+dx]))>?sec
(a )

8d (Cos{i ’y
Problem 118: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])5/ZSec[c+dx}3d1x

Optimal (type 3, 106 leaves, 4 steps):

19 35/2 ArcTanh{M]

a+a Cos[c+d x] 9a3Tan[c+dx]
+ +

4d 4d~/a+aCos[c+dx]

a2+/a+aCos[c+dx] Sec[c+dx] Tan[c +d X]
2d

Result (type 3, 1693 leaves):
19 191 .
(112530 e

128 128
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+31 X+<4+41) / ier—— _
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4 4 4 4 4 4
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c dx;s
Sec[—+—] -
2 2
o
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i
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¢ dx;s
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Cot[g] Sec[£+ d—X]S /

2 2 2

C.2 C-2
16d\/-2+4Cos[—] +4sin[—]" | +
2 2
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2 2 2
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[ucOs{;}j (7ﬁ+zzsinm)za”[% ] cos[ﬂ
—2+4Cos{ } +4Sin[ ]

c C
2 2 /
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32d (Cos{i] +Sin[§]) (Cos{

Problem 119: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])5/ZSec[c+dx}4d1x

Optimal (type 3, 144 leaves, 5steps):

_/a sinfcsdx]
25 a%/2 ArcTanh | —f2-sinledx

a+a Cos[c+d x] 25a3 Tan[c +d x]
+ +

8d 8d+/a+acCos[c+dx]

13a3Sec[c+dx] Tan[c+dx] a%2+a+aCos[c+dx] Sec[c+dx]2Tan[c+dX]
+

12d+/a+acCos[c+dx] 3d

Result (type 3, 1825leaves):
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Problem 120: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])5/ZSec[c+dx}5d1x
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Optimal (type 3, 182leaves, 6 steps):
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Result (type 3, 2069 leaves):
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2 2

S A I T

a(l+Cos[c+dx]))*?sec
(a J)

3844 (cos (5] -sin[£]) (cos[S+ 1] -sinl 5+ )’

43 (a (1+Cos[c+dx1))5/25ec[9+7

256 d (cOs[ﬂ —Sin[i]) (Cos[§+ dx
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(a (1+Cos[c+dx])>5/zsec[§ %} (163Cos[i] 777Sin[§”

512 d (cOs[i] —Sin[ﬂ) (cOs[£+dX] _Sin[§+dx])

2
(a(1+Cos[c+dx]))*?sec| S+ 9*]”sin[¢X]

64d (Cos[ <] +sin[<]) [cos|

(a (1+Cosfc+dx]))*?sec[S+9x]* (-23Cos[<] -175in[¢])

3844 (cOs[i] +Sin[§]) (Cos[§+ 4] . sin[ € dTX])B

43 (a (1+Cos[c+dx]))>?sec|

256 d (Cos{ﬂ +Sin[§]) (Cos[

(a (1+Cos[c+dx]))5/25ec[§ dTX}S ( 153C05{5} _7751“[5])

512d (Cos[ <] +sin[<]) (cos]

Problem 127: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[c +dx]

vJa+aCos[c+dx]

Optimal (type 3, 85leaves, 5steps):

_/a sinfc+dx] i
2Ar‘cTanh[ a Sinfc+dx ] \EAPcTanh[ a Sin[c+dx]

Va d Va d
Result (type 3, 1413 leaves):

1 i .
([l3-5) e
2 2
ic . 3idx ic .
(\/7-(1—11) ez +(16-161) e e rridx, (20+2@jl)\/TQ““T_(34_341)@57+““_
. idx ic . . idx
(20+2011)\/7e3“*57 (16-161i) e 77*3“’X+(4+4]1)\f 4he
(1-i)e¥*“dx+8m1“*“ 16/2 i (€90 49 es ! (9% | 34/7 21 (crdx)
40 i e: b (€90 162 @3t (crdx) _giesl (e 12 etl(erdx) (4+41)\/—e “*dx)
XCOS[—+—] /[((—1—11)+\/?ej2_c
2 2
(1172\/7«5“““)74jei<°+dX>+2\/7e3““‘“>+' “*dX)\/a 1+Cos| C+dx])))’

c dx

(—1+<e“)

+

c dx . c dx c dx
i+/2 ArcTan]| Cos |+ ] sin[ 3+ T |7 sin[ 4] | cos|

—Cos{c+d—x}+rCos{c dx} Sln[c dx] dx]
4 4

¢, dx
2 2

d\/a (1+Cos[c+dx])
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j\EAr‘CTan[ os[i—+d4}+51n[ +—}7\F51n{ + }

<, dx
Cos[ } \/_Cos[c dx} Sm{:f "T}

Jcos[ 5+ ]

€ ax
2 2

d\/a (1+Cos[c+dx])

2Cos[ § + ] Log[Cos[§ - 4] -sin[{+ ¥]]
d\/a(1+Cos[c+dx])
2Cos[§+%"} Log[Cos[iJr‘{Tx] +Sin[i+d‘1—xH )
d\/a(1+Cos[c+dx])
Cos[§ %] tog[2- V2 Cos[§+ ] -VZ sin[5+ ]|
\Ed\/a<1+Cos[c+dx])
Cos[iﬂ%"]Log[ \ﬁCos[i f]—ﬁSin[iﬂ’T’(Hi
\ﬁd\/a 1+Cos[c+dx])
4jArcTan[“c°s[Z_]fj(’ﬁ*“i”[i‘])““[f}  cos[5+ ] cot[5]

244 Cos{ﬂzm sin{ﬂ2

2

d\/a (1+Cos[c+dx]) \/—2+4Cos[§]2+4sin[§]

2\5C05[£+dfx] Csc[E]

2 2 2

C dx C C d x C
-dxC — 2L 2 2C — | Si — 2C — | Si — Si —
X 05[2]+ og[V2 + os[z] 1n[2]+ os[z} 1n[2H 1n[2}+

ics[(] o [T sl e[

41i+/2 ArcTan Cos| ﬂ

szmms{ﬂzmsm[ﬂz /
J—2+4Cos[§]2+451n[§}2

(d\/a (1+Cos[c+dx]) (4Cos[§]2+451n[§]2)]
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Problem 128: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[c+dx]?
va+acCos[c+dx]

Optimal (type 3, 108 leaves, 6 steps):

N . i +
ArcTanh [ —f2sinledxl | /5" ApcTanh [ —/asinlcdx]
~/ a+aCos[c+d x] \2 +/a+aCos[c+dx] Tan[c +d X]
+

- +

\/?d \Ed d\/a+aCos[c+dx]
Result (type 3, 1540leaves):

2o

4 4

(ﬁf (1-1) e+ (16 -161) e oorhdx +(20+201) V7 e (34-341) ez t2idx

. S5idx 7ic . N 7idx
(20+201) V2 &'z + (16-16i) ez i (4vai) V2 T -
(1-1) o2 HIAX g ey (€00 g o7 i (crdX) g9 4 eyt (S9N L 340/ 2 (crdn)

5 . 7 .
201 ext (Y 162 @31 (0 g it (9N DT i (a0 (4, 44) 2 e:} 2‘*‘“))

/[((7171)“/7@%

1, . 3, . 2
(1—2\/2 e 1IN g i (cvdx) 9o gyt (AN +ie“<c+dX>) \/a (1+Cos[c+dx]) )+

(—1+eic)

o8] 8] T s

Cos{ c dx
IAPCTan[—Cos{ +d—}+\/7Cos{° dx} Sin[%#%] } COS[Z i 2 ]
N
\Ed\/a (1+Cos[c+dx])
jAPcTan[Cos[z+dA]+sln[ }WSm“— %}]COS[£+M}
Cos[ +—] \/_Cos{ +7} Sln{:— dT} 2 2
\/Td\/a (1+Cos[c+dx])
2Cos[§+d7x} Log[Cos[i+%] —Sln[i+d4—x]] )
d\/a (1+Cos[c+dx])
2Cos[§+d?x} Log[Cos[i+%] +51n[i+d4—x]] )
d\/a (1+Cos[c+dx])
Cos[i 7"] Log|[2 - \/_Cos[§ TX]—\/TSin[§+dZ—XH )
zﬁd\/a (1+Cosfc+dx])
Cos[i 7"] Log[2 + \/7C05[§ f]—ﬁsin[ier?XH )

Zﬁd\/a (1+Cos[c+dx])
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2 i ArcTan { ZiCos[;—]—j (—\/7+251n[;—]) Tanﬁfﬂ ] COS[

€. 4x] cot[ €]
RTUNTRT 2 2 2
—2+4Cos{;} +451n[ﬂ

d\/a (1+COS[C+dX]) \/2+4C05[§]2+4Sin[§]2

vz cos[ S+ 82 esc[E] [~dxcos[S] +210g[vZ +2cCos[ 2] sin[S] + 2cos[ ] sin[EX]]
2 2 2 2 2 2 2 2

21 Cos| €]t (-2 +251n[£]] Tan| ] ]

412 ArcTan| Cos[ﬂ

-2:4 Cos{ﬂzm sin[g]Z
: /

\/2+4Cos[§]2+4sin[;]2

C
Sin| —
1n[2} +

[d\/a (1+Cos[c+dx]) (4Cos[£]2+4sin[£]2)] .

2 2
Cos[§+d7x] 7
d\/a (1+Cos[c+dx]) (Cos[§+d7x} —Sin[§+d7"])
Cos|[ €+ 9]
2 2

d\/a (1+Cos[c+dx]) (Cos[ v dx] +sin[§+d7x])

€ ax
2 2

Problem 129: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]3
J dx

va+acCos[c+dx]

Optimal (type 3, 147 leaves, 7 steps):
7ArcTanh[M] \/2 ArcTanh| a Sinlcedx]

+/a+aCos[c+dX] +/2 \/a+aCos[c+dx]
4+/a d Va d
Tan[c +dXx] Sec[c+dx] Tan[c +d X]

+

4d~/a+acCos[c+dx] 2d+/a+aCos[c+dx]

Result (type 3, 1791 leaves):
(1% e
16 16
(\/7- (1-1) ez + (16 - 16 1) ez ridx (20+201) V2 &

3id S5ic . .
ox 22Ci2idx

2 —(34—341’1)@2 -
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. 5idx 7ic . . 7idx
(20+201) V2 "2+ (16-161) ez 1y (4rai) V2 T -
(1-i) e #H9% giert (€90 167 el (54X _gg i er (9% 34/ g2t (crdx)
401 e: ' (19X |16 /2 31 (AN g eyl (4N /o oai (crdx) (4+41) NCWSE “*d“)
C
xCos[—+—]

/[((_1_1)47@%
2 2

1. . 3. . 2
(]’1—2\5@?1“““) _47 el (c+dx) +2\/?e;1(c+dx) +]-le21(c+dx)) \/a <1+COS[C+dX]> )J _

dx

(-1+e'€)

Cos[iﬁ%} Sln{c dx} \/_Sln{c dx}

7 i ArcT s ¢, dx
HAre an[—Cos“—ﬂ:%\/ﬁCM{ 4} Sln“ d:} } COS[Z " 2 ]
4\Ed\/a (1+Cos[c+dx])
c dx s c dx
7 J'LAr'cTan[C S{‘c‘ dX%Sln{“_ T}fSln{?z} ] Cos[i + dTX}
Cos{ +—}+\/_Cos[4f T}—Sln{;+4—}

4\/7d\/a (1+Cos[c+dx])

2Cos[ 5+ d?} Log[Cos| ¢ + "4—"]751n[i+d‘1—x}]_
d\/a(1+Cos[c+dX])

2Cos[§+d7x} Log[Cos[i+%] +Sin[i+‘14—XH i
d\/ (1+Cos[c+dX])

7Cos[§+d7x} Log 2 \/_COS[i TX} \/—Sln[i dTXH

S\Ed\/a (1+Cos[c+dx])
pcos( o 4] Log[2 V7 cos[ 0 4] E sin[ < ]
S\Ed\/a(1+Cos[c+dx})

dx
2

7 1'1Ar‘cTan[zjcos[Z—]_jl (-ﬁasm[z_]) Tan[d“_w ] Cos[§+ ] Cot[ﬂ

244 Cos{ﬂzm sin{ﬂ2

Zd\/a (1+Cos[c+dx]) J—2+4Cos[ } +4Sln[5}2

7Cos[£+dfx] Csc[g]
2 2 2
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C dx C [« d x C
-dxCos|— 2Log[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[2 +2cos[ <X stn[ *] +2cos| ] stn[ ]| sin[ *] +

[zms{;yi (-vZ -25in[]) Tan[ 2] ]

412 ArcTan Cos | ﬂ

-2+4 Cos{ﬂ2+4 Sin[;—]2

/

\/2+4Cos[§]2+451n[;]2

[2\/—d\/ (1+Cosfc+dx]) (4Cos[§]2+4Sin[§]2))+

cos[ £+ 2] sin[ X)) /

2 2 2

[Zd\/ (1+Cosfc+dx]) [Cos[%]—sin{i}) Cos[§+d7x}—sin[§+d7x] 2]+
Cos[§+d7x] cos[ ) wasin[ 7)) | /

(4d\/a (1+Cos[c+dx]) [Cos[%]—sin[g}) Cos[§+d7x}fsin[§+d7x] +
Cos[§+d7x]sin[d7x] /

[Zd\/ (1+Cosfc+dx]) [Cos[§]+sin{§}) Cos[§+d7x}+sin[§+d7x] 2]+
Cos[§+d7x] cos[*] +3sin[ 0] /

(4d\/a (1+Cos[c+dx]) [Cos[§]+sin[§}) Cos[2+d7x}+sln[2+d7x]

Problem 130: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[c+dx]*

va+acCos[c+dx]

Optimal (type 3, 181 leaves, 8 steps):
9ArcTanh[M] \/2 ArcTanh | a Sinfcsdx]

+/a+aCos[c+dx] \/2 \/a+aCos[c+dx]
- +
8+/a d Va d
7Tan[c +dXx] Sec[c+dx] Tan[c+dx] Sec[c+dx]?Tan[c +dXx]

+

8d+/a+acCos[c+dx] 12d+/a+acCos[c+dx] 3d+va+aCos[c+dx]
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Result (type 3, 1921 leaves):

e

32 32
(\/7_ (1-1) er + (16 - 16 i) ez tiax (20+201) V2 e (34-341 ) Se2idx

. 5idx 7ic . . 7idx
(20+201) V2 &'+ (16-16i) ez 'y (41ai) V2 T -
(1-1) ez AN g eyt (€00 e o7 i(crdX) g9 ey (€90 L340/ 2i (crdn)

401 ert (T9X) _16+/2 @31 (¢dX) _g eyt (40 /57 (4 (e (4+41) VZ it “*dx)
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xCos[Eer—]

CosH—Hﬂ—Sin{c dxw rsin{c dﬂ
—Cos{c— d—x}nﬁCos{c dx} S:Ln{ de}

S\Ed\/a (1+Cos[c+dx])

9i ArcTan|

91'1Ar‘cTan[C°S[7+d [ssin[+ 2] rsm{ HCOS[& d_x}
Cos{ +—}+WC05{ } Sln{( de} 2 2
8\/7d\/a(1+Cos[c+dX])

2Cos[§ TX} Log[Cos[i %]_Sln[i leXH .
d\/a (1+Cos[c+dX])

2Cos[$+9*] Log[Cos[ € + O] +Sin[ €+ X ]] .

d\/a (1+Cos[c+dx])

9Cos[9+d7x} Log |2 \/—Cos[i

N

16\/7d\/a (1+Cos[c+dx])
+ %] Log[2+ V2 Cos[S+ 9] -2 sin[ <+ X]]
16/2 d+/a (1+Cos[c+dx])

9Cos| <+

N|ﬁ

pricor]]s (VT 2o} n] 2]

9 1 ArcTan

_2:4 cOs{ﬂzm Sin{ﬂz

4d.fa (1+Cos[c+dx]) \/ 2+4cCos[¢]*+4sin[<]?
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9Cos[§+d7x] Csc{g] —dxCos[i] +2Log[\/7+2Cos[d7X] Sin{%} +2Cos[§] Sin[dTXH

4i \/?AI"CTan[ZjCOS“iLj (—\/7+25in“—H Tan[‘%ﬂ ]

Cos[ﬂ

-2+4 Cos {5} 2+4 Sin[c—]2

Sin[;} + : : /

\/2+4Cos[§]2+451n[;]2

[4\ﬁd\/ (1+Cos[c+dx]) [4Cos[£]2+4sin[£]2))+

2 2

2
6d\/a (1+Cos[c+dx]) (Cos[

(Cos[§+d?x]sin[d?x]/

{4d\/ (1+Cosc+dx]) [Cos[%]—sin{;) Cos[;+d7x}—51n[§+d7x] 2]+

Cos[§+d7x] 7cos[*] -osin[ 7)) | /

(Sd\/a 1+Cos[c+dx]) [Cos[%]fsln[;}) Cos[;+d?x}751n[§+d7x] -
Cos[§+TX] 7

6d\/a (1+Cos[c+dx]) (Cos[§+d7x}+sln[§+d7"])3

(Cos[§+d7x]51n[d7x]/

[4d\/a(1+Cos[c+dx]) cos £ +sin[ S]] [cos [+ X wsin[ S+ 2] 2]+

(Cos[§+d7x] 7cos[ 5] -osin[ 7])| /

(Sd\/ (1+Cos[c+dx]) [Cos[§]+5in[§}) Cos[§+d7x}+51n[§+d?x] )

Problem 136: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dx] q
j( 3/2 X

a+aCos[c+dx])

Optimal (type 3, 114 leaves, 6 steps):
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_/a sinfctdx] infc+
2 ArcTanh[—2sinledx] ] 5 aApcTanh [ — 2 sinlcdx]
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Result (type 3, 1787 leaves):
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41+2 ArcTan
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2 2 /
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Problem 137: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]?
J dx
(a+aCos[c+dx])>?

Optimal (type 3, 144 leaves, 7 steps):
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+
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Result (type 3, 1691 leaves):
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2d <a (1+Cos[c+dx])>3/2 (Cos[ierT] +Sin[i+%])2

2C05[5+d—]

2 2
d(a(1+Cos[c+dx]))?? (Cos[

Problem 138: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]3
j( dx

a+aCos[c+dx])>?

Optimal (type 3, 185 leaves, 8 steps):
19 Achanh[M} 13 Ar‘cTanh[ a Sinf[c+dx]

\/ a+a Cos[c+d x] \/2 +/a+aCos[c+dx] }
4a%2d 2+/2 a¥2d
7Tan[c +d X] Sec[c+dx] Tan[c +d X] Sec[c+dx] Tan[c +d X]
+

4ad-/a+aCos[c+dx] 2d(a+aCos[c+dx])>? ad-/a+aCos[c+dx]

Result (type 3, 1941 leaves):
19 191 .
([T e

8 8
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(\/7- (1-1) er 4 (16 - 16 1) ez hax (20+201) V2 e (34-341i) e Se2idx

. S5idx 7ic . . 7idx
(20+201) V2 ' + (16-161) ez dx, (4vai)V2 e -
(1-1) o2 HIAX g eyt (€00 e o7 i (crdX) _gg 4 eyt (€90 L340/ 21 (crdn)
4@11@21 (crdx) ~16+/2 @3t (cxdx) Siefj(cmx) +1/2 @3t (crdx) (4+41) \/—e (2e+dx)
XCOS[E‘F_] /[(<717]1)+\/?e%) (—1+<eic>
2 2

(1_24/2 e§i<c+dx)—4je (c+dx) ; 2+/2 ez 24 (c+dx) +]-l(e2j1(c+dx))2

dx,s3

(a (1+Cos[c+dx}>)3/2]) -

dx dx . ¢ dx
19 i ArcTan | cosh+ﬂ sin[ ]2 sin[ 5] ] cos[<+ d_Xf
—Cos{c x]+\/7(:os{c—+d—x}—sin{%+‘%} 2 2
2+/2 d(a(1+Cos[c+dx]))*?
19 3 ArcTan | L LN S o e, ax1?
Cos{c x} \/7Cos[C X] Sln{i— TX} 2 2
"

2+/2 d(a(1+Cos[c+dx]))*?

13cos[ £+ ogcos [ - ] sin[ - ]
d (a(1+Cos[c+dx]))®? )

13cos 4" o[+ ] - sl + %]
d(a(1+Cos[c+dx]))?? )

19 Cos[ € + ] Log[2-V/2 Cos[ €+ ] - /2 sin[ €+ 2X]]

4~/2 d(a(1+Cos[c+dx]))??
19 Cos[ + 25 Log[2.+ V7 cos[ £+ ] T sin[£ - %]

42 d(a(1+Cos[c+dx]))>?

19 1 ArcTan

[ZjCos{c—wfi (f\E*ZSi”FH Ta”“ﬂ }

,2+4Cos[;—]z+4sin{ﬂ2

d(a (1+Cos[c+dx])>3/2\/2+4Cos[ ] +451n[9]2

19Cos[£+ d—X}BCsc[E]
2 2 2
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C dx C C d x C
-dxCos|— 2Log[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[2 +2cos[ <X stn[ *] +2cos| ] stn[ ]| sin[ *] +

[MCOs{j—}—i (-vZ -25in[]) Tan[ 2] ]

41i+/2 ArcTan Cos|[ €]

<
2

~2+4cos| £] asin[ £]°
! /

\/2+4Cos[§]2+451n[;]2

(\/?d (a (1+Cos[c+dx}>)3/2 4Cos[£}2+4sin[£}2]) -

2 2

dx]3

Cos[§+7

2d (a (1+Cos[c+dx]))3/2 (Cos[ierX] —Sin[ierx])z

dx]3

Cos[5+ <X

2d (a(1+Cos[c+dx]))*? (Cos[ierT] +Sin[i+7])2

C°5[§+d7x]3s:1n[d7x}/

s o ] e £ 2] 25
Cos[§+d7x]3(,5Cos[§}+7Sin[§])]/

[Zd(a (1+Cos[c+dx]))?? [cOs[i}fsin[g]) Cos[£+d7x],51n[§+d7x}) .
Cos[§+d7x]3sin[d7x}/

[d (a(1+Cos[c+dx]))>? (cos[%}+$in[§]) Cos[;+_]+51n[§+d7x} 2)+
Cos[§+d7x]3(5cos[§]+7sin[§]])/

[Zd(a (1+Cos[c+dx]))?? [cos[§}+sin[§]) Cos[£+d7x]+51n[§+d7x})

Problem 139: Result more than twice size of optimal antiderivative.

Cos[c+dx]*4
J( ax

a+aCos[c+dx])>?

Optimal (type 3, 183 leaves, 7 steps):
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163 ArcTanh| a_sin[c+dx]

V2 [aracCos[crdx] Cos[c+dx]3Sin[c+dx]

162 a%2d 4d (a+aCos[c+dx])”?
17 Cos[c+dx]2Sin[c +dx] 197 Sin[c +d x] 95+a+aCos[c+dx] Sin[c+dx]
- +
16ad<a+aCos[c+dx})3/2 24a2d+/a+aCos[c+dx] 48 a3 d

Result (type 3, 587 leaves):

d 5 d . d
163 Cos [+ 22 Log[cos[ £ &) sin[ £ %]

4d (a(1+Cos[c+dx]))®?
163Cos[§+dTX}5Log[Cos[i+%} +Sin[i+%]] _40(:05[%’(} Cos[§+d7x}ssin[§} )
4d (a(1+Cos[c+dx]))®? d(a(1+Cos[c+dx]))*?

8Cos[3gx} Cos[§+"2—x]55in{3f] _40Cos[§] Cos[§+d7x}ssin[d7x}
3d (a(1+Cos[c+dx]))>? d(a(1+Cos[c+dx]))>?
scos 1) cos[ £ sl 18] cosl -
3d (a(1+Cos[c+dx]))>? 8d (a (1+Cos[c+dx]))*? (Cos[i*dfx} —Sln[iﬂ%])“

Problem 140: Result more than twice size of optimal antiderivative.

Cos[c+dx]3
j dx

(a+aCos[c+dx])>?

Optimal (type 3, 145leaves, 6 steps):

75 Ar‘cTanh[ a sin[c+dx] }
vz \[aracos[c+dx] ~ Cos[c+dx]2Sin[c+dx]
_ h +
16\/7a5/2d 4d(a+aCoS[c+dX])5/2
13Sin[c +dx] 9Sin[c+dx]

+

16ad (a+aCos[c+dx])3/2 4a2d+/a+aCos[c+dx]

Result (type 3, 489 leaves):
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75Cos[§+dz—x] Log[Cos[i+t—X]+Sin{i+%H +16Cos[dTX]Cos[§+d7x]SSin[§]
4d (a(1+Cosfc+dx]))*? d(a(1+Cos[cedx]))®?
16Cos[§]Cos[§+d7}SSin[d7x] ) CQSEMTX}5 +
d(a <1+Cos[c+dx}>)5/2 8d(a (1+Cos[c+dx]))5/2 (cos[i+%]*51”[i+t—x”4
21Cos[5+d—]5
2 2 .
8d (a(1+Cos[c+dx]))*? (C05[5+%]—Sin[9+—x])z
Cos[5+d7"]5

Problem 144: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dx]
J dx
(a+aCos[c+dx])>?

Optimal (type 3, 144 leaves, 7 steps):

2 ArcTanh [ M] 43 ArcTanh [ a Sin[c+dx]
Varacosicidx] V7 Jaracos(ciax)
a®/?d 162 a5/2d
Sin[c+dx] 11Sin[c+dx]

4d (a+aCos[c+dx])*?

16ad (a+aCos[c+dx])*?

Result (type 3, 1919 leaves):
—(“2-21)(1+e“)
(\/7- (1-1) e + (16 -16 1) e ridx (20+201) V2 &
(20+201) V2 ey (16 - 16 1) e rALax, (4+41) V2 et
(1-1) ez X, g gyt (0 -16+/2 e (9% _4pi g3t (c+d®) +34+/2 g2t (X
20 et 00 L1642 @3 (0 g ert (S [ b (0N (4, 44) /7 ext 29X
xCos[§+7] /[((—1—i)+\/7e%

1., . 3. . 2
(172 /2 ezl(c+dx)—4jel (c+dx)+2 /2 e;l(c+dx)+je21(c+dx))

3idx 5ic .
- 22f2idx

2 _(34_3411)@2 -

dx,s

(-1+e'€)
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(a (1+Cos[c+dx}>)5/2]) -

) Cosr—+d—w Sln{c dxw \ﬁSm{c dxw
411\/7Ar‘cTan[icos{4 27 Con ] sin 5] | cos|

d(a(1+Cos[c+dx]))®?

o+ ] -sinfg ¥
4d (a(1+Cos[c+dx]))>?
S 7"] Log[Cos[® + ]+Sin[i+d7H

4d (a(1+Cos[c+dx]))>?

22 con[ £+ 5 og[2 /2 cos[5 %] -2 sin[ 5 %]

2

43Cos[§ 2] Log[Cos |

»

Q
x

43 Cos |

> \

<
4

d(a(1+Cos[c+dx]))*?

COS[£+M +Sin{9+dfx}—\/?Sin[£+dfx]
(1—1’1)\/7Ar‘cTan[ 44 a4 a4 ]
Cos[i ‘Z—X}Jr\/?Cos[iJr‘{Tx]fSin[iJr‘{Tx]
dx,s
Cos[§+7x] [(uj)cos[i}w?cOs[i]_(l_j) Sin[i}_jﬁsm[i])

(<_1 )Cos[ |+ \/_Cos[ﬂ+(1—J‘1)Sin[i}—i\/75in[i})]/

(d(a (14 cosfcdx)))* [cos| ] +sin[ ]| -

ol 2P ol ol 2] s )
((1+1) COSE} WCos[i] - (1-1) sln[i] —J].\/?Sih[i])
[(~1-4) cos[ 2] V2 Cos[ 7]+ (1-4) sin[ ] ﬂﬁsm{i}))/

(\/?d (a(1+Cos[c+dx]))*? cOs[g} +51n[§])) _

ZiCos{ﬂ—i (—\Edsinb—m TanH‘—x

16 i ArcTan|

72+4Cos[%]2+4sin{ﬂz

d (a (1+Cos[c+dx]))5/2\/2+4Cos[§]2+451n[§]2

8\/7Cos[5+d—X]SCsc[£}
2 2 2
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C dx C [« d x C
-dxCos|— 2Log[+/2 +2Cos|[——]sin[— 2Cos|—| Sin|—| | Sin| —
%]+ 2t0g[2 +2cos[ <X stn[ *] +2cos| ] stn[ ]| sin[ *] +

VﬁCos{ﬂﬂi (*ﬁ*jSi”HH Tzan[%ﬂ ] Cos[ﬂ
72+4Cos{ﬂ +4Sin[§] /

\/2+4Cos[§]2+451n[;]2

41+2 ArcTan

(d (a (1+Cos[c+dx}>)5/2

4cOs[5}2+4Sin[5}2)) -

2 2
Cos[ S+ 2] )
8d (a(1+Cos[c+dx]))®? <Cos[i+%] —sln[iw{TX])“
11Cos[§+dT]5 )
8d (a (1+Cosfc+dx]))®? (Cos[§+‘{TX] -sin[ <+ X])z
Cos[<+9x]° )
8d (a(1+Cos[c+dx]))®? (COS[§+%] +Sln[i+%x])4
11cOs[§+d7]5
8d (a(1+Cos[c+dx]))®? (cos[i+%] +51n[§+t14_X])2

Problem 145: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[c+dx]?

(a+aCos[c+dx])>?

dx

Optimal (type 3, 174 leaves, 8steps):

SAPcTanh[M] 115 Ar‘cTanh[ a Sinf[c+dx] ]
_ . )
a¥/*d 162 a2 d
Tan[c+dx] 15Tan[c+dx] 35Tan[c +d x]

- +
4d (a+aCos[c+dx])”? 16ad(a+aCos[c+dx])*>? 16a?d~/a+aCos[c+dx]

Result (type 3, 2051 leaves):
[(5-511) (1+e'€)

ic 3idx

(\/7‘ (1—1'1) e? + (16—16]’1) ez%ﬂider <20+20]’1) V2 i

- (34-341) ez X
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. 5idx 7ic . . 7idx
(20+201) V2 "2+ (16-16i) ez 1y (4rai) V2 T -
(1-i) e #H9% giert (€90 167 el (44X _ggjer (9X) |34/ g2t (),

40 i et 00 L1642 @3 (N g ert (SN 7 et (0N (4,44) 2 e: “*‘“))
c ic

xCos|—+ —| /[((—1—1‘1)+\/7e7
2 2

. . 2
(jizﬁei_l(mdx)izme- (c+d x) +2r 25 (crdx) +].lezi(c+dx)) (a (1+C05[de])>5/2)+

dx,s

(—1+<e“>

Cos{— w Sln{—ﬂ%w—ﬁ Sin[:—+d4—xl

4

O E neTenl e e el )

5\5C05[§+d7x} Log |2 \ﬁCos[ TX}—\/?Sln[ierTXH

d(a(1+Cos[c+dx]))*? )

COS[£+d*X]+Sin[£+d*X}—\/?Sin[5+u]

(5-51) ArcTan| 44 44 a4 ]

[ Cos[i dT] \ﬁCos[i Tx}fsln[iJr‘{T"]
Cos[§+d7x]5[(1+i)Cos[i}+\/TCos[i]-(1-jl)Sin[i}-i\/?sm[i])

((4 )Cos[ | +4/2 cos[ < }+(1fj)Sin[5}fj\ESin[£})

4 4 4

(\/Td (a(1+Cos[c+dx]))>? (Cos[; +Sin[§])) N

([E+E Cos[g+d—X]SLog[2+\ECos[S+d—X] 7\ESin[S+d—XH

2 2 2 2 2 2 2 2
((1“1) cos[i} +\/7Cos[i] - (1-1) Sin[i] _jﬁsm[i])
((71711) Cos[i] +ﬁcos{§} c(1-1) Sin[i} ﬂﬁsm{i})]/

ZjCos{ﬂ—i (—\Edsinb—m Tan“x

40 i ArcTan|

72+4COS[;—]2+4Sin{:—r

d(a (1+Cos[c+dx])>5/2\/2+4Cos[§]2+4sin[§]2
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20\/7Cos[£+ dfX}SCsc[E]
2 2 2

C d x C C dx C
-dxC - 2L 2 +2C — | Sin| — 2C —| Sin|—| | Sin| —
X 05[2]+ og[V2 + os[z] 1n[2]+ os[z} 1n[2H 1n[2]+

[zMosmfi (7ﬁ+zzsin[ﬂ)za“[% ] COs[ﬂ
~2:4Cos || +asin| <]

c 4
2 2 /

\/2+4Cos[§]2+451n[§]2

41+2 ArcTan

(d (a(1+Cos[c+dx]))*? (4cOs[§}2+4Sin[§}2]) B

4Cos| <+ 4|

2 2
d(a (1+Cos[c+dx])>5/2 (Cos[

Problem 146: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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JCos[c+dx]5/2 (a+aCos[c+dx]) dx

Optimal (type 4, 111 leaves, 6 steps):
6aEllipticE [i (c+dx), 2] 1e0a EllipticF[i (c+dx), 2]

+ +
5d 21d
10a+Cos[c+dx] Sin[c+dx] 2aCos[c+dx]32Sin[c+dx] 2aCos[c+dx]>?Sin[c+dx]
+ +
21d 5d 7d

Result (type 5, 490 leaves):
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+

a|VCos[c+dx] (1+Cos[c+dx])Sec|

dx-2
)

N |0

[ 3Cot[c] 23Cos[dx]Sin[c] Cos[2dx]Sin[2c] Cos[3dx] Sin[3c]
- + + + +
5d 84d led 28d
23Cos[c] Sin[dx] Cos[2c]Sin[2dx] Cos[3c]Sin[3dXx]
+ _

4
84d led 28d

B

L, {E}, Sin[dx - ArcTan[Cot[c]]]?]
4

FNQUPIN
N R

[5 (1+Cos[c+dx]) Csclc] Hyper‘geometr*icPFQH

c dx;2 _
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/—w/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] J/

3 1 c dx;2
(Zld 1+ Cot[c] J——3 (1+Cos[c+dx]) Csclc] Sec|—+ —|
10d 2 2

tricPFQ 11 3 Cos[dx +ArcTan[Tan[c]]]?
(Hyper‘geome i [{-=,-=1, {Z}, + ]
2 4

Sin[d x + ArcTan[Tan[c]]] Tan[c] )/

{\/1 —Cos[dx +ArcTan[Tan[c]]] V/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[qCos[dx+Ar‘cTan[Tan[c]1]\/1+Tan[c12 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c i 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
2 s 2
/1+Tan[c]2 Cos[c]“+Sin[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1 +Tan[c]?

Problem 147: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[c+dx}3/2 (a+aCos[c+dx]) dx

Optimal (type 4, 87 leaves, 5 steps):
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6aEllipticE[% (c+dx), 2] +2aEllipticF[% (c+dx), 2] )
5d 3d
2a+/Cos[c+dx] Sin[c+dx] 2aCos[c+dx]3?2Sin[c+dXx]
+

3d 5d

Result (type 5, 458 leaves):

+

c dx;,2 3 Cot[c]
a|VCos[c+dx] (1+Cos[c+dx])Sec|—+—| |[-——
2 2 5d

Cos[dx] Sin[c] Cos[2dx] Sin[2c] Cos[c] Sin[dx]
+ + +

Cos[2c] Sin[2dx]
3d 1ed 3d

led

(1+Cos[c+dx]) Csclc] Hyper‘geometr‘icPFQH

)

N |

}, {E}, Sin[dx - ArcTan[Cot[c]] ]2]
4

H R

dx,2 _
Sec|—+ —]" Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] /

1 d
(30' 1+Cotfc]? ) -3 (1+Cos[c+dx]) Csclc] Sec|—+ —?
10d 2 2

_ 1 1, .3
(Hyper‘geometr‘lcPFQH——, -~} {Z}, Cos[dx+ArcTan[Tan[c]]]?]
2 4

Sin[dx +ArcTan[Tan[c]]] Tan[c] )/

\/1-Cos[dx +ArcTan[Tan[c]]] \/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[qCos[dx+Ar‘cTan[Tan[c]}]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c " 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]]

2 3 2
1+Tan[c]? Cos[c]“+Sin[c]

1+Tan[c]?

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?
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Problem 148: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/Cos[c+dx} (a+acCos[c+dx]) dx

Optimal (type 4, 61 leaves, 4 steps):

2aEllipticE[%(c+dx),2} 2aEllipticF[§(c+dx),2} 2a+/Cos[c+dx] Sin[c+dx]
N

+

d 3d 3d

Result (type 5, 424 leaves):

Cot[c] Cos[dx] Sin[c] Cos[c] Sin[dX]
_ N N _

d 3d 3d

c dx;,2
a |v/Cos[c+dx] (1+Cos[c+dx])$ec[7+7}

N

)

[ (1+Cos[c+dx]) Csclc] Hyper‘geometr‘icPFQH

N |

B {E}, Sin[dx - ArcTan[Cot[c]]]?]
4

H R

¢ dx;2 _
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/—w/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] ]/

1 c dx;2
(Bd 1+ Cot[c]? ) - —(1+Cos[c+dx]) Csc[c] Sec| —+ —]
2d 2 2

_ 1 1, .3
(Hyper‘geometrlcPFQHf—, -=}, {=}, Cos[dx+ArcTan[Tan[c]]]?]
2 4 4

Sin[d x + ArcTan[Tan[c]]] Tan[c] )/

{\/1 —Cos[dx +ArcTan[Tan[c]]] V/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]1]\/1+Tan[c12 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c . 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
2 ] 2
/1+Tan[c]2 Cos[c]“+Sin[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1 +Tan[c]?
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Problem 149: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
Ja+aCos[c+dx]

v/ Cos[c+dx]

Optimal (type 4, 35leaves, 3 steps):
2aEllipticE [i (c+dx), 2] 2aEllipticF [i (c+dx), 2]

+

d d

dx

Result (type 5, 155leaves):

1
2d
1
a+/Cos[c+dx] <1+Cos[c+dx])$ec[—(c+dx) [ \/Cos d x - ArcTan [Cot [ \/Csc
2
1 1, .5. ,
HypergeometricPFQ[{~, ~}, { =}, Sin[dx - ArcTan[Cot[c]]]?]
4 2 4
Sec[dx - ArcTan[Cot[c]]] Sin[c] + Tan[d x + ArcTan[Tan[c]]] -

] i
Hyper‘geometr‘lcPFQ[{ 1 - 1}, {i}, Cos[dx+ArcTan[Tan[c]]]?]
2 4 4

Tan[d x + ArcTan[Tan[c] ]])/ (\/Sin[dx+Ar‘cTan[Tan[c] 112 )]

Problem 150: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
Ja+aCos[c+dx]

Cos[c+dx]3/?

dx

Optimal (type 4, 57 leaves, 4 steps):
2a EllipticE[i (c+dx), 2] 2a EllipticF[i (c+dx), 2]

+

N
d d d+Cos[c+dx]
Result (type 5, 413 leaves):

2aSin[c+dx]
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+

a|VCos[c+dx] (1+Cos[c+dx])Sec|

dx-2
)

N |0

Csc[c] Sec[c] Sec[c] Sec[c+dx] Sin[dXx] 1

+

d d

d+/1+Cot[c]?

1 1 5
(1+Cos[c+dx]) Csc[c] HypergeometricPFQ[{~, —}, {=}, Sin[dx - ArcTan[Cot[c]]]?]
4 2 4
¢ dx;2
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2
\/—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] +
1 ¢ dx;2
—(1+Cos[c+dx]) Csc[c] Sec[—+ —|
2d 2 2

tricPFQ 1 3 Cos[dx +ArcTan[Tan[c]]]?
(Hyper‘geome H—;, _Z}, {Z}, + ]

Sin[dx + ArcTan[Tan[c]]] Tan[c])/ [\/1—Cos[dx+Ar‘cTan[Tan[c]1]

\/1+Cos[dx+Ar‘cTan[Tan[c]}] \/Cos[c]Cos[dx+Ar‘cTan[Tan[c}]} 1+Tan[c]?

Sin[d x+ArcTan[Tan[c]1] Tan[c] + 2Cos[c]?Cos[dx+ArcTan[Tan[c]]] /1+Tan[c]?

> \J1+Tan[c]? Cos[c]2+Sin[c]?
1+ Tan[c] -

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 151: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+acCosfc+dx]
J dx

Cos[c+dx]>?

Optimal (type 4, 83 leaves, 5steps):
2a EllipticE[i (c+dx), 2]

+

d

. . 1
2aE111pt1cF[;(c+dx),2] 2asin[c+dx] 2asSinfc+dx]

+

+
3d 3dCos[c+dx]*? g+/Cos[c+dx]
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Result (type 5, 444 leaves):

c dx;2
a|vCos[c+dx] (1+Cos[c+dx])Sec[;+7}

[Csc[c] Sec[c] Sec[c]Sec[c+dx]2Sin[dx] Sec[c] Sec[c+dX] (Sin[c] +3Sin[d x])

+ +

d 3d 3d

)

{ (1+Cos[c+dx]) Csc[c] HypergeometricPFQ| {

N |

B {E}, Sin[dx - ArcTan[Cot[c]]]?]
4

H R

c dx;2 _
Sec|—+ —]" Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

J—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] ]/

5 1 c dx;2
(Sd 1+ Cot[c] J+f(1+Cos[c+dx])Csc[c]Sec[f+f}

2d 2 2

_ 1 1, .3
(Hyper‘geometr‘lcPFQH——, -~} {Z}, Cos[dx+ArcTan[Tan[c]]]?]
2 4

Sin[dx +ArcTan[Tan[c]]] Tan[c] )/

{\/1 - Cos[dx +ArcTan[Tan[c]]] V/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]}]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c] " 2Cos[c]?Cos[dx+ArcTan[Tan[c]]] +/1+Tan[c]?
2 3 2
1+Tan[c]? Cos[c]“+Sin[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 152: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Ja+aCos[c+dx]

Cos[c+dx]7/?

dx

Optimal (type 4, 111 leaves, 6 steps):
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6aEllipticE[i (c+dx), 2] 2aEllipticF[i (c+dx), 2]
- + +

5d 3d
2aSin[c+dx] 2aSin[c+dx] 6aSin[c+dx]

+ +
5dCos[c+dx]>? 3dCos[c+dx]3/? 5d+/Cos[c+dx]

Result (type 5, 477 leaves):

a|VCos[c+dx] (1+Cos[c+dx])

¢ dx,2(3Csc[c]Sec[c] Sec[c]Sec[c+dx]3Sin[dx]

Sec[f+ 7] + +
2 2 5d 5d
Sec[c] Sec[c+dx]? (3Sin[c] +5Sin[dx]) Sec[c]Sec[c+dx] (5Sin[c] +9Sin[dx])
+ _
15d 15d

1 1 5

(1+Cos[c+dx]) Csc[c] HypergeometricPFQ|{—, =}, {=}, Sin[dx - ArcTan[Cot[c]]]?]
4> 277 g

c dx,2 _
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/—w/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] /

c dx;2
3 (1+Cos[c+dx]) Csclc] Sec|—+ —]
10d 2 2

(Bd 1+Cot[c]? ) +
_ 1 1. .3

(Hyper‘geometr‘lcPFQH—f, -=1}, {=}, Cos[dx+ArcTan[Tan[c]] 12]
2 4 4

Sin[dx + ArcTan[Tan[c]]] Tan[c] )/

/1-Cos[dx+ArcTan[Tan[c]]] /1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c}Cos[dx+Ar‘cTan[Tan[c]}]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c] . 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
Cos[c]?+Sin[c]?

1+Tan[c]?

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?
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Problem 153: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[c+dx]5/2 (a+acCos[c+dx])?dx

Optimal (type 4, 147 leaves, 10 steps):
3222 EllipticE[% (c+dx), 2] 20a? EllipticF[% (c+dx), 2]

+ +
15d 21d
20a2+/Cos[c+dx] Sin[c+dx] 32a2Cos[c+dx]32Sin[c+dx]
21d " 45d '
43a%Cos[c+dx]>?2Sin[c+dx] 2a%’Cos[c+dx]7/2Sin[c+dx]
7d " 9d

Result (type 5, 532 leaves):
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) c dx,a
VCos[c+dx] (a+aCos[c+dx]) Sec[—+ —]

2 2
8Cot[c] 23Cos[dx]Sin[c] 37Cos[2dx] Sin[2C]
- + +

15d 84d 360d
Cos[3dx]Sin[3c] Cos[4dx]Sin[4c] 23Cos[c] Sin[dXx]
+ +

28d 144 d 84d
37Cos[2c] Sin[2dx] Cos[3c] Sin[3dx] Cos[4c] Sin[4dX]
+ +

360d 28d 144 d

+

+

s 3}, {5}, Sin[dx - ArcTan[Cot[c]]]?]
4

1
[5 (a+acCos[c+dx] )2 Csclc] Hyper‘geometr‘icPFQ[{—
4 2

c dx,a -
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

Jx/lJrCot[c]2 Sin[c] Sin[dx - ArcTan[Cot[c]]] V1+Sin[dx-ArcTan[Cot[c]]] J/

1 d
[Zld 1+Cot[c]? J - ——4 (a+aCos[c+dx])*Csc[c] Sec[£+—x]4
15d 2 2

_ 1 1. .3 o
(Hyper‘geometr‘lcPFQ[{—;, -=}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[d x + ArcTan[Tan[c]]]
477 g

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c1]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+ArcTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan|c " 2Cos[c]2Cos[dx+Ar‘cTan[Tan[c]]] 1+Tan[::]2
2 3 2
/1+Tan[c]2 Cos[c]“+Sin[c]

\/Cos[c] Cos[dx+ArcTan[Tan[c]]] /1+Tan[c]?

Problem 154: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[c+dx}3/Z (a+acCos[c+dx])?dx

Optimal (type 4, 121 leaves, 9steps):
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12 a2 EllipticE[% (c+dx), 2] 8a? EllipticF[% (c+dx), 2]

+ +
5d 7d
a2/ Cos[c+dx] Sin[c+dx] 4a?Cos[c+dx]32Sin[c+dx] 2a?Cos[c+dx]°/?2Sin[c+dx]
+ +
7d 5d 7d

Result (type 5, 500 leaves):
2 c dx,a
VCos[c+dx] (a+aCos[c+dx])*Sec|—+—|

2 2
3Cot[c] 17Cos[dx] Sin[c] Cos[2dx] Sin[2c] Cos[3dx] Sin[3c]
- + + +

5d 56d led 56d
17 Cos[c] Sin[dx] Cos[2c] Sin[2dx] Cos[3c] Sin[3dXx]
+ +

56d 10d 56d

+

1

7d+/1+Cot[c]?

2 (a+aCos[c+dx])2Csc[c} Hyper‘geometr‘icPFQ[{l, l}, {E}, Sin[dx - ArcTan[Cot[c]]]?]

4~ 2 4

c dx
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]

2 2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] -

c dx

—3 (a+aCos[c+dx]) Csc[c ]Sec[—+—}
10d 2 2

. 1 1, .3 .
(Hypergeometr‘lcPFQ[{— =, -=}, {=}, Cos[dx+ArcTan[Tan[c]] 1?] sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/{\/lCos[dx+Ar'cTan[Tan[c]]] \/1+Cos[dx+ArcTan[Tan[c]}]

\/Cos[c] Cos[dx +ArcTan[Tan]| \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c] + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
[1+Tan[c]? Cos[c]2+Sin[c]?

\/COS[C] Cos[dx +ArcTan[Tan[c]]] +/1+Tan[c]?

Problem 155: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/Cos[c+dx] (a+acCos[c+dx])*dx

Optimal (type 4, 95leaves, 7 steps):
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16 a2 EllipticE[% (c+dx), 2] 4a? EllipticF[% (c+dx), 2]

+ +
5d 3d
a2/ Cos[c+dx] Sin[c+dx] 2a%2Cos[c+dx]32Sin[c+dx]
+
3d 5d

Result (type 5, 468 leaves):
2 c dx,a
VCos[c+dx] (a+aCos[c+dx])*Sec|—+—|

2 2
4 Cot[c] Cos[dx]Sin[c] Cos[2dx] Sin[2c] Cos[c]Sin[dx] Cos[2c]Sin[2dX]
- + + + + -
5d 3d 20d 3d 20d
1

(a+aCos[c+dx])?Csclc]
3d+/1+Cot[c]?

1 1, 5. . ,
HypergeometricPFQ[{ =, —}, {=}, Sin[d x - ArcTan[Cot[c]]]?]
4" 2 4

c dx
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]

2 2
J n/1+Cot[c]? Sin[c] Sin[dx-ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] -

c dx-,a

—2(a+aCos[c+dx}) Csclc] Sec|—+ —|
5d 2 2

. 1 1, .3 .
(Hypergeometr‘lcPFQ[{— =, -=}, {=}, Cos[dx+ArcTan[Tan[c]] 1?] sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/{\/lCos[dx+Ar'cTan[Tan[c]]] \/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c] Cos[dx +ArcTan[Tan|[ \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c] + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
[1+Tan[c]? Cos[c]2+Sin[c]?

\/COS[C] Cos[dx +ArcTan[Tan[c]]] +/1+Tan[c]?

Problem 156: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+acCos[c+dx])?
J dx

v/ Cos[c+dx]
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Optimal (type 4, 67 leaves, 6 steps):

4 32 EllipticE[% (c+dx), 2] 8a2EllipticFE (c+dx), 2]  2424/Cos[crdx] Sin[c+dx]
+

+

d 3d 3d

Result (type 5, 434 leaves):

2 c dx-,a
/Cos[c+dx] (a+aCos[c+dx]) Sec[£+7]

Cot[c] Cos[dx]Sin[c] Cos[c] Sin[dX] ) 1

+ +

d 6d 6d

3d+/1+Cot[c]?

2 (a+acCos[c+dx] )2 Cscc] Hyper‘geometr‘lcPFQ[{

N |

1 I {E}, Sin[dx - ArcTan[Cot[c]]]?]
4- 4

c dx
Sec[—+—]ASec[dx—Ar‘cTan[Cot ]+/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/ \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] 1 +Sin[dx-ArcTan[Cot[c]]] -

<a+aCos[c+dx}) Csc[c ]Sec[£+d—x]4
2d 2 2

_ 1 1, .3 .
(Hyper‘geometr‘lcPFQ[{— S =}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[d x + ArcTan[Tan[c]]]
477 g

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c}]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx + ArcTan[Tan|[ \/1+Tan \/1 Tan| -
Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/1+Tan[c]?

2 3 2
1+Tan[c]? Cos[c]“+Sin[c]

\/COS[C] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 158: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+aCos[c+dx])?
J dx

Cos[c+dx]>?

Optimal (type 4, 91 leaves, 7 steps):
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4 32 EllipticE[i (c+dx), 2]

+

d
. . 1
8a’ ElllpthFb (c+dx), 2] 2a%Sinfc+dx] 4 3%2Sin[c+dx]
+ +
3d 3dCos[c+dx]*? g+/Cos[c+dx]

Result (type 5, 454 leaves):
5 c dx.a
VCos[c+dx] (a+aCos[c+dx])*Sec[—+—]

2 2
Csc[c] Sec[c] Sec[c]Sec[c+dx]2Sin[dx] Sec[c] Sec[c+dX] (Sin[c] +6Sin[d x])

+ + -

d 6d 6d

1

2 (a+aCos[c+dx])?Csclc]
3d+/1+Cot[c]?

1 1. 5.
HypergeometricPFQ[{~, —}, {=}, Sin[d x - ArcTan[Cot[c]]]?]
4 2 4
c dx
Sec[7+f] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]
2 2
\/ \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] /1 +Sin[dx-ArcTan[Cot[c]]] +
c dx,a
<a+aCos[c+dx}) Csc[c] Sec|—+ — |
2d 2 2

. 1 1, .3 .
(Hyper‘geometr‘lcPFQ[{f = -=} {Z}, Cos[dx+ArcTan[Tan[c]]]?]| Sin[dx +ArcTan[Tan[c]]]
2 4

Tan[c})/{\/lCos[dx+Ar‘cTan[Tan[c]]] \/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c] Cos[dx +ArcTan[Tan|[ \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c + ZCos[c]ZCos[dx+Ar‘cTan[Tan[c]]] 1+Tan[c]2
ﬁ”anmz Cos[c]?+Sin[c]?

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 159: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

j(a+aCos[c+dx])2

Cos[c+dx]7/?
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Optimal (type 4, 121 leaves, 9steps):
1 a? EllipticE[ > (c+dx), 2] ) 4a”EllipticF[ > (c+dx), 2] )
5d 3d
2a%Sin[c+dx] 43%2Sin[c+dx] 16 a2 Sin[c +d x]

+ +
5dCos[c+dx]*>? 3dCos[c+dx]*? 5d+/Cos[c+dx]

Result (type 5, 487 leaves):
VCos[c+dx] (a+aCos[c+dx])?

¢ dx.4(4Csc[c] Sec[c] Sec[c]Sec[c+dx]3Sin[dx]
Sec[—+ —] N .
2 2 5d 10d
Sec[c] Sec[c+dx]? (3Sin[c] +1@Sin[dx]) Sec[c] Sec[c+dx] (5Sin[c] +12Sin[dx])
+ _
30d 15d
1 R , 11, .5
(a+aCos[c+dx])“Csclc] Hyper‘geometr‘lcPFQHf, =L =1
4 2 4

3d+/1+Cot[c]?

c dx;,a
Sin[dx - ArcTan[Cot[c]]]?| Sec[—+ —] Sec[dx-ArcTan[Cot[c]]]
2 2

v1-Sin[dx - ArcTan[Cot[c]]] \/w/1+Cot[c]2 Sin[c] Sin[dx - ArcTan[Cot[c]]]

- 1 2 c dx,a
A/1+Sin[dx - ArcTan[Cot[c]]] +—dz (a+aCos[c+dx])*Csclc] Sec|~+ —|
5 2 2

, 1 1. .3 _
(Hyper‘geometr‘lcPFQ[{— =, ==}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c}]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/1+Tan[c]?
2 3 2
1+Tan[c)? Cos[c]“+Sin[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 160: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[c+dx}3/2 (a+aCos[c+dx])3d1x
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Optimal (type 4, 147 leaves, 12 steps):
68a’ E1lipticE[ > (c+dx), 2] 44 a*EllipticF[] (c+dx), 2]

+ +
15d 21d

44 a3~/Cos[c+dx] Sin[c+dx] 68a3Cos[c+dx]32Sin[c+dx]
21d : 45d :

6a>Cos[c+dx]*?Sin[c+dx] 2a*>Cos[c+dx]7/?2Sin[c+dx]
7d : 9d

Result (type 5, 532 leaves):
VCos[crdx] (a+acCos[c+dx])?sec[S+ IX)°

2 2
17 Cot[c] 97Cos[dx] Sin[c] 73Cos[2dx] Sin[2C]

+ + +

30d 336d 720d
3Cos[3dx] Sin[3c] Cos[4dx]Sin[4c] 97Cos[c] Sin[dXx]
+ +

112d 288d 336d
73Cos[2c] Sin[2dx] 3Cos[3c]Sin[3dx] Cos[4c] Sin[4dX]
+ +

720d 112d 288d

+

11 (a+aCos[c+dx] )3 Csc[c] HypergeometricPFQ| {

k]

b {E}J Sin[dx - ArcTan[Cot[c]]]?]
4

N |

1
4

¢ dx-e _
Sec| —+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

J—\/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] /

5 1 3 ¢ dx-e
[42d 1+ Cot[c] J—717 (a+acCos[c+dx])’Csclc] Sec|[—+ — |
60d 2 2

_ 1 1, .3 .
(Hyper‘geometr‘lcPFQ[{— —, ==}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c])/ \/1-Cos[dx +ArcTan[Tan[c]]] “/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] 1+Tan[c]?
2 3 2
1+Tan[c)? Cos[c]“+Sin[c]

JCos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?
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Problem 161: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/Cos[c+dx] (a+acCos[c+dx])’dx

Optimal (type 4, 121 leaves, 10 steps):
28 a3 EllipticE[% (c+dx), 2] 52a° EllipticF[% (c+dx), 2]

+ +
5d 21d
52a%+/Cos[c+dx] Sin[c+dx] 6a*Cos[c+dx]3?2Sin[c+dx] 2a®Cos[c+dx]>/?Sin[c+dx]
+ +
21d 5d 7d

Result (type 5, 500 leaves):
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3 c dxge
VCos[c+dx] (a+aCos[c+dx]) Sec[—+ —]

2 2

B 7 Cot[c] . 107 Cos [d x] Sin[c] . 3Cos[2dx] Sin[2 ] . Cos[3dx] Sin[3 ] .

1ed 336d 40d 112d
107 Cos[c] Sin[dx] 3Cos[2c] Sin[2dx] Cos[3c] Sin[3dXx]
+ +

336d 40d 112d

b {E}J Sin[dx - ArcTan[Cot[c]]]?]
4

N |

1
{13 (a +acCos[c+dx] )3 Cscc] Hyper‘geometr‘icPFQ[{*,
4

c dxge _
Sec|—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

J—xll+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] J/

5 1 3 c dx.s
[42d 1+ Cot[c] J—77(a+aCos[c+dx]) Csclc] Sec|—+ —|
20d 2 2

, 1 1, .3 .
(Hyper‘geometr‘lcPFQ[{— =, -=}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx + ArcTan[Tan[c]]]
2 4 4

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c}]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+ArcTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c + 2Cos[c]?Cos[dx+ArcTan[Tan[c]]] ~/1+Tan[c]?
2 3 2
1+Tan[c)? Cos[c]“+Sin[c]

JCos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 162: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+aCos(c+dx])?
J dx

\Cos[c+dx]

Optimal (type 4, 91 leaves, 8steps):
36 a° E1lipticE[; (c+dx), 2] 4a’EllipticF[J (c+dx), 2]

+ +

5d d
2a3+/Cos[c+dx] Sin[c+dx] 2a3Cos[c+dx]3?2Sin[c+dx]

+

d 5d




92 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”~m (c+d cos)”™n.nb

Result (type 5, 468 leaves):
\Cos[c+dx] (a+aCos[c+dx])3’Sec[£+d—x]6
2

2
9Cot[c] Cos[dx]Sin[c] Cos[2dx]Sin[2c] Cos[c]Sin[dx] Cos[2c] Sin[2dX]
- + + + + -
l1od 4d 4o0d 4d 40d
1

(a+aCos[c+dx])3Csc[c]
2d+/1+Cot[c]?

1 1 5 )
HypergeometrlcPFQHf =}, {=}, sin[dx - ArcTan[Cot[c]] 12]
4 2 4

c dx-e
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]

2 2
\/ \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] -

c dx;e

—9(a+aCos[c+dx]) Csclc] Sec| —+ — |
20d 2 2

_ 1 1. .3 _
(Hyper‘geometr‘lcPFQ[{— S =}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[d x + ArcTan[Tan[c]]]
477 g

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c}]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx + ArcTan[Tan|[ \/1+Tan \/1 Tan| -
Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/1+Tan[c]?
1.Tan[c)? Cos[c]?+Sin[c]?

\/COS[C] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 163: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+aCos[c+dx])3

Cos[c+dx]3/?

Optimal (type 4, 91 leaves, 8 steps):
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433 EllipticE[% (c+dx), 2] 20a° EllipticF[% (c+dx), 2]

+ +
d 3d
2a3Sin[c+dx] 2a+Cos[c+dx] Sin[c+dX]
+
d+/Cos[c+dx] 3d

Result (type 5, 465leaves):
VCos[c+dx] (a+aCos[c+dx])?

c dx-s (1+3Cos[2c])Csc[c]Sec[c] Cos[dx] Sin[c]

Sec[7+—] - + +
2 2 8d 12d
Cos[c] Sin[dx] Sec[c] Sec[c+dx] Sin[dx] ) 1
n _
124 4d 6d+/1+Cot[c]?
R ) 1 1 5 ) s
5 (a+aCos[c+dx])°Csclc] Hyper*geometr*lcPFQ[{—, =}, {=}, sin[dx-ArcTan[Cot[c]]] ]
4 2 4
c dx;e
Sec[7+f] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]
2 2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] V1+Sin[dx-ArcTan[Cot[c]]] -
¢ dx;s
(a+aCos[c+dx1) Csclc] Sec|—+ —]
4d 2 2

. 1 1, .3 .
(Hyper‘geometr‘lcPFQ[{— =, ==}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/{\/1—Cos[dx+Ar'cTan[Tan[cj]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx + ArcTan[Tan| \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c] " 2Cos[c]?Cos[dx+ArcTan[Tan[c]]] /1+Tan[c]?

2 3 2
1+Tan[c]? Cos[c]“+Sin[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] \/1+Tan[c]?

Problem 164: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(aJraCos[Cerx])3

Cos[c+dx]°/?

Optimal (type 4, 91 leaves, 8steps):
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433 EllipticE[i (c+dx), 2]

+

d
. . 1
20 a° ElllptICF[E <c+dx), 2} 2a3Sin[c+dx] 6a3Sinfc+dx]
+ +
3d 3dCos[c+dx]*? ¢+/Cos[c+dx]

Result (type 5, 463 leaves):
3 c dx;e
VCos[c+dx] (a+aCos[c+dx])’Sec[—+—]

2 2
(-5+Cos[2c]) Cscl[c] Sec[c] Sec[c]Sec[c+dx]2Sin[dx]
- + +
8d 12d
Sec[c] Sec[c+dx] (Sin[c] +9Sin[dx]) 1
124 6d+/1+Cot[c]?
; ) 1 1. 5. ,
5 (a+aCos[c+dx])’Csc[c] HypergeometricPFQ[{ =, =}, {=}, Sin[dx - ArcTan[Cot[c]]]?]
a4’ 277 a
c dx
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]
2 2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c \/1+Sln[dx ArcTan[Cot[c]]] +
c dx;e
<a+aCos[c+dx}) Csclc] Sec|—+ —]
4d 2 2

. 1 1, .3 .
(Hyper‘geometrlcPFQ[{f =, -=}, {=}, Cos[dx+ArcTan[Tan[c]] 1?] sin{dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/[\/lCos[dx+ArcTan[Tan[c]]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx +ArcTan[Tan]| \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c n 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
1 2 Cos[c]?+Sin[c]?
+Tan[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 165: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+aCos[c+dx])3
J dx

Cos[c+dx]7/?
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Optimal (type 4, 117 leaves, 10 steps):
362’ E1lipticE[; (c+dx), 2] 4a’EllipticF[J (c+dx), 2]

- + +

5d d

2a*Sin[c+dx] 2a3Sin[c+dx] 36a3Sin[c+dx]
+

5dCos[c+dx]®? dCos[c+dx]3?2 : 5d+/Cos[c+dx]
Result (type 5, 485 leaves):
\/m(a+aCos[c+dx])3Sec[§+d7X]6
9Csclc] Sec[c] Sec[c]Sec[c+dx]3Sin[dx] Sec[c]Sec[c+dx]? (Sin[c] +5Sin[dx])

+ + +

1o0d 20d 20d

Sec[c] Sec[c+dx] (5Sin[c] +18Sin[dx]) 1

20d 2d+/1+Cot[c]?

3 11, 5, _. 5

(a+acCos[c+dx])?Csclc] HypergeometricPFQ[{~, ~}, {=}, sin[dx-ArcTan[Cot[c]]] ]
4 2 4
c dx;e
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]
2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] +
c dx-se

79 (a+aCos[c+dx]) Csclc] Sec|—+ —]
20d 2 2

_ 1 1. .3 _
(Hyper‘geometr‘lcPFQ[{— =, ==}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c])/ \/1-Cos[dx +ArcTan[Tan[c]]] “/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c] Cos[dx + ArcTan[Tan| \/1+Tan \/1 Tan| -
Sin[d x+ArcTan[Tan[c]]] Tan[c N 2Cos[c]?Cos[dx+ArcTan[Tan[c]]] +/1+Tan[c]?
2 Cos[c]?+Sin[c]?
1+Tan[c]

JCos[c] Cos[dx +ArcTan[Tan[c]]] \/1+Tan[c]?
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Problem 166: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+aCos[c+dx])3

Cos[c+dx]%?

Optimal (type 4, 147 leaves, 12 steps):
282’ E1lipticE[} (c+dx), 2] 52a*EllipticF[> (c+dx), 2]
- +

+

5d 21d

2a*Sin[c+dx] 6a3Sin[c+dx] 52a3Sin[c+dx] 28 a3Sin[c+dx]
+

+ +
7dCos[c+dx]7/? 5dCos[c+dx]>? 21dCos[c+dx]3/? 5d~/Cos[c+dx]

Result (type 5, 515leaves):
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+

V/Cos[c+dx] (a+aCos[c:+dx])3Sec:[£+d—x]6

(7Csc[c] Sec[c]

2 2 10d
Sec[c] Sec[c+dx]4Sin[dx] Sec[c]Sec[c+dx]?(5Sin[c] +21Sin[dx])
+ +
28d 140d
Sec[c] Sec[c+dx]? (63Sin[c] +13@Sin[dx])
+
420d
Sec[c] Sec[c+dx] (65Sin[c] +147Sin[dx])
210d

3 X 1 1 5 .
13 (a+aCos[c+dx])°Csc[c] Hyper‘geometrlcPFQ[{f, =1L {=}s Sin[dx - ArcTan[Cot[c]]]?]
a4’ 277 'a

¢ dx-e _
Sec[—+ —] Sec[dx-ArcTan[Cot[c]]] V1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/—w/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] /

3 c dx-e
7 (a+acCos[c+dx])*Csclc] Sec|—+ —]
20d 2 2

(42d 1+ Cot[c]? ) +

. 1 1, .3 .
(Hyper‘geometrlcPFQ[{f =, ==}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/ {\/1Cos[dx+Ar‘cTan[Tan[c]]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]]]\/1+Tan[c12 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c . 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
Cos[c]?+Sin[c]?

1+Tan[c]?

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 167: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[c+dx}3/2 (a+acCos[c+dx])*dx

Optimal (type 4, 173 leaves, 16 steps):
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128 a* E11lipticE [i (c+dx), 2]

+

15d
904 a* EllipticF[i (c+dx), 2] oga a*~/Cos[c+dx] Sin[c+dx]
231d ' 231d :
128 a*Cos[c+dx]3/2Sin[c+dx] 150a*Cos[c+dx]°/?2Sin[c+dx]
45d : 77 d :
8a%*Cos[c+dx]7/?2Sin[c+dx] 2a*Cos[c+dx]%?Sin[c+dx]
9d : 11d

Result (type 5, 564 leaves):
\/Cos[c+dx] (a+aCos[c+dx]>4sec[E+d7X]8

2 2
8Cot[c] 4087Cos[dx] Sin[c] 37Cos[2dx]Sin[2c] 321Cos[3dx] Sin[3c]
- + + + +
15d 14784 d 360d 9856 d
Cos[4dx] Sin[4c] Cos[5dx]Sin[5c] 4087 Cos[c] Sin[dx] 37Cos[2c] Sin[2dX]
+ + + +
144 d 1408 d 14784 d 360d
321Cos[3c] Sin[3dx] Cos[4c]Sin[4dx] Cos[5c] Sin[5dX]
+ + -
9856 d 144d 1408 d

. _ 1 1. 5. ,
113 (a+aCos[c+dx])*Csc[c] Hyper‘geometr‘1cPFQ[{4—, ;}, {Z}, Sin[dx - ArcTan[Cot[c]]]?]

c dx,s -
Sec| —+ —] Sec[dx-ArcTan[Cot[c]]] V/1-Sin[dx-ArcTan[Cot[c]]]
2 2

\/’\/1+C0t[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] /1 +Sin[dx-ArcTan[Cot[c]]] /

5 1 " ¢ dx,s
(462d 1+ Cot[c] )—74(a+aCos[c+dx]) Csclc] Sec|—+ — |
15d 2 2

1 3
}» {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[d x +ArcTan[Tan[c]]]

_ 1
(Hyper‘geometr‘lcPFQH— S . .

Tan[c})/ \/1-Cos[dx +ArcTan[Tan[c]]] “/1+Cos[dx+ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A\/1+Tan[c]?
Cos[c]?+Sin[c]?

1+Tan[c]?

\/COS[C] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?
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Problem 168: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/Cos[c+dx] (a+acCos[c+dx])*dx

Optimal (type 4, 147 leaves, 13 steps):
152 a* EllipticE[i (c+dx), 2] 32a* EllipticF[i (c+dx), 2]

+ +
15d 7d
32a%*+/Cos[c+dx] Sin[c+dx] 122a*Cos[c+dx]32Sin[c+dx]
7d " 45d '
8a*Cos[c+dx]°/?2Sin[c+dx] 2a*Cos[c+dx]7/?2Sin[c+dx]
7d " 9d

Result (type 5, 532 leaves):
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v Cos[c+dx] (a+aCos[c+dx])“Sec[EJrdfx]8

2 2
19Cot[c] 17Cos[dx] Sin[c] 127Cos[2dx]Sin[2c] Cos[3dx] Sin[3 (]
- + + + +
30d 56d 1440d 56 d
Cos[4dx]Sin[4c] 17Cos[c] Sin[dx] 127Cos[2c] Sin[2dX]
+ +
576d 56d 1440 d
Cos[3c]Sin[3dx] Cos[4c]Sin[4dX] ) 1
i _

56d 576 d

+

7d+/1+Cot[c]?

4 . 1 1 5 . 5
2 (a+aCos[c+dx])*Csc[c] Hyper‘geometr‘lcPFQ[{Z, ;}, {Z}, Sin[dx - ArcTan[Cot[c]]]?]

c dx
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] /1 -Sin[dx - ArcTan[Cot[c]]]
2 2
J \/1+Cot[c]? Sin[c] Sin[dx-ArcTan[Cot[c]]] V1 +Sin[dx-ArcTan[Cot[c]]] -
c dx,s
—19 (a+aCos[c+dx])*Csclc] Sec[—+—]
60d 2 2

_ 1 1, .3 _
(Hyper‘geometrlcPFQ[{f ~,-=}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/ {\/1Cos[dx+Ar‘cTan[Tan[c]]] v1+Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx +ArcTan[Tan]| \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c . 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
\/172 Cos[c]?+Sin[c]?
+Tan[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1 +Tan[c]?

Problem 169: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+acCos[c+dx])*
j dx

v/ Cos[c+dx]
Optimal (type 4, 121 leaves, 11 steps):
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64 a* EllipticE[% (c+dx), 2] 136a* EllipticF[i (c+dx), 2]

+ +
5d 21d
94 a*+/Cos[c+dx] Sin[c+dx] 8a*Cos[c+dx]3?Sin[c+dx] 2a*Cos[c+dx]>?2Sin[c+dx]
+ +
21d 5d 7d

Result (type 5, 500 leaves):
4 c dx,s
VCos[c+dx] (a+aCos[c+dx])*Sec|—+—]

2 2
4 Cot[c] 191Cos[dx] Sin[c] Cos[2dXx] Sin[2c] Cos[3dx] Sin[3 (]
- + + +

5d 672d 20d 224d
191 Cos[c] Sin[dx] Cos[2c] Sin[2dXx] Cos[3c] Sin[3dX]
+ +

672d 20d 224d

+

N |

L, {5}, Sin[dx - ArcTan [Cot[c]]]?]
4

-l>||—\

{17 (a+acCos[c+dx] )4 Cscc] HypergeometrlcPFQ[{

c dx
Sec[7+f] Sec[dx - ArcTan[Cot[c]]] V1 -Sin[dx - ArcTan[Cot[c]]]

2 2

J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c \/1+51n[dx ArcTan[Cot[c]]] J/

5 1 4 ¢ dx,s
[42d 1+ Cot[c] ]—fdz(a+aCos[c+dx]) Csclc] Sec|—+ — |
5 2 2

_ 1 1. .3 _
(Hyper‘geometr‘lcPFQ[{— S =}, {=}, Cos[dx+ArcTan[Tan[c]]]?] Sin[d x +ArcTan[Tan[c]]]
477 g

Tan[c})/[\/1—Cos[dx+Ar‘cTan[Tan[c}]] v1+Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx + ArcTan[Tan|[ \/1+Tan \/1 Tan| -
Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/1+Tan[c]?
1.Tan[c)? Cos[c]?+Sin[c]?

\/Cos[c] Cos[dx+ArcTan[Tan[c]]] /1+Tan[c]?

Problem 170: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a+aCos[c+dx])*
J dx

Cos[c+dx]3/?
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Optimal (type 4, 119leaves, 10 steps):
56 a* E1lipticE[ (c+dx), 2] 32a*EllipticF[] (c+dx), 2]

+ +
5d 3d
2a*Sin[c+dx] 8a*+Cos[c+dx] Sin[c+dx] 2a*Cos[c+dx]3/2Sin[c+dx]
+ +
d+/Cos[c+dx] 3d 5d

Result (type 5, 497 leaves):
v/ Cos[c +dx] (a+aCos[c+dx])4Sec[£+ d—X]S

2 2
(23+33Cos[2c]) Csc[c] Sec[c] Cos[dx]Sin[c] Cos[2dx]Sin[2c]
- + + +
8od 6d 8od
Cos[c] Sin[dx] Sec[c]Sec[c+dx] Sin[dx] Cos[2c] Sin[2dX] 1
+ + -
6d 8d 8od 3d+/1+Cot[c]?
. 11, 5. ,
2 (a+aCos[c+dx])*Csclc] HypergeometricPFQ[{ =, —}, {=}, Sin[dx - ArcTan[Cot[c]]]?]
a4’ 277 g
c dx
Sec[7+f] Sec[dx - ArcTan[Cot[c]]] /1 -Sin[dx - ArcTan[Cot[c]]]
2 2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c]]] /1 +Sin[dx-ArcTan[Cot[c]]] -
c dx,s
—7(a+aCos[c+dx]) Csclc] Sec| —+ —|
20d 2 2

. 1 1, .3 .
(Hyper‘geometr‘lcPFQH— =, -=}, {=}, Cos[dx+ArcTan[Tan[c]] 1?] sin[dx + ArcTan[Tan[c]]]
2 4 4

Tan[c})/ \/1—Cos[dx+Ar‘cTan[Tan[c}]] \/1+Cos[dx+Ar‘cTan[Tan[c]}]

\/Cos[c] Cos[dx +ArcTan[Tan]| \/1+Tan \/1+Tan -

Sin[d x+ArcTan[Tan[c]]] Tan[c] + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?

[1+Tan[c]? Cos[c]2+Sin[c]?

\/COS[C] Cos[dx +ArcTan[Tan[c]]] +/1+Tan[c]?
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Problem 172: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+aCos[c+dx])4

Cos[c+dx]7/?

Optimal (type 4, 121 leaves, 11 steps):
56 a* E1lipticE[ > (c+dx), 2] 32a®EllipticF[> (c+dx), 2]
- +

+

5d 3d

2a*Sin[c+dx] 8a%Sin[c +dx] 66 a*Sin[c +dx]
+

"
5dCos[c+dx]°/2 3dCos[c+dx]3? 5d~/Cos[c+dx]

Result (type 5, 495 leaves):
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VCos[c-dx] (a+aCos[c+dx])*sec| s TX]°

+

( (-61+5Cos[2c]) Csc[c] Sec[c]

2 2 8od
Sec[c] Sec[c+dx]3Sin[d x] . Sec[c] Sec[c+dx]? (3Sin[c] +20Sin[dx]) .
40 d 120d
Sec[c] Sec[c+dx] (20Sin[c] +99Sin[dx]) 1
120 d )

3d+/1+Cot[c]?

2 (a+aCos[c+dx])4Csc[c1 Hyper‘geometr‘icPFQ[{l, 1}, {E}, Sin[dx - ArcTan[Cot[c]]]?]
4

4 2

c dx
Sec[—+—] Sec[dx - ArcTan[Cot[c]]] /1 -Sin[dx - ArcTan[Cot[c]]]

2 2
J \/1+Cot[c]? Sin[c] Sin[dx - ArcTan[Cot[c \/1+Sln[dx ArcTan[Cot[c]]] +

c dx,s

—7 (a+acCos[c+dx])*Csclc] Sec[—+ —]
20d 2 2

. 1 1, .3 .
(Hyper‘geometrlcPFQ[{f =, -=}, {=}, Cos[dx+ArcTan[Tan[c]] 1?] sin{dx +ArcTan[Tan[c]]]
2 4 4

Tan[c})/[\/lCos[dx+ArcTan[Tan[c]]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c] Cos[dx +ArcTan[Tan]| \/1+Tan \/1+Tan -
Sin[d x+ArcTan[Tan[c]]] Tan[c n 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]] A/ 1+Tan[c]?
[1 2 Cos[c]?+Sin[c]?
+Tan[c]

\/Cos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 173: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(aJraCos[Cerx])4

Cos[c+dx]%/?

Optimal (type 4, 147 leaves, 13 steps):
64 a* E11lipticE [% (c+dx), 2] 136a* EllipticF[i (c+dx), 2]

- + +

5d 21d
2a*Sinfc+dx] 8a*Sin[c+dx] 94 a*Sin[c +d x] 64 a*Sin[c+dx]

+ + +
7dCos[c+dx]”/* 5dCos[c+dx]*? 21dCos[c+dx]** s54+/Cos[c+dx]
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Result (type 5, 515leaves):

VCos[c+dx] (a+aCos[c+dx])4$ec[E+d—x]8 4Csclc] sec[c]

+

2 2 5d
Sec[c] Sec[c+dx]4Sin[dx] Sec[c]Sec[c+dx]?(5Sin[c] +28Sin[dx])
+ +
56 d 280d
Sec[c] Sec[c+dx]? (84Sin[c] +235Sin[dx])
+
840d
Sec[c] Sec[c+dx] (235Sin[c] +672Sin[dx])
840d

. ) 1 1., .5, ,
17 (a+aCos[c+dx])*Csclc] Hyper‘geometr‘lcPFQ[{Z, ;}, {Z}, Sin[dx - ArcTan[Cot[c]]]?]

dx.s -
ec| —+ — ec X - Arclan o C ->51n X - Arclan (o] C
Sec| | sec[dx-ArcTan[Cot[c]]] \/1-Sin[dx-ArcTan[Cot[c]]]
2 2

JxllJrCot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]] V/1+Sin[dx-ArcTan[Cot[c]]] /

5 1 4 c dx.s8
(42d 1+ Cot[c] J+—2(a+aCos[c+dx]) Csclc] Sec| —+ — |
5d 2 2

, 1 1 3 .
(Hyper‘geometr‘lcPFQ[{f—, -=1 {Z}, Cos[dx+ArcTan[Tan[c]]]?] Sin[dx + ArcTan[Tan[c]]]
2 4

Tan[c})/{\/I—Cos[dx+Ar‘cTan[Tan[c}]] 1+ Cos[dx +ArcTan[Tan[c]]]

\/Cos[c]Cos[dx+Ar‘cTan[Tan[c]]]\/1+Tan[c}2 \/1+Tan[c]2 -

Sin[d x+ArcTan[Tan[c]]] Tan[c + 2 Cos[c]?Cos[dx+ArcTan[Tan[c]]]

ﬁﬂan[c]z Cos[c]?+Sin[c]?

1+Tan[c]?

JCos[c] Cos[dx +ArcTan[Tan[c]]] /1+Tan[c]?

Problem 174: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j Cos[c+dx]7/?

a+acCos[c+dx]

dx

Optimal (type 4, 128 leaves, 6 steps):
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21 EllipticE[J (c+dx), 2] S5EllipticF[J (c+dx), 2]

5ad 3ad
5+ Cos[c+dx] Sin[c+dx] 7Cos[c+dx]3?2Sin[c+dx] Cos[c+dx]°*?2Sin[c+dx]
. _
3ad 5ad d(a+aCos[c+dx])

Result (type 5, 315leaves):
1
15a (1+Cos[c+dx])

Cos[1

;(c+dx”2

(2]1\/7(671‘1 (c+d x) [63 <1+(EZI'L (c+dx)> +63 <_1+621'1c) 14 2t (c+d x)

) y — € +

Hypergeometric2F1 |-

N |

21 (c+dx) ]

» R
-
»|w

)

25 (90 (—14e27) \[1+ et (9% Hypergeometric2F1| s

) _ezi(c+dx)]])/

N |
H |

1
4

(d (_1+e2]'1c) \/ef]'l (c+d x) (1+e2]l(C+dX>> ) _ 32‘/COS[C+C|X1 Csc[c1

(15+10Cos[d x] Sin[c]?-6Cos[c] (-8+Cos[2dx] Sin[c]?) +

C dx
(c+dx)]sin[ =] sin[~—] +5Sin[2c] Sin[dx] -3 Cos[2c] Sin[c] Sin[2d X]

30 Sec|
2 2

N |

Problem 175: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c +dx]°/?
J dx

a+acCosfc+dx]

Optimal (type 4, 100 leaves, 5steps):
3 EllipticE [% (c+dx), 2] 5EllipticF [% (c+dx), 2]

- + +
ad 3ad
5+/Cos[c+dx] Sin[c+dx] Cos[c+dx]32Sin[c+dx]

3ad d(a+aCos[c+dx])

Result (type 5, 289 leaves):
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. . , 1
9 (1+e*t (<9¥) 19 (~1+e?'¢) \/1+e?" (<9 Hypergeometric2F1[- =,
4

, —e?t (a0 ] 5 el (crdx) (-1+e®t€) \/1+e?t (edX Hypergeometric2F1|

}/ (@ (-1eeric) Je OO [y i) )] :

(c+dx)]

N |

2+ Cos[c+dx] Csc[c] (3+6Cos[c] +2Cos[dX] Sin[c]2+65ec[

/(3a (1+Cos[c+dx]))

Q |-

c d x
Sin[;] Sin[T] +5Sin[2 c] Sin[d x]

Problem 176: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx]3/?
J dx

a+aCos[c+dx]
Optimal (type 4, 72leaves, 4 steps):
3E1lipticE[ (c+dx), 2] EllipticF[> (c+dx), 2] \/Cos[c+dx] Sin[c+dx]

ad ad d(a+aCos[c+dx])

Result (type 5, 264 leaves):
Cos[1 (c+dx)]2
2

. . . . 1
( [2 12 et (erdx) (3 (1+e?t (©9) 13 (—1+e?'¢) y/1+e?" (<9 Hypergeometric2F1[- =,
4

, —e2 (a0l (cdX) (g4 e21¢) \[14 2t (<9 Hypergeometric2F1|

, _(EZi(c+dx)]J]/ (d (-1+e2ic) x/efi () (14 g2t (©dx)) )_

2Cot[c] +Csc[c] +Sec[§} Sec[% (c+dx) ] Sln[dTX]])J/ (a(1+

)

1
2)
1
g
4

Q |-

>
4
2+/Cos[c+dx]

Cos[c+dx]))

Problem 177: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J VCos[c+dx]

a+aCos[c+dx]

Optimal (type 4, 70leaves, 4 steps):
EllipticE[> (c+dx), 2] EllipticF[ (c+dx), 2] ) VCos[c+dx] Sin[c+dx]

- +

ad ad d(a+aCos[c+dx])
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Result (type 5, 256 leaves):

1
Cos|— (c+dx>]2
2
) ) ) 1 1
[—([21‘1\/?@1 (crdx) (1+e“(“dx>+(—1+e2“) 1+e?*(<9%) Hypergeometric2Fl[- =, =,
4 2
3 ) i )
=, fe“(c*dxw + el (rdx) (71+<e2“) 14 2t (c+dx) Hyper‘geometr‘1c2F1[
4
41 %) Z} 7e21(c+dx)]J]/ (d (—1+e2“> \/e—i (c+d x) <1+e2j(c+dx)) )] .

(a <1+

2+/Cos[c+dx] (Csc[c} +Sec[§] Sec[i (c+dx)] Sin{%"” ]J/
d

Cos[c+dx]))

Problem 178: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J\/Cos[c+dx] (a+aCos[c+dx])

dx

Optimal (type 4, 70leaves, 4 steps):

EllipticE[% (c+dx), 2] EllipticF[% (c+dx), 2] VCos[crdx] Sin[c+dx]

.
ad ad d(a+aCos[c+dx])

Result (type 5, 257 leaves):

Cos[i (c+dx)]

(21\/—ejc+dx

21 d
s ,_(e]l(C+ x)}_

’7e2j1(c+dx)}))/
(d (-1+e2i€) \/e—i (X (14 21 (€+dx) ) )_
Zm(Csc[c]JrSec[:]Sec[z(c+dx)]sin[dx})]]/< (12 coster dx)]

(1 +e?t (40 4 (L14e?i¢) (/142" (¢4 Hypergeometric2F1

N |
s w

1
a’

el (40 (L1421 /142! (9% Hypergeometric2Fl|~, —,

[-
1
2

-b\l—x
N,

2
d
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Problem 179: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
Cos[c+dx]3? (a+aCos[c+dx])

Optimal (type 4, 96 leaves, 5 steps):
3E1lipticE[ (c+dx), 2] EllipticF[ (c+dx), 2]

+

ad ad
3Sin[c+dx] Sin[c +dx]

ad~/Cos[c+dx] d~/Cos[c+dx] (a+aCos[c+dx])

Result (type 5, 297 leaves):

Cos[1 (c+dx)]2

3(1+e?t (@) 13 (~1+e?'¢) \/1+e?" (“9% Hypergeometric2F1[-

» R
-

, —e2H (@A ] el (cdx) (g4 e21¢) (/14 2t (<4X) Hypergeometric2F1|

Csc[g] Sec[g]

2Cos[§(c— x)]+Cos[l(3c+dx”+3Cos[1(c+3dx)] A A

2 2

/(de)])/(a (1+Cos[c+dx]))

Sec[i (c+dx)]

Problem 180: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

dx
JCos[c+dx]5/2 (a+aCos[c+dx])

Optimal (type 4, 124 leaves, 6 steps):
3EllipticE[> (c+dx), 2] SELlipticF[> (c+dx), 2]

+ +

ad 3ad
5Sin[c+dx] 3Sin[c+dx] Sin[c+dx]

3adCos[c+dx]*? ad+/Cos[c+dx] dCos[c+dx]*? (a+aCos[c+dx])

Result (type 5, 332leaves):
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Cos| (c+dx>]2

N |

([2]’1\/2 et (cxdx) (9 (1+e*t(<9) 19 (~1+e?'¢) \/1+e?" (<9 Hypergeometric2F1|-

FNQUN
-

, —e?t (] 5 el (crdx) (-1+e* ) /142t (X Hypergeometric2F1|

([1@Cos %(c— x) | +8Cos[§ (3c+dx)] +4Cos[§ (c+3dx)] +5Cos[1 (5c+3dx) |+

/ 2

9Cos[l (3c+5dx)}
2

Csc[g] Sec[%] Sec[% (c+dx)]

(4dCos[c+dx}3/2)))/ (3a(1+Cos[c+dx]))

Problem 181: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx]%/?
J dx

a+aCos[c+dx])?

Optimal (type 4, 160 leaves, 7 steps):
56 ELLipticE[> (c+dx), 2] SELlipticF[> (c+dx), 2] 5./Cos[csdx] Sin[c+dx]
5a%d a’d a’d
56 Cos[c+dx]3?Sin[c+dx] 3Cos[c+dx]*?Sin[c+dx] Cos[c+dx]7/2Sin[c+dXx]

15a2d a’d (1+Cos[c+dx]) 3d(a+aCos[c+dx])2

+

Result (type 5, 367 leaves):
1

5a% (1+Cos[c+dx])?

Cos[i (c+dxH4

(4]1\/?@7]1 (c+dx) (56 <1+en (c+dx)> 456 (_1+62jc) 1+e21‘L(c+dx)

Hypergeometric2F1 |- , Ty —@2E(ed0 ]y

ENEE
-
N |
N lw

. ) - 1
25 (“99 (—14e28¢) \[1+e?! (<199 Hypergeometric2Fl|—, —,
4

) 7621(c+dx)]])/

N |
F Y,

(d (71+e2jc) \/e—il (c+d x) (1+ezi(c+dx>> ) _ idZ‘/COS[CerX} Csc[c]
3

(120+4@Cos[d x] Sin[c]?-6Cos[2dx] Sin[c] Sin[2c] +24@Sec|~ (c+dx] | Sin[g}
2 2

(]

Sin[dTX] —165ec[§ (c+dx)]’sin[ -] Sin[d?x] +8Cos[c] (27+5Sin[c] Sin[dx]) -

N

. . 1 2 . C
6 Cos[2c] Sin[c] Sin[2dx] -5Sec[~ (c+dx) | Sin[c] Tan[;]])
2

N |
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Problem 182: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

Ji

Optimal (type 4, 138 leaves, 6 steps):
7EllipticE[ > (c+dx), 2]

Cos[c+dx]7/?

dx
a+aCos[c+dx])2

10 EllipticF[ > (c+dx), 2]

+

+

a%d 3a%d
10V Cos[c+dx] Sin[c+dx] 7Cos[c+dx]32Sin[c+dx] Cos[c+dx]®?2Sin[c+dX]
3a%d

Result (type 5, 337 leaves):

Cos| (c+dx>]4

|

-, s s _621(c+dx)} +1eej (c+d x)

N
N |

3
4

21 (c+dx

l+e ) Hypergeometric2Fi|

(d (—1+e2“) \/e—i (c+d x) <1+e2j (c+dx>) )

_ bk

(72Cos[ (c-dx)] +54Cos|

N[RN[R

9Cos[~ (5c+3dx)] +Cos|

N R NIR

3a2d (1+Cos[c+dx])

(3c+dx)] +33Cos]|

(3c+5dx) |-

3d <a+aCos[c+dx}>2

(— [4 142 et (erdx) (21 (1+e?t (@9) 421 (-1+e25¢) \[1+e?! (9% Hypergeometric2F1|

(~1+e2ic)

, _ezj(udx)}J]/

1
+ —/Cos[c+dx]
2d

) )

N |
INERT

<c+3dx)]+

Cos[~ (7c+5dx)]

NP |k

2

)

Problem 183: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J

Optimal (type 4, 112leaves, 5steps):
4EllipticE[ (c+dx), 2] S5EllipticF[> (c+dx), 2]

Cscc] Sec[1 (c+dx)]3)]/ (3a2 (1+Cos[c+dx])
2

Cos[c +dx]%/?

dx
(a+acCos[c+dx])?

a’d 3a%d
5+ Cos[c+dx] Sin[c+dx] Cos[c+dx]3?2Sin[c+dx]
3a?d (1+Cos[c+dx])

3d (a+aCos[c+dx])?

Result (type 5, 319leaves):
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Cos[% (c+dx)]4

([41 /2 efi (c+d x)

12 (1+e22(©90) 412 (14 e?¢) \[1+e2! (9% Hypergeometric2Fl|

—_—

) )

N |

s 7621(c+dx)} +5ei (c+d x) <71+62]'1C>

1 1 5 )
-, =, =, _621(C+dx)})]/
4 2 4

1

(d (-1+e2ic) x/(e—i (Crdx) (1 21 () ) _ = Cos[c+dx]

FNQRN
rw

1+t (©9% Hypergeometric2Fi|

[20 Cos|

N |

(c-dx)]+16Cos[= (3c+dXx) ]| +9Cos{% (c+3dx)]+3Cos|

]3)]/ (3a2 (1+Cos[c+dx])2)

(5c+3dx) |

Z N Rk
N R

C C 1
C —1S —1S — d
sc[z] ec[z] ec[z(c+ X

Problem 184: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx]3/?
J dx

a+aCos[c+dx])?

Optimal (type 4, 109 leaves, 5steps):
EllipticE [% (c+dx), 2] 2EllipticF [% (c+dx), 2]

- + +
a%d 3a%d
\VCos[c+dx] Sin[c+dx] +Cos[c+dx] Sin[c+dX]
a’d (1+Cos[c+dx]) 3d(a+aCos[c+dx1)2

Result (type 5, 640leaves):
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J'lCos[gJr dTX}ACsc[g] Sec[g]

|

2e”dxHyper‘geometr‘icZFl[l, 3 Z,
274’ 4
\/e*ﬁdx (2 (1+e219%) Cos[c] +2i (-1+e?t¥¥) sin[c])

\/1+e“dXCos[2c1 +1e?t9%sin[2 ] ]/

-1+ e*'9) sin[c]) -

—
w
.
Q.
[N
+
o)
]
o
Q.
x
0
o
wn
0
|
Q.
—

3
s 1, E, -e?*4X (Cos[c] +1iSin[c])?]
2

Je 9 (2 (1+e19%) Cos[c] +21 (~1+e? 9¥) Sin[c])

\/1+e“dXCos[2c} +1e?t9%sin[2 ] J/

<7I'Ld <1+e2jdx) Cos[c] +d <71+e2jdx) Sin[c]))]/ (2 (a+aCos[c+dx])2)] -

1 5
B EROOE

FNQRN

c dx-.a C .
4Cos|[—+—| Csc| ;} HypergeometricPFQ| {
2 2

Sin[dx - ArcTan[Cot[c]]]?]
Sec[E] Sec[d x - ArcTan[Cot[c]]]
2

\/1-Sin[dx - ArcTan[Cot[c]]]

\/—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]]

[Bd (a+acCos[c+dx])*+/1+Cot[c]? ) +

v/1+Sin[dx - ArcTan[Cot[c]]]

c dx,a
{Cos[—+—] v/ Cos[c+dx]

2 2
4cscic] 4Sec[§] Sec[§+ dTX} Sin[dT"] ZSec[i] Sec[§+d7"]3Sin[d7"]
N _ _
d d 3d
25ec[5+ de]ZTan[S}
2 Zd 2 /(a+aCos[c+dx])2
3

Problem 186: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
1

J\/COS[CerX] (a+acCos[c+dx])?

dx
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Optimal (type 4, 109 leaves, 5steps):
EllipticE[ (c+dx), 2] 2EllipticF[J (c+dx), 2]

+ —

a%d 3a%d
VCos[c+dx] Sin[c+dx] +Cos[c+dx] Sin[c+dXx]
a’d (1+Cos[c+dx]) 3d(a+aCos[c+dx})2

Result (type 5, 304 leaves):

Cos[% (c+dx>]4

([41‘1\/7«3’1 (crdx) (3 (1+e?t (90 13 (—14e2i¢) /14 e?t (<X Hyper‘geometr‘icZFl[—l,
4
i, —e2i(edx ] g el (cxdx) (-1+e?tc) 1+e?t(<9%) Hypergeometric2F1l]|
4
1 1 5 . - - 1
Z-‘ g, Z’ eZn(c+dx)] ]/ (d (_1+e21c> \/e—n (c+d x) <1+621(c+dx)) )_;
v/Cos[c +dx] 7Cos[1(cfdx>]+2Cos[l(3c+dxH+3Cos[l(c+3dx”
2 2 2
C C 1 3
Csc[—] sec[ =] sec[= d / 3a% (1+C dx])?
sc[z] ec[z] ec:[2 (c+dx)] )] ( a’ (1+Cos[c+ x]))

Problem 187: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx

JCOS[C+dX]3/2 (a+aCos[c+dx])?

Optimal (type 4, 136 leaves, 6 steps):

. . 1 . . 1
_4E111pt1cE[;(c+dx),2} _5E111pt1cF[;(c+dx),2} ) asinfcedx]
a*d 3a’d a2d~/Cos[c+dx]
5Sin[c+dx] Sin[c+dx]

3a2d+/Cos[c+dx] (1+Cos[c+dx]) 3d+/Cos[c+dx] (a+aCos[c+dx])2

Result (type 5, 334 leaves):

N |
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Cos| (c+dx)]4

(,

— N |k

[4]'1\/2 et (exdx) (12 (1+e?t (@9) 112 (-1+e28¢) \[1+e?! (9% Hypergeometric2Fil|

B 7e2j1(c+dx)} 7561 (c+d x) <71+92j1::)

, _QZj(c+dx)})]/

3 3

1+e?! (¢4 Hypergeometric2Fi|

N |
ESERY,

+

N

(d (71+e21c> \/e—i (c+d x) <1+e2j1(c+dx)) )

([ZQCOS[E (c-dx)]+19Cos|

N |

(3c+dx)] +31C05[§ (c+3dx)]+

N

SCOs[1 (5c+3dx) | +12Cos[l (3c+5dx) |
2 2

(c+dx)]3]/

N R

Csc[; Sec[g] Sec|
(4d\/Cos[c+dx} )])/ (3a2 (1+Cos[c+dx}>2)
Problem 188: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
1

dx
JCos[c+dx]5/2 <a+aCos[c+dx})2

Optimal (type 4, 162 leaves, 7 steps):
7EllipticE[ > (c+dx), 2] 10EllipticF[ (c+dx], 2]

+ +
a2d 3a%d
10Sin[c +dXx] 7Sin[c+dx]
3a’dCos[c+dx]*? 32d+/Cos[c+dx]
7Sin[c+dXx] Sin[c+dx]

3a?dCos[c+dx]*? (1+Cos[c+dx]) 3dCos[c+dx]3?2 (a+aCos[c+dx])2

Result (type 5, 425 leaves):
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[4]1\/?«3'1 (€1d%) Cos [ < d—x]4 (21 (1+e2® (a0

2 2

2ic 21 (c+dx) s 1 1 3 21 (c+dx)

21 (-1+e** ) +J1l+e Hypergeometric2F1[- =, =, =, -e ]
4 2 4

i (c+dx 21ic 21 (c+dx s 1 1 > 2 c+d x
10e’ (90 (—1+e2i) \[1+e?! (9% Hypergeometric2F1[=, =, =, —e?! (4]
4 2 4

(3d (-1+e2*€) \/e‘j(“d") (1+e2F(erdx) (a+aCos[c+dx])2) +

c dx,a
Cos[7+f] v/ Cos[c+dx]

2 2
72 (4+3Cos[c]) Csc[i] Sec[i] Sec|c] 7125ec[§] Sec[§+d7"] Sin[dTX} 7
d d
25ec[ <] sec[ <+ 4X]’ sin[<X] _ 8sec(c] sec[c+dx] (sinfc] -6sin[dx]) )
3d 3d
2cs 2Sec| S+ 9x]%Tan[ <
8 Sec[c] Sec[c +dx] Sln[dx]_ [2 2} [2] /(a+aCos[c+dx})2

3d 3d

Problem 189: Result unnecessarily involves higher level functions.

dx

3

J Cos[c+dx]1/2
(

a+aCos[c+dx])

Optimal (type 4, 207 leaves, 8 steps):
231 EllipticE[ (c+dx), 2| 21EllipticF[} (c+dx), 2]

10a3d 2a3d
21+ Cos[c+dx] Sin[c+dx] 77Cos[c+dx]3?2Sin[c+dx]
. _
2a3d 10a%d

Cos[c+dx]®??2Sin[c+dx] 4Cos[c+dx]7/?2Sin[c+dx] 63Cos[c+dx]>2Sin[c+dx]

) 5ad<a+aCos[c+dx]>2 10d(a3+a3COS[C+dX}>

5d (a+aCos[c+dx])>

Result (type 5, 388 leaves):
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1

5a’d (1+Cos[c+dx])?

1
2Cos|

;(c+dx>]6

1+ eZJi (c+d x)

Hypergeometric2F1 |- -2t (erdn) ]

421i~/2 et (@rdX (11 (1+e2 () 411 (-1+e*')
3
= N
4

1
>
2

FNQU

5 el (c+dx) (-1+e?t ) 142t (c+dx) Hyper‘geometr‘icZFl[l, E, E, -e?t “*d’”])]/
472 4
((—1+<e“c> \/e’j(c*dx) (1+e”(c+dx>) ) —\/m
1 C 1 5 . dx . d x
(264Cot[c} +198Csc[c] + — Sec|—| Sec[~ (c+dx)| [121@Sin[—] -77@Sin[c+ — | +
16 2 2 2 2

d x
2

. 3 . 3dx dx
840 Sin|c + | -150Sin[2c+

2

| +238sin[2c+ > dx

| +40sin[3c+ >

)

Problem 190: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Cos[c+dx]%/?

(a+acCos[c+dx])?

|+

. 7dx 9dx
5Sin[3c+

2

]+5$in[4c+7dx} —Sin[4c+9dx

| -sin[5c+

dx

Optimal (type 4, 181 leaves, 7 steps):

119 EllipticE[ S (c+dx), 2] 11EllipticF[> (c+dx), 2] 11./Cos[c~dx] Sin[c+dx]

. 102% d ' 2a%d ' 2a%d .

Cos[c+dx]7/2Sin[c+dx] 2Cos[c+dx]°?Sin[c+dx] 119Cos[c+dx]32Sin[c+dx]
5d (a+aCos[c+dx])>

3ad (a+aCos[c+dx])? 30d (a®+a*Cos[c+dx])

Result (type 5, 369 leaves):
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1

5a% (1+Cos[c+dx])>

COS[E (C+dX>}6 (—((41\/7@71‘1 (c+d x) [119 (1+621(C+dX)> +119 (_1+621c)
2
1+ g2t (erdx) Hyper‘geometr‘icZFl[—l, 1, i, —e?t (e ]y
4 2 4
55 et (c+dx) (-1+e2i) 14 @2t (c+dx) Hyper‘geometr‘icZFl[l, l, E, —e”(c*d’”]])/
4 2 4
) - - 1
d(-14e2ic i (cedx) (1 4 @21 (cdx) ) JCoslcadxl
( ( +e )\/e ( +e ) +12d [c+ ]
(1961Cos[1(c-dx)]+1699Cos[1(3c+dx)}+1165Cos[1(c+3dx)]+
2 2 2
620Cos[1(5c+3dx)]+292Cos[1(3c+5dx)]+65(:os[1(7c+5dx)]+
2 2 2
1 1 1 5
5Cos[;(5c+7dx)]—5Cos[£(9c+7dx)] Csc[c}Sec[;(Cerx)}

Problem 191: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx]7/?
J dx

a+aCos[c+dx])?

Optimal (type 4, 155leaves, 6 steps):
49 EllipticE[ > (c+dx), 2| 13EllipticF[} (c+dx), 2]

10ad 6ad
Cos[c+dx]>2Sin[c+dx] 8Cos[c+dx]32Sin[c+dx] 13+/Cos[c+dx] Sin[c+dx]
5d (a+aCos[c+dx])> 15ad (a+aCos(c+dx])? 6d (a*+a*Cos[c+dx])

Result (type 5, 435leaves):
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. d .
[4]1\/7«3'1 (€1dx) cos [ SX)° (147 (1+ 2t (@)
2 2

+

, _ezji(mdx)})]/

147 (-1+e*'¢) y/1+e?* (<9 Hypergeometric2F1|-

N |

3 )
2 d
,_,*(E]l(u X)]
4

ENII

) . . 1
65! (<9 (—1+e2¢) \[1+e?! (9% Hypergeometric2Fl| -,
4

(15d(—1+e2“)\/e‘i(c*dx) (1427 (erdx)) (a+aCos[c+dx])3 +

N |-
NV

3

4(29+20C C 116 Sec| | sec[ < + %] sin[9*
{COS[C+dX]6m - (29 +20Cos[c]) scle]l [2} [2 2] [2]+
2 2 5 d 5d
sosec(] sec[5 2] stnl %7 ] 2sec£] sec[ + )" sin[ %]
15d 5d

56Sec[ S+ 9%]*Tan[<] 2Sec[S+ 9*]*Tan[<]

— = - 2 2 /(a+aCos[c+dx])3

15d 5d

Problem 192: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c +dx]°/?
J dx

(a+aCos[c+dx])3

Optimal (type 4, 155leaves, 6 steps):
9 EllipticE[J (c+dx), 2] EllipticF[> (c+dx), 2]

— + —

10a3d 2ad
Cos[c+dx]32Sin[c+dx] 2+Cos[c+dx] Sin[c+dx] 9+/Cos[c+dx] Sin[c+dx]
- +
5d (a+aCos[c+dx])> 5ad(a+aCos[c+dx])? 10d (a®+a*Cos[c+dx])

Result (type 5, 705 leaves):
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,([9jCos[§+d7x]6Csc[§] Sec[g}

, fe“dx(Cos[c}Jerin[c])z}

3 7
3
2 4" 4
Je X (2 (1+e?19X) Coslc] +2i (-1+e?!9%) sin[c])
\/1+e“dXCos[2c1 +1e219%sin[2c] J/
(3id (1+e®'9¥) Cos[c] -3d (-1+e*"9) sin[c]) -

, —e219% (Cos[c] +iSin[c])?]

. 1
2 e** 94X Hypergeometric2Fl| -,

Je 9 (2 (1+e19%) Cos[c] +21 (~1+e? 9¥) Sin[c])

\/1+e“dXCos[2c} +1e?t9%sin[2 ] J/

(ﬂld (1+GZjdx) Cos[c] +d <71+e2jdx) Sin[c]))]/ (1@ <a+aCOS[c+dx}>3)) -

1 5
B EROOE

FNQRN

c dx;s c .
2Cos|[—+—] Csc| ;} HypergeometricPFQ| {
2 2

Sin[dx - ArcTan[Cot[c]]]?]
Sec[E] Sec[d x - ArcTan[Cot[c]]]
2

\/1-Sin[dx - ArcTan[Cot[c]]]

\/—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]]

(d (a+acCos[c+dx])>+/1+Cot[c]? J +

v/1+Sin[dx - ArcTan[Cot[c]]]

c dx;e
Cos[—+—] ~/Cos[c+dx]

2 2

36 Cscc] 36 Sec[ <] sec[ <+ ] sin[<X] )
5d 5 d
1ZSeC[§} SeC[§+d7X]3sin[d7X} ) 2Sec[§} Sec[i*%]SSin[dTX} 7
>d 5 d
12sec[ €+ ]*Tan[]  2Sec[S+ 2*]*Tan[€]
2 2 2- 2 2 2 /(a+aCos[c+dX])3

5d 5d
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Problem 193: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx]3/?
J( dx

a+aCos[c+dx])3

Optimal (type 4, 155leaves, 6 steps):
EllipticE[> (c+dx), 2] EllipticF[ (c+dx), 2]

— + —

10a3d 6a3d
VCos[c+dx] Sin[c+dx] 4+/Cos[c+dx] Sin[c+dx] +Cos[c+dx] Sin[c+dXx]
+ +
5d(a+aCos[c+dx])3 15ad(a+aCos[c+dx])2 10d (a®+a*Cos[c+dx])

Result (type 5, 334 leaves):

Cos[:L (c+dx>]6

2
. . . . 1
(— ([41‘1 N2 et (erdx) (3 (1+e*! (99) 43 (—1+e*'¢) y/1+e’" (<9 Hypergeometric2F1[- =,
4

, —e?t (a0 ] 5l (crdx) (-1+e®i) J1+e?! (€+dX) Hypergeometric2F1|

]/ (d (—1+e2“) \/e—i (c+d x) <1+ezj(c+dx)) )] +id
8

(c-dx) +16Cos[l (3c+dx)] +20 Cos |
2

<C+3dx)]—

N |

1
2
]

5Cos[~ (5c+3dx)]+3Cos| (3c+5dx)}

N |

]
1
2
5

Csc[%] Sec[g] Sec[% (c+dx)] )]/(15a3 (1+Cos[c+dx])3)

Problem 194: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j \Cos[c+dx]
(

a+aCos[c+dx])3

dx

Optimal (type 4, 155leaves, 6 steps):
EllipticE[J (c+dx), 2] EllipticF[> (c+dx), 2]
10ad : 6ad :

VCos[c+dx] Sin[c+dx] +Cos[c+dx] Sin[c+dx] +Cos[c+dx] Sin[c+dXx]
n _

5d (a+aCos[c+dx])> 15ad (a+aCos[c+dx])? 10d (a®+a*Cos[c+dx])

Result (type 5, 334 leaves):
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Cos| (c+dx)]6

N |

([4]1\/2 et (cxdx) (3 (1+e*t (<9¥) 13 (—1+e?'¢) y/1+e?" (<9 Hypergeometric2F1|-

, —e?t (] 5 el (crdx) (-1+e* ) /142t (X Hypergeometric2Fi |

1

]/ (d (_1+ezic> \/eii (c+d x) (1+ezj(c+dx)) )__
8d

(c+3dx)] +

(c-dx)]+26Cos|

N |

(3c+dx) ] +10Cos]|

N |

5 Cos |

N R
)
0
+
w
a
x

| +3Cos|

(e+dx)] )]/(1533 (1+Cosfc+dx])?)

(3c+5dx) |

a N R

Csc[%] Sec[%] Sec|

N |

Problem 195: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J\/Cos[c+dx] (a+aCos[c+dx])?

Optimal (type 4, 155Ileaves, 6 steps):
9 EllipticE[ (c+dx), 2] EllipticF[ (c+dx), 2]

+ —

dx

10a3d 2a3d
\VCos[c+dx] Sin[c+dx] 2+Cos[c+dx] Sin[c+dx] 9+/Cos[c+dx] Sin[c+dx]
5d (a+aCos[c+dx])> 5ad(a+aCos[c+dx])? 10d (a®+a*Cos[c+dx])

Result (type 5, 705 leaves):

FNQUN
-

N |
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¢ dx.e d C
9iCos[—+—] Csc[—] sec[=
[ iCos[*+ ¥ cse[ ] sec| ]
. A i 3 7 i L 2
2 ** 9% Hypergeometric2F1|[ =, =, —, -e?9% (Cos[c] + i Sin[c])?]
2 4 4

Je X (2 (1+e?19X) Coslc] +2i (-1+e?!9%) sin[c])
\/1+e“chOs[2c1 +1e?t9%sin[2c] J/
(3id (1+e*'9¥) Cos[c] -3d (-1+e*"9) sin[c]) -

, —e219% (Cos[c] +iSin[c])?]

Je 9 (2 (1+e19%) Cos[c] +21 (~1+e? 9¥) Sin[c])
\/1+e“dXCos[2c} +1e?t9%¥sin[2c] ]/

(-id(1+e2i9%) Cos[c] +d (-1 +e2id] Sin[c]))]/ (10 (a+acos(c+dx])?) -

3

N |

}s {E}, Sin[dx - ArcTan[Cot[c]]]?]
4

FNQRN

c dx;s c .
2Cos|[—+—] Csc| ;} HypergeometricPFQ| {
2 2

Sec[g] Sec[d x - ArcTan[Cot[c]]]
2

\/1-Sin[dx - ArcTan[Cot[c]]]

\/—x/1+Cot[c]2 Sin[c] Sin[d x - ArcTan[Cot[c]]]

(d (a+aCos[c+dx])3 1+ Cot[c]? J +

\/1+Sin[dx-ArcTan[Cot[c]]]

c dx.s 36 Csc[c] BGSEC{S}S“S*%—X]S“[%}
Cos[—+—] +Cos[c+dx] |- - _

2 2 5d 5d

8sec[ ] Sec[§+d7"]351n[d7"] _ZSec[i] Sec[§+d7"]ssin[d7"] _

5d 5d
8sec[<+9X]*Tan[<] 2Sec[<+ ]*Tan[<]
2 2 2 2 2 2 3
5 4 - g /(a+aCos[c+dx]>

Problem 196: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
Cos[c+dx]?*? (a+aCos[c+dx])

3

Optimal (type 4, 181 leaves, 7 steps):
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49 EllipticE[ > (c+dx), 2| 13EllipticF[J (c+dx), 2]
i 10a3d ) 6ad '
49 Sin[c +dx] Sin[c +dx]

10a3d+/Cos[c+dx] 5d+/Cos[c+dx] (a+aCos[c+dx])3
8Sin[c+dx]

13Sin[c+dX]
15ad~/Cos[c+dx] (a+aCos[c+dx])? 6d~/Cos[c+dx] (

a*+a’*Cos[c+dx])
Result (type 5, 364 leaves):
1

15 a3 (1+Cos[c+dx]>3

1 6 ) ) )
Cos[= (c+dx)]| |- ((41\/7@1 (cvdx) (147 (1+e2t (<90 1147 (-1 +e21€)
2
- 1 1 3 )
1+e?t (©9%) Hypergeometric2F1l[- =, =, =, -e?! (@] _
4’2" a
iend s S 11 5 L.
65 et (¢+dx) (71+<e “) 1+ 2t (erdx) Hyper‘geometr‘1c2F1[f =, =, —elifle X>]})/
4 2 4

(d (-1+eic) \/e—j(udx) (1421 ()

) :

[(1284Cos[ (3c+dx)]+1243Cos[§(c+3dx”+

N |

(c-dx)] +921Cos]|

N |

374cOs[1 (5c+3dx) | +670Cos[l (3c+5dx) | +65Cos[1 (7c+5dx) |+
2 2 2
147Cos[1(5c+7dx)] Csc[E}Sec[E]Sec[l(c+dx 5) 16d\/Cos[c+dx})]
2 2 2 2

Problem 197: Result unnecessarily involves higher level functions.
1

J dx
Cos[c+dx]®2 |

a+aCos[c+dx1)3

Optimal (type 4, 207 leaves, 8 steps):

119 EllipticE[ > (c+dx), 2] 11EllipticF[J (c+dx), 2]
+

+
10a3d 2a%d
11Sin[c +dx] 119Sin[c +d x]

2a3dCos[c+dx]3/?

Sin[c +dx]
10a*d~/Cos[c+dx] 5dCos[c+dx]¥2 (a+aCos[c+dx])>
2Sin[c+dx]

119 Sin[c +d x]
30dCos[c+dx]?? (a®+a’Cos[c+dx])

3adCos[c+dx]3?2 (a+aCos[c+dx1)2

Result (type 5, 394 leaves):
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1

5a% (1+Cos[c+dx])>

Cos[1 (c+dx)]®[[aiV2 et (@d (119 (1+e2t (90 1119 (14 e21¢) /1421 (crd0
2
Hyper‘geometr‘icZFl[—l, 1, i, il
4 2 4
55 el (c+dx) (-1+e2i) 14 @2t (crdx) Hyper‘geometr‘iczFl[l, l, E, —e”(c*d’”]])/
4 2 4
(d (_1+62jc) \/efj (c+d x) (1+ezi<c+dx>>
((5134@5[1 (c-dx)] +4148Cos[l (3c+dx) ]| +4664Cos[1 (c+3dx)]+
2 2 2
2476Cos[l (5c+3dx) | +334e)<:os[1 (3c+5dx) | +944Cos[1 (7c+5dx) |+
2 2 2
1620Cos[l (5c+7dx) | +165Cos[l (9c+7dx) | +357Cos[E (7c+9dx) |
2 2 2
c

1

A (c+dx)]5]/ (96 d Cos[c+dx]3?)

Csc {%} Sec[;} Sec]|

Problem 198: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[c+dx}5/2\/a+aCos[c+dx] dx

Optimal (type 3, 154 leaves, 5steps):
5 \/?Ar‘csin[m

a+a Cos [c+d x] 5a+yCos[c+dx] Sin[c+dx]
+

N
8d 8d+/a+aCos[c+dx]

5aCos[c+dx]32Sin[c+dx] aCos[c+dx]®2Sin[c+dx]

N
12d+/a+acCos[c+dx]

3d+va+aCos[c+dx]
Result (type 3, 437 leaves):
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1

48d.[ (1+e219%) Cos[c] +i (-1+e2 %) Sin[c]

v/Cos[c+dx] \/a (1+Cosc+dx]) Sec[1 (c+dx)]

dx
-15 i Cos | — |
2

2
Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +
2 2
151ArcTanh[(Cos[5] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2

(Cos[d—x] +jSin[d—X]) +

2 2
15 Log 2

e' 9% Cos | —| +iejdxsin[£] +\/(1+e“dx) Cos[c] +1i (-1+e?*9%) Sin[c] )}
2 2

Sin[fx} +28\/?\/Cos[c+dx} (Cos[dx] +isSin[dx]) Sin[l (c+dx)]+
2 2

(c+dx)]+

6\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin|

4\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin]

NN W

(C+dx>]

Problem 199: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[c+dx}3/2\/a+aCos[c+dx] dx

Optimal (type 3, 116 leaves, 4 steps):
3 \/?Ar'csin[J@‘mL

a+a Cos[c+d x] 3a+vCos[c+dx] Sin[c+dX]
+

aCos[c+dx]32sin[c+dx]
ad

+

4d~a+acCos[c+dx]

2d+/a+aCos[c+dx]
Result (type 3, 396 leaves):



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 127

1

8d+/(1+e279%) Cos[c] +i (-1+e?*9%) Sin[c]

v/Cos[c+dx] \/a(1+Cos[c+dx]) Sec[l(c+dx” —31’1Cos[d—x]
2 2
Log[2 eidXCos[S] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +1i (-1+e**9%) sin[c] )] +
2 2

3jArcTanh[(Cos[5} +1151n[5]) J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2

(Cos[d—x] +jSin[d—X]) +

2 2

3 Log[2 (eidXCos[S} +ietdsin[ ]+ /(14 e 9) Coslc] + i (-1+ e 9%) Sin[c] ]]
2 2

Sin[dfx} +4\/7\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin]
2

N =

<C+dx>]+

2\/?\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

N W

Problem 200: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/Cos[c+dx} va+aCos[c+dx] dx

Optimal (type 3, 72leaves, 3 steps):

\/?AF‘CSin{ +/a Sinfc+dx
\Ja+raCos[c+dx] aVCos[c+dx] Sin[c+dx]
+
d

d+/a+aCos[c+dx]

Result (type 3, 354 leaves):
1

Zd\/(1+e“dx) Cos[c] +i (-1+e?*9%) Sin[c]

v/Cos[c+dx] \/a(1+Cos[c+dx]) Sec[l(c+dx” (—jCos[dl]

2 2
Log[2 eidXCos[E] +Ji<e“xsin[5] +\/ (1+e’*9%) Cos[c] +1i (-1+e”" %) Sin[c] J] +
2 2
jArcTanh[(Cos[E] +jSin[£]) J(1+e*19%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2

(Cos[d—x] v isin[ X

+

Log[2 (ej‘dXCos[E] +jejdxsin[£] +\/(1+e“dx) Cos[c] +1 (-1+e*"9%) sin[c] )]
2 2

Sin[d—x} +2ﬁ\/Cos[c+dx] (Cos[dx] +1iSin[dx]) Sin[1 (c+dx)]
2 2

Problem 201: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

dx

J\/a+aCos[c+dx}
v Cos[c+dx]

Optimal (type 3, 37 leaves, 2 steps):
2+/a ArcSin [ —Va sinfcxdx]

4/ a+aCos[c+d X]

d

Result (type 3, 246 leaves):

]l(E%\/a (1+Cos[c+dx])

(Ar‘cTanh[

C C - -
Cos|—] +1Sin|— 1+e2id%) ¢ i (-1 +e2t9%) 5§ _
os[ 2] +4 1n[2]]\/( +e?'9) Cos[c] +1i (-1+e®'9) sin[c] |

Log[z

eidXCos[S] +jeidXSin[5] +f (1+e279%) Cos[c] +1i (~1+e?%) sin[c] )])
2 2
Sec[1 (c+dx)] \/e‘j‘dx ((1+e*79%) Cos[c] +i (-1+e** ) sin[c]) )/
2

(d J2 (1+e279%) Cos[c] +2i (-1+e?'9%) Sin[c] )

Problem 206: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[c+dx}3/2 (a+acCos[c+dx])>?dx

Optimal (type 3, 160 leaves, 6 steps):
11 a3/2 ArcSin [ _/a sinfc+dx]

a+a Cos[c+d x] 11a%+/Cos[c+dx] Sin[c+dx]
+

¥
8d 8d+a+acCos[c+dx]

11a%Cos[c+dx]3?2Sin[c+dx]
.

12d+/a+acCos[c+dx] 3d+/a+aCos[c+dx]

Result (type 3, 438leaves):

a?Cos[c+dx]®2Sin[c +dx]
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1

48d.[ (1+e219%) Cos[c] +i (-1+e2 %) Sin[c]

a+/Cos[c+dx] \/a (1+Cos[c+dx]) Sec[l(c+dx” (—BBiCos[d—X]

2 2
Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +
2 2
331ArcTanh[(Cos[5] H'lsm[g]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
d x d x
C — 1 Sin| —
(os[ A | +isin] A ])Jr

33 Log|2

ejdXCos[E] +iejdxsin[£] +\/(1+e“dx) Cos[c] +1i (-1+e?*9%) Sin[c] )}
2 2

Sin[dfx} +52\/?\/Cos[c+dx} (Cos[dx] +isSin[dx]) Sin[l (c+dx)]+

2 2
18\5\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin[i(c+dx)]+
2
4\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[E(c+dx>]
2

Problem 207: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/Cos[c+dx} (a+aCos[c+dx])>?dx

Optimal (type 3, 120leaves, 5 steps):

7 a3/2 Ar‘cSin[L‘—La Sin[cxdX
a+aCos[c+dx] 7a2+/Cos[c+dx] Sin[c+dx] a?Cos[c+dx]32Sin[c+dx]
+

+

4d 4d~/a+acCos[c+dx] 2d+/a+aCos[c+dx]

Result (type 3, 397 leaves):
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1

8d+/(1+e279%) Cos[c] +i (-1+e?*9%) Sin[c]
1 dx
C d C d S - d (—7' C —
a+/Cos[c+dx] \/a +Cos[c+dx]) ec[z(c+ x) | 105[2]

eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] )] +
2 2

Log[z

7jAr‘cTanh[(Cos[5} +j$in[5]) J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2

dx

(Cos[f

A ]+j$in[d7x])+

7 Log |2 (eidXCos[S} +ietdsin[ ]+ /(14 e 9) Coslc] + i (-1+ e 9%) Sin[c] ]]
2 2

Sln[d }+12\/—\/Cos c+dx] (Cos[dx] +iSin[dx]) Sin[l(c+dx”+
2 2

2\/?\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

N W

Problem 208: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3/2

(a+aCos[c+dx])
J dx

v Cos[c+dx]

Optimal (type 3, 75leaves, 4 steps):

3332 Ar‘cSin[L[—La Sin[c+dx
\/a+aCos[crdx] a?+/Cos[c+dx] Sin[c+dx]

+
d

d+va+aCos[c+dx]

Result (type 3, 356 leaves):
1

2d/(1+e279) Cos[c] +i (-1+e? %) Sin[c]

a+/Cos[c+dx] \/a 1+Cos[c+dx]) Sec[ (c+dx)] ( BjCos[de]
2

1
2
eidXCos[c] +1<e1d"51n +\/ 1+e’* %) Cos[c] +1i (-1+e”'9X) sin[c] J] +

Log[2

2

31ArcTanh[(Cos[5} +jSin[5]) \/ (1+e2'9%) Cosfc] +i (-1+e %) sin[c] ]

ax L
(Cos[2]+151n[2]]+

3 Log[2 (eidXCos[E} +jeidXSin[5} +f (1+e279%) Cos[c] +1 (~1+e?i %) sin[c] ]]
2 2

Sin[d—x} +2ﬁ\/Cos[c+dx] (Cos[dx] +1iSin[dx]) Sin[1 (c+dx)]
2 2

Problem 209: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J(a+aCos[c+dx])3/2

Cos[c +dx]3/?

dx

Optimal (type 3, 76 leaves, 4 steps):
2 23/2 ApcSin [ @fc_de]

\Ja+aCos[c+dx] 2a%Sinfc+dx]
+
d

d+/Cos[c+dx] “/a+aCos[c+dx]

Result (type 3, 292 leaves):
1

/2 d+/Cos[c+dx] \/Cos[c+dx] (Cos[dx] +isSin[dx])

Cos[dfx] +jSin[d—X]

a\/a (1+Cos[c+dx]) Sec[1 (c+dx)]
2 2 2

[iAr‘cTanh[[Cos[E] +iSin[E}) \/<1+<e“dx) Cos[c] +i (-1+e*'9¥) sin[c] | Cos[c+dx] -
2 2

i Cos[c+dXx]

LOg[Z eidXCOS[S] +J'leidXSin[S] +\/(1+e21dx> Cos[c] +1 (—1+ezjdx> Sin[c] )] +
2 2
d x o .dx — .1
22 Cos[f]—lsln[f})\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin[~ (c+dx)]
2 2 2

Problem 213: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[CArde/2 (a+acCos[c+dx])>?dx

Optimal (type 3, 200 leaves, 6 steps):
163 a5/2 Ar‘cSin[JL‘—]—a Sinfc+dx
a+aCos[c+dx] 163 a3+/Cos[c+dx] Sin[c+dx]
+
64d+/a+acCos[c+dx]

163 a3Cos[c+dx]32Sin[c+dx] 17a®Cos[c+dx]>2Sin[c+dXx]
+

+

64d

96d+/a+aCos[c+dx] 24d+/a+aCos[c+dx]
a2Cos[c+dx]%2+a+aCos[c+dx] Sin[c+dx]
4d

Result (type 3, 481 leaves):
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1

384d./ (1+e219%) Cos[c] +i (-1+e2'9%) Sin[c]

a2+/Cos[c +dx] \/a (1+Cos[c+dx]) Sec[1<c+dx)] (—4891‘1Cos[d—x}

2 2

Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +

2 2
489 i ArcTanh| Cos[E} +j$in[5]) J(1+e219%) Cosfc) +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos|[—] +1isin[—
(os[ A | +isin] A ])Jr

489 Log |2

eidxCos[S} +ieidxsin[£} +\/(1+e“dx) Cos[c] +i (-1+e*'9¥) Sin[c] ]]
2 2

Sin[dfx} +800\/7x/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin]

) <C+dx)]+

N |

270\5\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin[i <c+dx)] +
2

Problem 214: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j\/Cos[c+dx} (a+aCos[c+dx])>?dx

Optimal (type 3, 160 leaves, 5steps):

. i +
25 a%/2 Ar‘cSm[—\Lf—]—"’l sinfcdxl |
a+aCos[c+d x] 25a%+/Cos[c+dx] Sin[c+dx]
+

8d 8d-+/a+aCos[c+dx]

+

13a3Cos[c+dx]32Sin[c+dx] a2Cos[c+dx]32+/a+aCos[c+dx] Sin[c+dx]
+

12d+/a+aCos[c+dx] 3d

Result (type 3, 440leaves):
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1

48d.[ (1+e219%) Cos[c] +i (-1+e2 %) Sin[c]

a2+/Cos[c +dx] \/a (1+Cos[c+dx]) Sec[1<c+dx)] (—751’1Cos[d—x]

2 2

Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +
2 2
751ArcTanh[(Cos[5] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos[—] +isin[—
(os[ A | +isin] A ])Jr

75 Log 2

ejdXCos[E] +iejdxsin[£] +\/(1+e“dx) Cos[c] +1i (-1+e?*9%) Sin[c] )}
2 2

Sin[dfx} +124\/7\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin]

) <C+dx)]+

N |

30\5\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin|

N W

(c+dx)]+

4\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

>
2

Problem 215: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])5/2
v/ Cos[c+dx]

Optimal (type 3, 120leaves, 4 steps):

19 a°/2 Ar‘cS.in[JL[—La sin c.dx
\/a+aCos[crdx] 9a3+/Cos[c+dx] Sin[c+dx]
+

4d 4d~/a+aCos[c+dx]

dx

+

a2+/Cos[c+dx] va+aCos[c+dx] Sin[c+dx]
2d

Result (type 3, 399 leaves):
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1

8d+/(1+e279%) Cos[c] +i (-1+e?*9%) Sin[c]

a2+/Cos[c +dx] \/a (1+Cos[c+dx]) Sec[l(c+dx)] (—191’1Cos[d—x]

2 2
Log[2 eidXCos[S] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +1i (-1+e**9%) sin[c] )] +
2 2
191ArcTanh[(Cos[5] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos[—] +isin[—
(os[ A | +isin] A ])Jr

19 Log 2

ejdXCos[E] +iejdxsin[£] +\/(1+e“dx) Cos[c] +1i (-1+e?*9%) Sin[c] )}
2 2

Sin[dfx} +20\/?\/Cos[c+dx} (Cos[dx] +isSin[dx]) Sin[l (c+dx)]+
2 2

2\/?\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

N W

Problem 216: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

J(a+aCos[c+dx])

Cos[c+dx]3/?

Optimal (type 3, 114 leaves, 4 steps):
5a5/2 ArcSin [ _Va sinfcidx]

Ja+aCos[c+dx] ] a3+/Cos[c+dx] Sin[c+dx] 2a%2+a+aCos[c+dx] Sin[c+dx]

+

d dva+aCos[c+dx] d+/Cos[c+dx]
Result (type 3, 570leaves):
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1
4-/2 d~/Cos[c+dx] \/Cos[c+dx] (Cos[dx] +isSin[dx])
1 d x
2 1+C d Sec|— d -51iC —
a \/a( +Cos[c+dx]) ec[2 (c+dx)] iCos|c+ 2}
Log[2 eidXCos[S] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +1i (-1+e**9%) sin[c] J] -5
2 2
3dx
icCos[c+ ]
2
Log[2 eidXCos[E] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +1i (-1+e*"?%) sin[c] J] +
2 2
1@1ArcTanh[(Cos[5] +JiSin[S J(1+e2i9%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
d x . rdx
Cos[c+dx] [Cos[—]| +isSin[—]|-
2 2
5 Log |2 (e“XCos[S} +jeidXSin[5} +of (L+e279%) Cos[c] +1i (-1+e* %) sin[c] ]]
2 2

Sin[c+dfx] +6\E\/Cos[c+dx} (Cos[dx] +iSin[dx]) Sin[l (c+dx)]+
2 2

2\/7\/Cos[c+dx] (Cos[dx] +1iSin[dx]) Sin[i (c+dx>] +

2
5Log|2 (e“XCos[S} +jeidXSin[5} +f (1+e279%) Cos[c] +1 (~1+e? %) sin[c] ]]
2 2
. 3dx
Sin|c+ ]
2

Problem 217: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(a+aCos[c+dx])5/2

Cos[c+dx]°/?

Optimal (type 3, 118 leaves, 4 steps):
2 a%/2 ArcSin [ m]

a+a Cos[c+d x]

d
14 a3 Sinfc +d x] 2a2+/a+acCos[c+dx] Sin[c+dx]
+
3d+/Cos[c+dx] Va+aCos[c+dx] 3dCos[c+dx]3?

Result (type 3, 850 leaves):
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1 c dx;s
= 1+C d 2gec[— 4+ —
. (a(1+Cosfc+dx])) ec[2+ 2]
(ljsin[g] [—[(Zie%Log[z eidXCos[E] +Ji(eidXSin[£] +
2 2 2 2

\/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] )]

(cos[g} - iSin[%]

d\/2 (1+e?"9%) Cos[c] +21 (-1+e?'9%) sin[c] )) -

\/eﬂidx <(1+e21dx> Cos[c] + 1 (_1+ezidx> Sin[c]) )/

(Zje%ArcTanh[(Cos[E] +jSin[£]] J(1+e219%) Cosfc) +i (-1+e2'9%) sin[c] |
2 2

\/e—idx ((1+ezidx> Cos[c] +1 (71+(erde> Sin[c]) )/

c c
C — 1 Si —
os[z}ﬂl 1n[2]

(d \/2 (1+e279%) Cos[c] +21 (-1+e?*9%) Sin[c] )) +

fCos[g] (—([Zjei%Log[Z

1dx cos[S]4 1 eld%sinl S
e os[z]+1e 1n[2]+

\/(1+e“dx) Cos[c] +i (-1+e?9X) Sin[c] )]

(Cos[g} —J‘lSin[g]) Jetdx ((1+e?i9%) Cos[c] +1 (~1+e? %) sin[c]) )/

sz (1+e*79%) Cos[c] +21 (-1+e?*9%) sin[c] )) +

idx

(ZieTAr‘cTanh{(Cos{E] +iSin[£]] \/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] ]
2 2

c c
C — 1Sin| —
os[z}ﬂl 1n[2]

(d J2 (1+e219%) Cos[c] +2i (~1+e? %) Sin[c] ))] N

VCos[c+dx] (a(1+Cos[c+dx]))>?

\/e’idx ((1+e*'9%) Cos[c] +i (-1+e*'9¥) sin[c]) )/

Sec|
c dx;s
< 2
2 2

4Sec[c+dx] Sin[i o
N

3d 6d

¢ X Sec[c+dx}ZSin[;+d2X]J

Problem 222: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[e+fX}
Vv Cos[e+ fx]

Optimal (type 3, 37 leaves, 2 steps):

dx
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ZﬁArcSin[M]

a+aCos[e+f x]

.F

Result (type 3, 246 leaves):

jeT\/a (1+Cos[e+fx])

(Ar‘cTanh[ Cos[g] +jSin[g]] \/ (1+e*' ) Cos[e] +i (-1+e*'FX) sin[e] | -
2 2
Log[2 ei’cXCos[g] +1’L<e“xsin[g] +\/ (1+e?*%X) Cos[e] +1i (-1+e?*¥X) Sin[e] )])
2 2

sec > (e« x) ] [ ™ [T+ ™) Cosle] -1 (-1re? ) sinle]] | /
2

(f\/z (1+e**7%) Cos[e] +21 (-1+e?*F¥) Sin[e] )

Problem 223: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/aaCos[eﬂcx}
\/-Cos[e +fx]

Optimal (type 3, 38 leaves, 2 steps):
2 \/?Ar‘csin[m}

a-aCos[e+fx]

.F

Result (type 3, 214 leaves):

[\/—Cos[e+fx] va-acCos[e+fx] Csc[1 (e+fx)]
2

(Ar‘cTanh[ Cos[g] +jSin[E] \/ (1+e*' %) Cos[e] +i (-1+e?'FX) sinfe] | +
2 2
Log[2 [e'¥XCos[ ] + i e'FXsin[ <] +[(1+e? 7¥) Cos[e] +i (-1+e?' ¥ Sin[e] )])
2 2

(Cos[%] +JiSin[-F7X]]]/ (\E-F\/Cos[e+fx] (Cos[fx] +isSin[fx]) )

Problem 224: Result unnecessarily involves imaginary or complex numbers.

dx

J Cos[c+dx]>?

va+acCos[c+dx]

Optimal (type 3, 171 leaves, 7 steps):
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7Ar‘cSin[—\L[—‘—a sinferdxl | /2 ArcTan| @ sin_c dx
\Ja+acos[crdx] V2 \[cos[crdx] +[a+aCos[crdx]
4+/a d Vad
vCos[c+dx] Sin[c+dx] +Cos[c+dx}3/zsin[c+dx]
4d~/a+aCos[c+dx] 2d+/a+acCos[c+dx]

Result (type 3, 251 leaves):

Cos|

N |

(c+dx)] (ﬁe§i<c+dx> \/e—i(mdx) (1+eu(c+dx>>

(7dx—7:|iAr‘cSinh[<ej‘ (c+dx) ] 1812 Log[1+e! (9% ] 4+ 71 Log[1+~/1+e?? (@d¥) |

812 Log[1-e! (/9% 1 ~/2 (/14 g2t (crdX) }))/ [d 1+e2t(cdx) ) +

4-+/Cos[c+dx] (—ZSin[% (c+dx)] +Sin[§ (c+dx>]) ]/ (8\/3 (1+Cos[c+dx]> )

d

Problem 225: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]3/?
J dx

va+aCos[c+dx]

Optimal (type 3, 128 leaves, 6 steps):

Ar\csin[m} A/ 2 Ar‘CTan[ a Sin[c+d x]

Joracosicrdn) V2 [Coscrdx] y[aracos(cidx] V/Cos[c+dx] Sin[c+dx]
- N N

Va d va d d+/a+aCos[c+dx]

Result (type 3, 233 leaves):

Cos[i (c+dx)]

7((jﬁe§i(c+dx)\/e—i (c+dx) (1+ezli(c+dx)>

(—J‘ldx—ArcSinh[ej‘ (€+dx) ] 1 2+/2 Log[1+e! 9% ] 4 Log[1+/1+e?t (4% | -

Zﬁl_og[l_ej(c+dx)+ﬁ /1+e211(c+dx) ])]/ [d l1+621(c+dx) )] .

4-/Cos[c+dx] Sin[% (c+dx
y [2< )] /(2\/a(1+Cos[c+dx]))

Problem 226: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J v/ Cos[c+dx]

va+acCos[c+dx]

dx
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Optimal (type 3, 95leaves, 5steps):

ZAPCSin[M] \/TAr‘cTan[ a sinfc+dx]
m \/7\/Cos[c+dx] \/a+aCos[c+dx]
Va d Va d

Result (type 3, 197 leaves):

[(1+ej (c+dx)) \/e,j (crd %) (1+e2 (c+dx)>

dx - i ArcSinh[e! (9] 1 1 +/2 Log[1+e! (¢d¥)] 4
jLog[l+m} 71\/?L0g[17ej(c+dx)+\/?m}))/
(\Edm\/a (1+Cos[c+dx]) ]

Problem 227: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J\/Cos[c+dx] va+acCos[c+dx]

dx

Optimal (type 3, 56 leaves, 2 steps):

\EAPcTan[ a Sin[c+dx]
\/?\/Cos[udx] \/a+aCos[c+dx]
Va d

Result (type 3, 136 leaves):

_([j]_ (1+ej1 (c+dx)) \/e—j (c+d x) <1+ezi(c+dx)>

(LOg[lJrej(“dx)} 7Log[17ej(c+dx) +\E /1+e2j1(c+dx) ])]/
(d«/1+e“(“dx) \/a (1+Cos[c+dx]) ]]

Problem 228: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]32+a+aCos[c+dx]

Optimal (type 3, 93 leaves, 4 steps):

\/TArcTan[ a Sin[c+dx]
ﬁ\/Cos[mdx] \/a+aCos[c+dx] 2Sin[c+dx]
- +
“Jad d+/Cos[c+dx] “/a+aCos[c+dXx]

Result (type 3, 146 leaves):
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Cos[% (c+dx)]

(jﬁe—zl(udx) l1+e21(c+dx) Log[1+el (c+dx)] —Log[l—e]‘ (c+d Xx) +\/? l1+e21(c+dx) }) +
J/(d\/Cos[c+dx] \/a(1+Cos[c+dx}>)

4Sin[§ (c+dx)]

Problem 229: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]%2+/a+aCos[c+dx]

Optimal (type 3, 131 leaves, 5steps):

V2 ArcTan]| 2 sincdx
ﬁ\/Cos[mdx] \/a+aCos[c+dx]

Va d

2Sin[c+dx] 2Sin[c+dx]

+

3dCos[c+dx]%2+/a+aCos[c+dx] 3d+/Cos[c+dx] a+aCos[c+dx]

Result (type 3, 177 leaves):

Cos[1 (c+dx)] |- ((Ziei‘j(“dx) \/ce’jL (erdx) (14 g2t (erdx))
2

LOg[1+<ejl (c+dx)] —Log[l—ej‘ (c+d x) +\/? l1+621'1(c+dx) }))/ (d /1+e21'1(c+dx) )) .
gsin[% (c+dx)]’
[5 | )] ]/(\/a(1+COS[C+dX]>)

3dCos[c+dx]3/?

Problem 230: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]72+/a+aCos[c+dx]

Optimal (type 3, 169 leaves, 6 steps):

V2 ArcTan| 2 _sin(cdx]
\E\/Cos[mdx] \/a+aCos[c+dx] 2Sin[c+dx]
_ + _
vJa d 5dCos[c+dx]%2+/a+aCos[c+dx]
2Sin[c+dX] 26 Sin[c +dx]
+

15dCos[c+dx]32+/a+aCos[c+dx] 15d~/Cos[c+dx] “/a+aCos[c+dx]

Result (type 3, 195leaves):
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Cos[~ (c+dx) |

Log[1+e! (4% ] _Log[1- e (¢ o2 A1 e (crdx) ]])/ (d [1, e2i (crdx) ]+

4 (3-Cos[c+dx] +13Cos[c+dx]?) Sin[i (c+dx)] ]/
(\/a (1+Cos[c+dx]) )

N |

(2 i e%j (c+d x) \/e—i (c+dx) (1 L o2t (c+dx))

15d Cos[c +d x]>/?

Problem 231: Result unnecessarily involves imaginary or complex numbers.

Cos[c +dx]%/?
J dx

1+ Cos[c+dx]

Optimal (type 3, 126 leaves, 7 steps):

2 Arcsin|-Sinledxi ) 7ArcSin [—Sinleed )

1+Cos [c+d x] 1+Cos[c+d ]
d 4d )
vCos[c+dx] Sin[c+dx] . Cos[c+dx]32sin[c+dx]
4d~/1+Cos[c+dx] 2d+/1+Cos[c+dx]

Result (type 3, 249 leaves):

Cos[% (c+dx)]

(ﬁ e%i(mdx) \/efﬂ(mdx) (1+ezi(C+dX>>

(7dx—7]iAr‘cSinh[<ej‘ (€43 ] 1 81 /2 Log[1+e! (9% ] 4+ 71 Log[l+~/1+e?t (<X ]

812 Log[l-e! (9% 4+ 1/2 ([1+e?t (a0 ] )/ [dw/1+621<c+dx) )+

4+/Cosfc+dx] (—ZSin[i (e +dx)] +Sin[§ <c+dx>]) ]/ (8\/1+Cos[c+dx} )
d

Problem 232: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Cos[c+dx]3/?
/1 +Cos[c+dx]
Optimal (type 3, 85leaves, 6 steps):

NEY . Sin[c+d x] ArcSin [ —Sinlexdx]
2 Ar‘cSm[hms[de] ] J/1+Cos [crdx] v/Cos[c+dx] Sin[c +dx]
+

d d d+/1+Cos[c+dx]

Result (type 3, 231 leaves):
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Cos|

N |

(c+dx>] _((iﬁeii(mdx)\/e—i(mdx) (1+e21(c+dx)>

(—J‘ldx—Ar‘cSinh[ejl (@) ] 4 24/2 Log[1+e! (9% ] 4 Log[1++/1+e?t (<X | -

2/2 Log[1- el (©d% 4 /3 1[1+ g2t (crax ])]/ (dw/1+e“(°+dx) )] .
4-/Cos[c+dx] Sin[%(c+dx)]
d

/(2\/1+Cos[c+dx] )

Problem 233: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J v Cos[c+dx]
\/1+Cos[c+dx]

dx

Optimal (type 3, 54 leaves, 5 steps):
Sinf[c+d x

1+Cos[c+d x]

. Sinfc+dx] 2 ArcSin
B \/TAr‘cSm [ 1+Cos[c+d x] } [

d d

Result (type 3, 1701leaves):
1

d 1+eZi(c+dx)

(1+ei(c+dx)>\/ Cos[c+dx]

dx- Ji.AI"CSZi.I"Ih[(Ejl (c+dx)] +J'l\/?L0g[1+<ej (c+dx)] N
1+ Cos[c+dx]

ilog[l++/1+e?® (9% ] _34/2 Log[1-e® (9% 1 ~/2 {[1+e?? (¢4 })

Problem 234: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx

J\/Cos[c+dx] \/1+Cos[c+dx]

Optimal (type 3, 27 leaves, 2 steps):

. Sin[c+dx
\/7 Arcsin [ 1+Cos[c+d x] ]

d

Result (type 3, 134 leaves):
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_((]-l (1+ej‘ (c+dx)) \/e‘j‘ (c+d x) (1+621(c+dx)>

(Log[1+ej (e+dx) | _ Log[1 - et (c+d) o2 A1 e (crdx) ])]/
(dx/1+e“(“dx) v/1+Cos[c +dx] )

Problem 235: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
Cos[c+dx]32+/1+Cos[c+dx]

Optimal (type 3, 62leaves, 3 steps):

\/2 ArcSin [ M—}

1+Cos[c+dx]

2Sin[c+dx]

d d+/Cos[c+dx] +/1+Cos[c+dx]
Result (type 3, 144 leaves):

Cos[% (c+dx)]

(]-]_ /2 e—%j(udx) 14+ @2 (c+dx)

Log[1+e! (94X ] _Log[1-e' (4% /2 [1, o2 (crdx) }) .

1 (c+dx)]))/(d\/Cos[c+dx] /1 +Cos[c+dx] )

2

4sin|

Problem 236: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]52+/1+Cos[c+dx]

Optimal (type 3, 98 leaves, 5steps):

/2 ArcSin [ S—i"w—]

1+Cos[c+d x]

d
2Sin[c+dx] 2Sin[c+dx]

3dCos[c+dx]32+/1+Cos[c+dx] 3d+/Cos[c+dx] V1+Cos[c+dX]

Result (type 3, 175leaves):

Cos[l (c+dx)]

_ ((2ie§j(c+dx) \/e—i (c+d x) <1+eu (c+dx))
2

Log[1+e! (4% ] _Log[1- e (c+ax o2 Af1s et (cdn }))/

SSin[f <c+dx)]3]

3dCos[c+dx]3?

(d 1+e2j‘(°*dx>J]+ /(\/1+C0$[C+dx])
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Problem 237: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]7/2+/1+Cos[c+dx]

Optimal (type 3, 134 leaves, 6 steps):

. Sin[c+dx
\EAPCSln[ } 2Sin[c+dx]

1+Cos[c+d x]

d 5dCos[c+dx]52+/1+Cos[c+dx]
2Sin[c+dx] 26 Sin[c +dx]

+

15dCos[c+dx]32+/1+Cos[c+dx] 15d+/Cos[c+dx] /1+Cos[c+dx]

Result (type 3, 193 leaves):

1 1. " -
C + d 9 —1i (c+dx) -1 (c+d x) 1 21 (c+dx)
os[z(c+ x) | ( ie: \/e (1+e )

Log[1+<ei (c+dx)] —Log[l—ej‘ (c+d x) +ﬁ l1+621'1(c+dx) ]])/ (d /1+e21'1(c+dx) ]+

4 (3-Cos[c+dx] +13Cos[c+dx]?) Sin[i (c+dx)] ]/ (V )
1+Cos[c+dx]

15d Cos[c +d x]>/?

Problem 238: Result unnecessarily involves imaginary or complex numbers.

3/2

J Cos[c +dx]%/?
(

a+aCos[c+dx])

Optimal (type 3, 174 leaves, 7 steps):

3Ar‘cSin[ Va Sinfc+dx } 9 ArcTan a Sin[c+dx]
+/a+aCos[c+d x] \/7\/Cos[c+dx] \/a+aCos[c+dx]
- +
a’?d 2/2 a¥2d
Cos[c+dx]3?2Sin[c+dx] 3+Cos[c+dx] Sin[c+dXx]
+
2d (a+aCos[c+dx])>? 2ad+/a+acCos[c+dx]

Result (type 3, 262 leaves):

2
: : i .
(,((31\/7@;1(0“)Je-ucmx) (1+eu(c+dx>> (721‘1dx72Ar‘cSinh[en(cmx)]+
3\/7L0g[1+ei(c+dx)]+2L0g[1+ 1+621'L(c+dx> ]_
3\/7Log[1_eﬂ<c+dx>+\/?\/m])]/(d\/m)] .
1
Z2+/Cos[c+dx] Sec[ ])/
d

(2 (a (1+Cos[c+dx])>3/2>

N |

(c+dx)]2 [Zsin[ (c+dx)]+sin[= (c+dX) ]

1 3
2 2
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Problem 239: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cos[c+dx]3/?
(

a+aCos[c+dx])>?

Optimal (type 3, 134 leaves, 6 steps):

ZAPCSin[M] 5Ar‘cTan[ 3 Sin[cedx]
\/m ﬁ\/Cos[udx] \/a+aCos[c+dx] \/COS[C+dX] Sin[c +dx]
a**d 2+/2 a3/2d 2d(a+aCos[c+dx])3/2

Result (type 3, 312leaves):

1.
ert (c+d x) \/e‘j (c+d x) (1 L o2t (c+dx))

COS[£+d_X]3 [4dx_4iAr‘csinh[ei(c+dX)] +5j]-\/7|-0g[1+(ej (C+dx)] .
2 2

4iLog[1+/1+e2 @0 | 552 Log[1- e “*deﬁm])]/
V7 a1 o (a1 cosicax)) ) -

Sec|[<] sec[< + dTX]ZSin[dTX] Sec|

2 i i 2 2]
: d : d ]]/

c dx,3
[Cos[—+—] v Cos[c+dx]
2 2

(a(1+Cos[c+dx]))*?

Problem 240: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \Cos[c+dx]
(

a+aCos[c+dx])>?

dx

Optimal (type 3, 97 leaves, 4 steps):

Ar‘cTan[ a Sin[c+dx]
ﬁ\/Cos[udx] \/a+aCos[c+dx] \/COS[C+C|X} Sinf[c +dx]
+
2+/2 a¥2d 2d (a+aCos[c+dx])>?

Result (type 3, 248 leaves):
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i

i e%l’l (crd x) \/e'j (cad x) (1 PSR (c+dx)>

c dx;s3
Cos[—+—]|
2 2

[Cos[5+d—x]3\/Cos[c+dx]

2 2

(a(1+Cos[c+dx]))*?

Problem 241: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
VCos[c+dx] (a+aCos[c+dx])>?
Optimal (type 3, 97 leaves, 4 steps):
3Ar‘cTan[ a Sin[c+dx]
\E\/Cos[udx] \/a+aCos[c+dx] \/COS[C+dX] Sin[c +dx]
2+/2 a¥2d 2d (a+aCos[c+dx])>?

Result (type 3, 250 leaves):
_([3 i e%i (c+d x) \/e—i (c+d x) (1+e2jL (c+dx)>
Cos[£+_X]3 Log[1+ et (4% ] _ Log[1- ! (c+dX) +ﬁm]])/
2 2

(d 1+e?* (@0 (3 (1+Cos[c+dx]))3/2)] +
c
2

_Sec[ﬂ Sec| )

c dx;3
Cos[—+—] /Cos[c+dx]
2 2

(a(1+Cos[c+dx]))>?

Problem 242: Result unnecessarily involves imaginary or complex numbers.

1
JCos[c+dx]3/2 (a+aCos[c+dx])??

Optimal (type 3, 137 leaves, 5steps):
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7 ArcTan[ a Sinf[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

2+/2 ad¥2d

Sin[c+dx] 5Sin[c+dx]
+

2d+/Cos[c+dx] (a+aCos[c+dx])3/2 2ad+/Cos[c+dx] Va+aCos[c+dx]

Result (type 3, 272leaves):

1, - - c dx;s3
7 i ~1i (c+dx) -1 (c+d Xx) 1 21 (c+dx) C — -
[ B Ve (1+e ) os[2+ 2]

LOg[1+(ejL (c+dx)] 7L0g[17<ei (c+d x) +ﬁ 1+e21(c+dx) ]])/

(d 1+e2t(edx (3 (1+Cos[c+dx]))3/2) +

Sec[i] Sec[§+ dTX}ZSin[dTX]

+

2 2

[Cos[chdX]s\/Cos[Cerx] y

8Sec[c+dx] Sin|

€4 9X] sec[S+ 9] Tan| <]
y 22, 2 Zd 2 /(a(1+Cos[c+dx}))3/2

Problem 243: Result unnecessarily involves imaginary or complex numbers.
1

JCOS[C+dX]5/2 (a+aCos[c+dx])>? >
Optimal (type 3, 177 leaves, 6 steps):
11Ar‘cTan[ a Sinjcrdx]
V2 +[coscrdx] ~fa+aCos c+dx] Sin[c+dx]
2+/2 a%2d _ZdCos[Cerx]”z(a+aCos[c+dx])3/2+
7Sin[c+dx] 19Sin[c +dx]

6adCos[c+dx]32+a+aCos[c+dx] 6ad+/Cos[c+dx] Va+aCos[c+dx]
Result (type 3, 304 leaves):

—({1111 ez terdn) \/eﬂi (erdx) (14 21 (40
Cos|[—+

Log[1+ei (c+dx)] _Log[l_ei (c+d x) +\/7 l1+621(c+dx) ]])/
2

(d 1+e?* (@0 (5 (1+Cos[c+dx])>3/2)] +

c dx;s3
—]

Sec[€] sec[€+9X]?sin[9X] 32Sec[c+dx] Sin[<+ 94X
{COS[£+d—X]3m - [2} [2 2] [2]7 [2 2]+
2 2 d 3d
8Sec[c+dx]2sin[ S+ 9X] sec[S+ ¢*] Tan[€]
p - 2 Zd /(a (1+Cos[c+dx]))*?
3

| 147
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Problem 244: Result unnecessarily involves imaginary or complex numbers.

5/2

J Cos[c+dx]7/?
(

a+aCos[c+dx])

Optimal (type 3, 214 leaves, 8 steps):

5 ArcSin[—2sinledxd T 135 ArcTan | ¢ Stncd
+/a+aCos[c+dX] \/7\/Cos[c+dx] \/a+aCos[c+dx]
_ + _
a*'%d 16/2 a%2d

Cos[c+dx]>2Sin[c+dx] 15Cos[c+dx]32Sin[c+dx] 35+ Cos[c+dx] Sin[c+dXx]
- +

4d (a+aCos[c+dx])*? 16ad (a+aCos[c+dx])*? 16a2d~/a+acCos[c+dx]

Result (type 3, 414 leaves):

*([Sjeii(udx) \/e—j (c+d x) (1+621'L(c+dx)>

Cos[ <+ d—x]5 [-161dx-16ArcSinh[eﬂ (€+dx) ] 1 23/2 Log[1+e! (<49 ] 4
2 2

16Log[1+m} 232 Log[1-e! (¢rd% w—m ])/
(4\/—d\/7°+dx><a (1+Cos[c+dx])>5/z)

8Cos[7x} Sln[z] ) 8C05[£] sin[Tx] .

d d

+

a

dx
2

]Sx/Cos[c+dx]

N|n

[Cos[

23sec[ ] sec[$ + TX] Sln[TX} ) Sec[ =] sec[+ 7"] Sln[T"} )
4d 2d
23sec[ S+ 2] Tan[ ] Sec[€+ )% Tan[ <]

_ 2 2 2 ]]/(a <1+Cos[c+dx]))5/2

4d 2d

Problem 245: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

J Cos[c+dx]°/?
(

a+aCos[c+dx])

Optimal (type 3, 174 leaves, 7 steps):

2AI"CSln[ a_Sin[c+dx ] 43 Ar‘cTan[ a Sinfc+dx] ]
\/m \/?\/Cos[cﬂjx] \/a+aCOS[C+dX]
a%*d 16+/2 a%/2d

Cos[c+dx]3?Sin[c+dx] 11+/Cos[c+dx] Sin[c+dx]

4d (a+aCos[c+dx])>? 3/2

16ad (a+aCos[c+dx])
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Result (type 3, 382leaves):

1.
ert (c+d x) \/e’j (c+d x) (1 + et (c+dx))

Cos[5+ d—x]5 [32dx-321ArcSinh[ei (c+dx) ] 1431 +/2 Log[1+e! (9] 4
2 2

32i Log[1l+~/1+e2® (4% ] 431 +/2 Log[l-e! (/9% 4/2 142t (€d0) ])]/
[4\/?d\/1+e“<““> (a (1+Cos[c+dx]))5/2) +

155ec[§} Sec[§+ dTX]ZSin[dTX} Sec[ﬂ Sec[i

c dx;s
Cos[—+ —] +/Cos[c+dx]
2

2

4d 2d

Problem 246: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c +dx]3/?
J dx

a+aCos[c+dx])>?

Optimal (type 3, 137 leaves, 5steps):

3Ar‘cTan[ a Sin[c+dx] }
V2 \[cosc+dx] +[a+aCos[c+dx] \JCos[c+dx] Sin[c+dx] 7+/Cos[c+dx] Sin[c+dXx]
- +
16/2 a%2d 4d(a+aCos[c+dx])5/2 16ad(a+aCos[c+dx])3/2

Result (type 3, 3191leaves):

_ ((Bie%juudx) \/e—j (c+d x) (1+ezi(c+dx)>

LOg[1+ej (c+dx)] 7L0g[17ei (c+d x) +\/? ,1+(92]'L(C+dx) ]])/

[4d 1+e?t (@0 (3 (1+Cos[c+dx]))5/2)

c dx;s
Cos[7+—]
2 2

+

7Sec[§} Sec[§+ dTX}ZSin[dTX} Sec[i] Sec|

c dx;s
Cos|[—+—] ~/Cos[c+dx]
2

2 4d 2d

7Sec[54r M] Tan[i] Sec[§+dfx]

2 - : Tan[z}]]/(a(1+COS[C+dX}>>S/2

4d 2d
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Problem 247: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \Cos[c+dx]
(

]>5/2

a+aCos[c+dx

Optimal (type 3, 137 leaves, 5steps):

5Ar‘cTan[ a Sin[c+d x] }
V2 \[cosc+dx] +a+aCos[c+dx] \/Cos[c+dx] Sin[c+dx] vV Cos[c+dx] Sin[c+dx]
+ +
16/2 a%2d 4d(a+aCos[c+dx])5/2 16ad(a+aCos[c+dx])3/2

Result (type 3, 3191leaves):

_([Sjegi(mdx) \/e—i (c+d x) (1+e2i(c+dx)>

Cos[£+ d—X]S [Log[1+<ejL (“dx)] fLOg[l—cejL (crdx) L \f2 1)1+ g2t (cxdX) ]])/

2 2

+

[4d 1+e?t (@9 (3 (1+Cos[c+dx]))5/2)

Sec[<] sec[ €+ 9x]?sin[dx Sec[<] sec[€ + X]*gin[dx
Cos[£+d—x]5 Cos[c +dx] [2] [2 2} [2] + H [2 2} [2]+
2 2 4d 2d
Sec[ S+ 9X] Tan| <] Sec[£+d—"]3Tan[5}
22 2, 2 /(a(1+Cos[c+dx}>)5/2
4d 2d

Problem 248: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

Jx/Cos[c+dx] (a+acCos[c+dx])®>?

dx

Optimal (type 3, 137 leaves, 5steps):

19 ArcTan | a_sinfcrdx] ]
V7 +[coscrdx] ~fa+aCos c+dx] \VCos[c+dx] Sin[c+dx] 9+vCos[c+dx] Sin[c+dx]
162 a%2d 4d<a+aCos[c+dx])5/2 16ad<a+aCos[c+dx}>3/2

Result (type 3, 3191leaves):
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- ( {19 i ezt erdn) \/eﬂi (exdx) (14 21 (40

Log[1+ei (c+dx)] _Log[l_ei (c+d x) +\/7 l1+621(c+dx) ]])/

(4d 1+t (e (3 (1+Cos[c+dx]))5/2)

c dx;s
Cos[—+—]|
2 2

+

QSec[i]Sec[ierTX]zSin[d?"] Sec[i]Sec[

2 2

c dx;s
Cos[—+—] ~/Cos[c+dx]
4d 2d

95ec[§+ dTX] Tan[i] Sec[9+d—x]3Tan[5}

g - 2 ;d 2 ]]/(a (1+Cos[c+dx]))®?

Problem 249: Result unnecessarily involves imaginary or complex numbers.
1

dx
JCos[c+dx]3/2 (a+aCos[c+dx])®>?

Optimal (type 3, 177 leaves, 6 steps):

75 ArcTan | a sin.cdx.
\E\/Cos[mdx] \/a+aCos[c+dx] Sin[c +dx]
16+/2 a°/2d 4d+/Cos[c+dx] (aJraCos[Cerx])S/2
13Sin[c+dx] 49Sin[c +dx]
+

16ad~/Cos[c+dx] (a+aCos[c+dx])>? 16a*d~/Cos[c+dx] ~/a+aCos[c+dx]

Result (type 3, 343 leaves):

[75 i e;ﬂi (exdx) \/ce’fL (c+dx) (1+ e2i (c+dx))
c dx;s
Cos|[—+ —]

LOg[l*ej (C+dX)] 7Log|i17e]l (c+d x) +,\/? ¢1+ezj(c+dx) ]])/
2 2

[4d 1+e?t (9 (a <1+Cos[c+dx]))5/2) +

17Sec[§] Sec[§+d7"]zsin[d7"]

c dx;s

Cos[—+—] ~/Cos[c+dx] +
2 2 4d
Sec[i] Sec[§+"2—x]4sin[%"] ) 16 Sec[c +d X] Sin[§+dz—x] )

2d d
17Sec{§+d7X}Tan[ ] Sec{§+d7x}3Tan[ ]

g 2 + 24 2 ]]/(a (1+Cosfc+dx]))*?
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Problem 250: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]*? (a+aCos[c+dx])*?
Optimal (type 3, 217 leaves, 7 steps):
163 Ar‘cTan[ 3 Sin[crdx]
\E\/Cos[c»fdx] \/a+aCos[c+dx]
16+/2 a%2d
Sin[c+dx] 17 Sin[c +d x]
5/2 h

4dCos[c+dx]?*? (a+aCos[c+dx])

95Sin[c +dx]

16adCos[c+dx]*? (a+aCos[c+dx])

299 Sin[c +d x]

+
3/2

48a2dCos[c+dx]32+/a+aCos[c+dx]

Result (type 3, 373 leaves):
C

- ([163 iyt (crd0) \/e—i (©dx) (14 g2t (€+dx) )
dx,s
c —
os[2+ ]

2
(4d 1. @2 (crdx) (a (1+Cos[c+dx]))5/2)

255ec[§] Sec[i

c dx;s
Cos|—+—] ~/Cos[c+dx]

« 4x]2gin[ 4]

2 2 4d

Sec[i] sec| +d7x]451n[de] 112 Sec[c +dX] Sin[§

+

dx
2

]

48a2d-/Cos[c+dx] vVa+aCos[c+dx]

LOg[1+ej (c+dx)] 7L0g[17<ei (c+d x) +\/? /1+(eZi(c+dx) ]])/

16 Sec[c +d x]2Sin|

<
2

+

dx
2

]

3d
255ec[§+—

4d

+

3d

2]]]/(a (1+Cos[c+dx]))*?

Problem 251: Result unnecessarily involves imaginary or complex numbers.

Cos[c +dx]%?

dx

i

Optimal (type 3, 254 leaves, 9 steps):

a+aCos[c+dx])’"?

a Sinf[c+dx]

7 ArcSin| M} 637 ArcTan |

a+a Cos[c+dx]

N2 \/Cos [c+d x] \/a+a Cos[c+dx]

Cos[c+dx]7/2Sin[c +dXx]

a7/2d

64+/2 a’/2d

7Cos[c+dx]>2Sin[c+dXx]

6d (a+aCos[c+dx

} >7/2

16ad (a+aCos[c+dx])5/2 192 a2d (a+aCos[c+dx])3/2

Result (type 3, 477 leaves):

64a3d~/a+aCos[c+dx]

259 Cos[c+dx]3/2Sin[c+dx] 189+ Cos[c+dx] Sin[c+dX]
+
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,({7]-1 e%i (c+dx) Je’j (c+d x) (1+<e“ (c+dx)>

c dx,7
Cos[—+—]
2 2

64 Log[1++/1+e? (9% ] _914/2 Log[1-e! (4% 4 /2 [14e2i (a0 ]])/
(S\dellwe“(c*dx) (a (1+Cos[c+dx]))7/2)) +

[—641’1dx—64Ar‘cSinh[ej (€4 ] 1 91+/2 Log[1+e! (<49 ] 4

c dx,7
Cos[7+f} v/ Cos[c+dx]

2 2

16 Cos [ | sin[ <] ) 16 Cos [ <] sin[ 2] ) 523Sec|¢] Sec[ €+ 4*]*sin[ X ] )
d d 24d
155ec[§} Sec[§+d?x]451n[%x} +Sec[§} Sec[§+d7x]651n[d7x} ) 5235ec[§+d7x} Tan[i] )
4d 3d 24d

155ec[5+d—x}3Tan[5] Sec[§+d—x]5Tan[5

22 2_, 2 J]J/(a(l+Cos[c+de))7/2

4d 3d

Problem 252: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

7/2

J Cos[c+dx]7/?
(

a+aCos[c+dx])

Optimal (type 3, 214 leaves, 8steps):

2ArcSin[M] 177 ArcTan | a sinfcidx]
\/m \/7\/Cos[c+dx] \/a+aCos[c+dx]
a7/2d 64 ,_2 a7/2d
Cos[c+dx]>2Sin[c+dx] 17Cos[c+dx]32Sin[c+dx] 49+/Cos[c+dx] Sin[c+dX]

7/2

6d (a+aCos[c+dx]) 48ad (a+aCos[c+dx])>* 64a’d (a+aCos[c+dx])*?

Result (type 3, 445leaves):
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e§1 (c+d x) \/e-j (crd x) <1+e21'1 (c+dx)) Cos[£+ dixy
2 2

[128 dx-1281i ArcSinh[e® 9% ] 1177 i +/2 Log[1+e! (<90 ] +

128 i Log 1 ++/1+e?® (9% | ~177 1 +/2 Log[1-e! (9% 4+/2 ([1+ 2t (€4 })]/
(Sx/fdx/1+e”<c*dx) (a (1+Cos[c+dx]))7/2) +

247 sec[ <] sec[ S+ 4*]*sin[4X]
- +

24d

2 2

[Cos[c+”]7\/Cos[c+dx]

115ec[ <] sec[ S+ ]"sin[9*]  sec[¢]sec[S+4*]°sin[9X] 247Sec[+ ¢*] Tan[€]
- +

4d 3d 24d

115ec[§+d7x}3Tan[9] Sec[§+ d—’(]STan[S

- 2 2}]J/(a(1+Cos[c+dx}))7/2

4d 3d

Problem 253: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

7/2

J Cos[c +dx]°/?
(

a+aCos[c+dx])

Optimal (type 3, 177 leaves, 6 steps):

5ArcTan[ a Sinfc+dx]
\/T\/Cos[udx] \/a+aCos[c+dx] COS[C+dX]3/2 Sin[c +dx]
64+/2 a’/2d 6d (a+aCos[c+dx])’"?

13+/Cos[c+dx] Sin[c+dx] 67+ Cos[c+dx] Sin[c+dx]

N
48ad (a+aCos[c+dx])”? 192a%d (a+aCos[c+dx])>?

Result (type 3, 382leaves):



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 155

,({Sjeéi(c“fdx) \/e—j (c+d x) (1+‘821'L(c+dx)>

Log[1+ei (c+dx)] _Log[l_ei (c+d x) +\/7 l1+621(c+dx) ]])/

(Sd 1+e?! (<99 (3 (14+Cos[c+dx]))”?

c dx,7
Cos[—+—]|
2 2

+

67Sec[§] Sec[§+dTX]ZSin[d7x]

2 2 24d

c dx,7
{Cos[—Jr—] v/ Cos[c+dx]

7Sec[§] Sec[§+d7"]4sin[d7"] Sec[i] Sec[§+"2—x]651n["2—x] 67Sec[§+d7x} Tan[i]
+ + -

4ad 3d 24d

7 Sec| +d7x]3Tan[ ] Sec[5+d—x]5Tan[ ]

2 -, 22 2 ]]/(a (1+Cos[c+dx]))”"?

4d 3d

Problem 254: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cos[c+dx]3/?
(

a+aCos[c+dx])7/2

Optimal (type 3, 177 leaves, 6 steps):

7 ArcTan | 2 sincdx
\/7\/Cos[c+dx] \/a+aCos[c+dx] \/COS[C+dXJ Sin[c+dx]
- +
64-/2 a’/2d 6d (a+aCos[c+dx])’?

3+ Cos[c+dx] Sin[c+dx] 17+/Cos[c+dx] Sin[c +dXx]
+

16ad (a+aCos[c+dx])>? 192a%d (a+aCos[c+dx])*?

Result (type 3, 382leaves):

7([7je§i(c+dx) \/e’j (c+d x) (1+eu<c+dx>>

Log[1+ei (c+dx)] —Log[l—ei (c+d x) +ﬁ l1+ezi(c+dx) ]])/

[Sd 1+ 2t (crdx) (a (1+Cos[c+dx]))7/2)

c dx,7
Cos|[—+—|
2 2

+

17Sec[§] Sec[§+ dx]zsin[dx]

2 2

[Cos[c+“]7\/Cos[c+dx]

3Sec| <] Sec[9+d7x]4sin[d7x] 7Sec[5] Sec[§+"2—x]651n[d7x] +17Sec[§+dx} Tan| <] )
4d 3d 24d
3Sec[§+d7x]3Tan[9} Sec[9+d—]5Tan[f]
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Problem 255: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \Cos[c+dx]
(

]>7/2

a+aCos[c+dx

Optimal (type 3, 177 leaves, 6 steps):

13 ArcTan| a sinfc-dx. ]
ﬁ\/Cos[mdx] \/a+aCos[c+dx] \VCos[c+dx] Sin[c+dX]
+ +
64+/2 a’’2d 6d<a+aCos[c+dx})7/2

\Cos[c+dx] Sin[c+dx] 5+vCos[c+dx] Sin[c+dX]

16ad (a+aCos(c+dx])>? 192a2d (a+aCos[c+dx])>?

Result (type 3, 382leaves):

- ( [13 i est(edx) \/e—ﬂ (erdx) (14 g2 (crd))

Log[1+e (€% _Log[1- et (€4 4 /2 [1, e2i (crdx) ]])/

(Sd 1+e2t (e (3 <1+Cos[c+dx]))7/2)

c dx,7
Cos|—+ —]
2 2

SSec[i] Sec[§+"2—x]zsin[dx]
- +

24d

Q

X

+

7
| V/Cos[c+dx]

N0
> |

[Cos[

Sec[i] Sec[§+dz—x]4sin[d7x] +Sec[§] Sec[§+dx]ssin[dx] ) 55ec[§+dx] Tan[i] )

4d 3d 24d

Sec[§+dTX]3Tan[5] Sec[iJr‘j'—"]sTan[g

2, 2 2]]]/(a(1+Cos[c+dx]))7/2

4d 3d

Problem 256: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

Jx/(:os[c+dx] (a+acCos[c+dx])”?

dx

Optimal (type 3, 177 leaves, 6 steps):

63 ArcTan| a sinfc-dx. ]
ﬁ\/Cos[mdx] \/a+aCos[c+dx] \VCos[c+dx] Sin[c+dX]
64+/2 a’’2d 6d<a+aCos[c+dx})7/2

5+vCos[c+dx] Sin[c+dx] 103+ Cos[c+dx] Sin[c+dx]

16ad (a+aCos[c+dx])”? 192a%d (a+aCos[c+dx])*?
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Result (type 3, 382leaves):

- ( [63 i eéj (exrdx) \/e’fl (c+dx) (1 L et (c+dx))

Log[1+ei (c+dx)] —Log[l—cei (c+d x) +ﬁ l1+ezi(c+dx) ]])/

[Sd 1+e2t (e (3 (1+Cos[c+dx]))7/2)

c dx,7
Cos|[—+—|
2 2

103Sec[ <] sec[ <+ 9] sin[2X]
244

2 2

[Cos[c+“]7\/Cos[c+dx]

+ 9x]°sin[4x] 1035ec[§+d7x] Tan[ﬂ

4d 3d 24d

Problem 257: Result unnecessarily involves imaginary or complex numbers.
1

dx
JCos[c+dx]3/2 (a+aCos[c+dx])’?
Optimal (type 3, 217 leaves, 7 steps):
363 ArcTan | 2 5dn codx
\/T\/Cos[mdx] \/a+aCos[c+dx]
64+/2 a’/2d
Sin[c +dx] 19Sin[c +d x]
6d+/Cos[c+dx] (a+aCos[c+dx])7/2 48 ad+/Cos[c +dx] (a+aCos[c+dx])5/2
199Sin[c +dX] 691 Sin[c +dx]

+

192 a2 d+/Cos[c +d x] (a+aCos[c+dx})3/2 192 a3d+/Cos[c+dx] “/a+aCos[c+dx]

Result (type 3, 406 leaves):
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(363 i ezt (crdn \/eﬂi (€rdx) (11 21 (4%
Log[1+e' (9] - Log[1-e! (< ﬁmm/

[Sd 1+e?t (@0 (3 (1+Cos[c+dx]))7/2)+ Cos[£+dfx]7\/Cos[c+dx]

2 2

c dx,7
Cos[—+—]
2 2

307 Sec| | Sec[§+d7x]251n[d7x] 9sec| <] Sec[§+d7x]4sin[d7x]

4 +
244 4d
Sec|€] Sec[§+dz—x]651“[d7x] ) 32Sec[c+dx] Sin[§+d7x] +307Sec[§+d7x]Tan[ﬂ .
34 d 24d
95ec[5+dfx]3Tan[9} Sec[7+dfx]5Tan[*]
2 2 . 2 2 2 /(a (1+Cos[c+dX])>7/2
4d 3d

Problem 258: Result unnecessarily involves imaginary or complex numbers.

1

JCOS[CerX]S/Z (a+aCos[c+dx])’"?

Optimal (type 3, 257 leaves, 8 steps):

1015 ArcTan | a_Sinfc+dx]
\/?\/Cos[udx] \/a+aCos[c+dx] Sin[c +dx]
642 a’’/2d 6dCos[c+dx]3? (a+aCos[c+dx])7/2
23Sin[c+dx] 109 Sin[c +d x]

- +
48adCos[c+dx]*? (a+aCos[c+dx])”? 64a?dCos[c+dx]>2? (a+aCos[c+dx])>?

193 Sin[c +dX] 629 Sin[c +dx]

64a>dCos[c+dx]32+/a+aCos[c+dx] 64a3d+/Cos[c+dx] va+aCos[c+dx]

Result (type 3, 436 leaves):
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_ ( {1@15 i e%j (c+dx) \/e—ﬂ (c+d x) (1 + 2l (c+dx))

Log[1+ei (c+dx)] _Log[l_ei (c+d x) +\/7 l1+621(c+dx) ]])/

(Sd 1+t (e (3 (1+Cos[c+dx]))7/2)

c dx,7
Cos[—+—]|
2 2

+

607 Sec|[ <] Sec[§+dTX]ZSin[d7x]

2 2 24d

c dx,7
[Cos[—+—] v/ Cos[c+dx]

13sec 5] Sec[§+d7x]45in[d7x} _Sec[ﬂ Sec[§+d7x]651n[d7x} )
4d 3d
320 Sec[c +dx] Sin[§+d7x} . 325ec[c+dx]251n[§+d7x] 76@7Sec[§+d7X]Tan[§} )
3d 3d 24d

135ec[5+d7x}3Tan[£] Sec[§+ d—X]STan[ﬂ

2 ] ZE ;d ”/(a (1+Cosfc+dx]))”"?

Problem 259: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
9/2

J Cos[c+dx]7/?
(

a+aCos[c+dx])

Optimal (type 3, 217 leaves, 7 steps):

35 ArcTan| a_sinfcrdx]
\/7\/Cos[c+dx] \/a+aCos[c+dx] COS[C-%—dX]S/2 Sin[c +dx]
1024 /2 a%2d 8d (a+aCos[c+dx])>?

19 Cos[c+dx]3/2Sin[c+dx] 187+ Cos[c+dx] Sin[c+dx] 853+/Cos[c+dx] Sin[c+dx]
- +

96ad (a+aCos[c+dx])”?  768a%d (a+aCos[c+dx])”? 3072a%d (a+aCos[c+dx])>?

Result (type 3, 445leaves):
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—({BSjei_j (erdx) \/eﬂi (exdx) (14 21 (40
Log[1+e! 9] - Log[1- e’ (©9X) ﬁm]”/
]+

853 Sec[ <] sec[ €+ dTX]ZSin[“TX}

c dx;o
Cos[—+—]|
2 2

(64d 14 @2t (cvdx) (a (1+Cos[c+dx]))9/2

2 2

c dx,o
Cos[—+—] ~/Cos[c+dx]
192d

145sec[ <] sec[ S+ 4x]*sin[4x] +435ec[§} Sec[ S+ ¢x]®sin[2X] )
32d 244
sec|€] Sec[§+d7x]851n[d7x] ) 853 Sec[ S+ 9] Tan[ <] ) 1455ec[§+d7x]3Tan[§] )
4d 192 d 32d
43Sec[§+d7x}5Tan[§] Sec[§+d7x]7Tan[§

24.d - ad }]J/(a(1+Cos[c+dx1>)9/z

Problem 260: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
9/2

j Cos[c+dx]>/?
(

a+aCos[c+dx])

Optimal (type 3, 217 leaves, 7 steps):

45 ArcTan 3 _Sinfc+dx]
V2 +Jcos[c+dx] +fa+aCos[c+dx] Cos[c+dx]32Sin[c +dx]
1024 /2 a%/% d 8d (a+aCos[c+dx])®?

5+ Cos[c+dx] Sin[c+dx] 33+/Cos[c+dx] Sin[c+dXx] 73+ Cos[c+dx] Sin[c+dx]
+ +

32ad (a+aCos[c+dx])’/? 256a?d (a+aCos[c+dx])>? 1624a%d (a+aCos[c+dx])>?

Result (type 3, 445leaves):
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—({4511:3%]1 (crdx) \/eﬂi (e0dx) (14 g2 (c+d))
Log[1+e' (©9¥] - Log[1-e! (<9 ﬁm]”/
]+

73Sec[§] Sec[§+dTX]ZSin[d7x]

c dx;o
Cos[—+—]|
2 2

(64d 14 @2t (cvdx) (a (1+Cos[c+dx]))9/2

c dx,o
[Cos[—+—] v/ Cos[c+dx]

2 2 64d

33 Sec[ ] Sec[§+d7x]45in[d7x} _9Sec[§} Sec[§+d7x] Sin[%"} )
32d 8d

Sec[ <] Sec[§+dzfx]8sin[d7x] +73Sec[§+d7x] Tan[i] ) 33Sec[§+d7x]3Tan[f] 7
4d 64 d 32d

9 Sec]| +dx]5Tan[§} Sec[§+d7x]7Tan[§

Problem 263: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jCos[c+dx}3/2\/a—aCos[c+dx] dx

Optimal (type 3, 129 leaves, 4 steps):

B\EArcTanh[ a Sinjcrdx]
Cos[c+dx] +/a-aCos[crdx]
4d :
3a~/Cos[c+dx] Sin[c+dx] acCos[c+dx]3>2Sin[c+dx]
4d~a-acCos[c+dx] 2d+/a-aCos[c+dx]

Result (type 3, 395 leaves):
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1

8d+/(1+e279%) Cos[c] +i (-1+e2 %) Sin[c]

\/Cos[c+dx] vVa-aCos[c+dx] Csc[l(c+dx” 3Cos[d—x}
2 2
Log[2 (ejdXCOS[E] +jejdxsin[£] +\/(1+e“dx) Cos[c] +1 (-1+e?*9%) sin[c] )] +
2 2
SAPcTanh[[Cos[S] +jSin[S}) \/(1+e“dx) Cos[c] +i (-1+e29%) sin[c] |
2 2
d x d x
C — 1 Sin| —
os [ A | +isin] 2})+

3ilog[2

eldXCos[E] +Ji<ejdXSin[£] +\/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] )}
2 2

Sin[dfx] —4\/7Cos[1 (c+dx)] \/Cos[c+dx} (Cos[dx] +iSin[dx]) +
2 2

2+/2 Cos|

3 (c+dx)] \/Cos[c+dx] (Cos[dx] +iSin[dx])
2

Problem 264: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/Cos[c+dx} va-aCos[c+dx] dx

Optimal (type 3, 85leaves, 3 steps):

Va ArcTanh| a Sncdx ]
\Jcosc+dx) +/a-aCos[crdx] a+vCos[c+dx] Sin[c+dx]
d

d+/a-aCos[c+dx]

Result (type 3, 352leaves):
1

Zd\/(1+e“dx) Cos[c] +i (-1+e?*9%) Sin[c]

vCos[c+dx] Va-aCos[c+dx] Csc{l(c+dx)] Cos[dfx]
2 2
Log[2 eidXCos[E] +Ji<e“xsin[5] +\/ (1+e’*9%) Cos[c] +1i (-1+e”" %) Sin[c] J] +
2 2
Ar‘cTanh[(Cos[E] +jSin[£]] J (1+e*'9%) Cos[c] +i (-1+e*'9¥) Sin[c] |
2 2
dx dx
C — L Sin| —
(OS[Z]+]I 1n[2] +
ilog|2 (e“"Cos[E} +jeidxsin[g} +\/ (1+e*79%) Cos[c] +1 (-1+e*'9¥) sin[c] ]]
2 2

Sin[d—x} 72ﬁCos[1 (c+dx)] \/Cos[c+dx] (Cos[dx] +1iSin[dx]) ]
2 2

Problem 265: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

dx

J\/a—aCos[c+dx}
VCos[c+dx]

Optimal (type 3, 48 leaves, 2 steps):

2+/a Ar‘cTanh[ a Sinjcrdx]
Cos[c+d Xx] \/a—a(:os[c+dx]

d

Result (type 3, 243 leaves):

|

e%\/a—aCos[c+dx] Csc[l (c+dx) ]
2

(Ar‘cTanh[(Cos[E] +iSin[£]] \/(1+e“dx) Cos[c] +i (-1+e*'9¥) sin[c] | +
2 2

eidXCos[S] +ieidXSin[£} +\/ (1+e?*9%) Cos[c] +1i (-1+e?*9%) Sin[c] )])
2 2

Log[2

\/e’jdx ((1+e®"9%) Coslc] +1i (-1+e®* %) sin[c]) ]/

(d \/2 (1+e*79%) Cos[c] +21 (-1+e?*9%) Sin[c] )]

Problem 269: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/I—Cos[c+dx] Cos[c +dx]3?dx

Optimal (type 3, 114 leaves, 4 steps):

3 ArcTanh| Sinfcrdx. ]
\J1-Cos[crdx] +/Cos[crdx] 3+/Cos[c+dx] Sin[c+dx] Cos[c+dx]32Sin[c+dx]
_ + _
4d 4d+/1-Cos[c+dx] 2d+/1-Cos[c+dx]

Result (type 3, 390 leaves):
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1

8d+/(1+e279%) Cos[c] +i (-1+e2 %) Sin[c]

\/—<—1+Cos[c+dx]) Cos[c +dx] Csc[1 (c+dx)] 3Cos[d—x]
2

2

< C idxein[© 2idx . 2idx) s )

S 1 C -1 S

2]+]1e 1n[2]+\/( +e ) Cos[c] +1i(-1+e ) sinfc] | ]+
5] +j$in[5}) J(1+e2i9%) Cosfc] +i (-1+e2'9%) sin[c] |

2 2

Log[2 (ejdx Cos |

3 ArcTanh| [Cos[

dx dx
C — 1 Sin| —
OS[Z}JrIL 1n[2})+

3ilog[2

eﬁdXCos[E] +iejdXSin[£] +\/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] )}
2 2

Sin[dfx] —4\/7Cos[1 (c+dx)] \/Cos[c+dx} (Cos[dx] +iSin[dx]) +
2 2

2+/2 Cos|

3 (c+dx)] \/Cos[c+dx] (Cos[dx] +iSin[dx])
2

Problem 270: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx/l—Cos[c+dx] v/Cos[c+dx] dx

Optimal (type 3, 72leaves, 3 steps):

ArcTanh | sinfcdx]
\/l—Cos[c+dx] \/Cos[c+dx] \/COS[C+dX] Sin[c +dx]

d

d+/1-Cos[c+dx]

Result (type 3, 340leaves):

! Csc[l(c+dx)] Cos[dfx]

2d\/Cos[c+dx1 (Cos[dx] +isSin[dx]) 2 2

Log [2

eid"Cos[S] +jeidxsin[£] +\/ (1+e?*9%) Cos[c] +1i (-1+e?'9%) sin[c] )] +
2 2

Ar‘cTanh[(Cos[E] +JiSin[£]] \/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] ]
2 2

(Cos[dTX] +j1$in[d7x]] +1i Log]|

2

ejdXCos[E] +jejdxsin[£] +\/<1+e“dx) Cos[c] +1i (-1+e*' %) sin[c] )} Sin[d—x] -
2 2 2

2\/7Cos[1 (c+dx)] \/Cos[c+dx] (Cos[dx] +iSin[dx]) ]\/Cos[c+dx] Sin[1 ((:erx)]2
2 2
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Problem 271: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

Jx/l—Cos[Cerx}
\Cos[c+dx]

Optimal (type 3, 37 leaves, 2 steps):

2 ArcTanh| sinlcidx]
\/1—Cos [c+d Xx] \/Cos [c+d X]

d

Result (type 3, 242 leaves):

i

e%x/l—Cos[c+dx} Csc[l (c+dx)]

2
(Ar‘cTanh[(Cos[E] +jSin[£]) \/ (1+e?*9%) Cos[c] +1i (-1+e?'9X) Sin[c] | +
2 2
Log[2 eidxCos[S] +ieidxsin[£} +\/ (1+e29%) Cos[c] +i (-1+e*' %) sin[c] )])
2 2

\/e—ﬂdx ((1+e*9%) Cos[c] +i (-1+e®" ) sin[c]) J/

(d 2 (1+e? %) Cos[c] +2i (-1+e?'9%) Sin[c] )]

Problem 275: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]>/?
J dx
va-aCos[c+dx]

Optimal (type 3, 185leaves, 7 steps):

7Ar‘cTanh{ a Sinfc+dx] ] [2 Ar‘cTanh[ a Sinfc+dx]
\/Cos[c+dx] \/a—aCos[c+dx] ﬁ\/Cos[udx] \/a—aCos[c+dx]

+

4+/a d Va d
VCos[c+dx] Sin[c+dx] Cos[c+dx]3?2Sin[c+dx]
+
4d~/a-aCos[c+dx] 2d+/a-acCos[c+dx]

Result (type 3, 246 leaves):



166 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

4-/Cos[c+dx] (ZCos[i (c+dx)] +Cos[% (c+dx)])
d

+

( > e%l‘t(udm Je'j (crdx) (1+eu(c+dx)>

(—7idx+7ArcSinh[ei (c+dx) ] 4 8/2 Log[1-e! (9% ] 1 7Log[1+q/1+e?t (crdX) | _

82 Log[1+el (€% /3 \[14 21 (cdx) ] ]/

(d 1+ezi(c+dx)) /(8\/a—aCos[c+dx])

Sin[i (c+dx”

Problem 276: Result unnecessarily involves imaginary or complex numbers.

dx

j Cos[c+dx]3/?
va-acCos[c+dx]

Optimal (type 3, 141 leaves, 6 steps):

Ar‘cTanh[ a Sinf[c+dx]
\/Cos[c+dx] \/a—aCos[c+dx]
Vad
V2 ArcTanh]| 2 sinjc.dx] ]
\/?\/Cos[mdx] \/a—aCos[md x] \/COS [c+dx] Sin[c+dX]
+
\Vad dva-aCos[c+dx]

Result (type 3, 229 leaves):
4Cos[§ (c+dx)]+/Cos[c+dx]
d

. (\/? ei—ﬂ (c+d x)

Jert (a0 (14 e2i (cdx)) [fjdx+ArcSinh[ej(C*dX)] +2/2 Log[1-e' (<] 4

Log[1++/1+e? (<4¥ | _2+/2 Log[1+e! (*4%) 1 1/2 1+ 2t (€+dX) }))/

(d 1+t (erdx ) Sin[1 (c+dx)]
2

/(Zx/afaCos[Cerx] )

Problem 277: Result unnecessarily involves imaginary or complex numbers.
J v/ Cos[c+dx]

va-acCos[c+dx]

Optimal (type 3, 107 leaves, 5steps):
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2 ArcTanh| 2 sdn.cdox | /2 ArcTanh| a sin[csdx]
\/Cos[c+dx] \/a—aCos[c+dx] ﬁ\/Cos[mdx] \/a—aCos[c+dx]
Va d Va d

Result (type 3, 191 leaves):

_((]-l (_1+ei (c+dx)> \/e—i (c+dx) (1+e21(c+dx))

(—JidX-%—Ar‘CSinh[ejl (cxdx) ] 1 \/2 Log[1-e' (9% ] 4 Log[1++/1+e2®(cdX) | -

\/?Log{1+ej‘(c*dx> +2 A/ 1+e2t(crdn) ]))/(ﬁdxlbre““*dx) va-acCos[c+dx]

|

Problem 278: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

dx

J\/Cos[c+dx] va-acCos[c+dx]
Optimal (type 3, 58 leaves, 2 steps):

/2 ArcTanh| 3 sinc.dx]
\/7\/Cos[c+dx] \/a—aCos[c+dx]
Va d

Result (type 3, 137 leaves):

_((]']_ (_1+ei (c+dx)> \/e—i (c+dx) (1+e21<c+dx))

(Log[l_eﬁ (c+dx) | _ Log[1+ et (c+d%) o2 Af14e2i (crdx) ])]/
(dx/1+e“(“dx) vJa-acCos[c+dx] )

Problem 279: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
Cos[c+dx]32+/a-aCos[c+dx]

Optimal (type 3, 95leaves, 4 steps):

V2 ArcTanh| s e dx
\/?\/Cos[mdx] \/a—aCos[c+dx] 2Sin[c+dx]
- +
vad d+/Cos[c+dx] /Ja-aCos[c+dx]

Result (type 3, 194 leaves):



168 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

e—%i (c+d x) (2 <1+ei (c+dx)> [1 4 @21 (crdx) N2z (1+eu (c+dx)> Log[l—ej (c+dx)} B

V2 (14290 Log[1+ et (90 1 1/2 1[1+e?F (40 }) Sin| /
(dx/1+e“(“dx) \Cos[c+dx] ~/a-aCos[c+dx]

N R

(C+dX”

Problem 280: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]5%2+a-aCos[c+dx]

Optimal (type 3, 135leaves, 5steps):

\/TAr‘cTanh[ a sin.codx ]
\/T\/Cos[udx] \/a—aCos[c+dx]
- +
Vvad
2Sin[c+dx] 2Sin[c+dx]
+

3dCos[c+dx]32+/a-acCos[c+dx] 3d+/Cos[c+dx] a-aCos[c+dx]

Result (type 3, 185leaves):

3.
e 2 b (erdx) (2 <1+ei (c+dx)>3 14 @2f (c+dx)

Log[l—ej‘ (c+dx)] 7L0g[1+ej (c+d x) +\E /1+e21'1(c+dx) }))

/(Gd 1+e2i (4% cos[c+dx]32+/a-aCos[c+dx]

3\/? <1+e2j1 (c+dx))2

Sin[% (c+dx)]

Problem 281: Result unnecessarily involves imaginary or complex numbers.

1
J dx
Cos[c+dx]72+/a-acCos[c+dx]

Optimal (type 3, 173 leaves, 6 steps):

/2 ArcTanh| 2 sin.codx.
ﬁ\/Cos[mdx] \/a—aCos[c+dx] 2Sin[c+dx]
- + +
Vad 5dCos[c+dx]52+/a-aCos[c+dx]
2Sin[c+dx] 26 Sin[c +d x]
+

15dCos[c+dx]32+/a-aCos[c+dx] 15d~+/Cos[c+dx] “/a-aCos[c+dx]

Result (type 3, 192 leaves):
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4Cos[§ (c+dx)] (3+Cos[c+dx] +13Cos[c+dx]?)

1.
. . (2 e, 1 (€0 \/efi (crdx) <1+e“ (c+dx))
15d Cos[c+dx]°/

Log[l—ej‘ (c+dx)] —Log[1+ej‘ (c+dx) | /2 [1, g2t (crdx) ]])/

(d 1+eZ]'L(C+dX) )

Sin[ = (c+dx) ]|

N |

/(\/a—aCos[c+dx} )

Problem 282: Result unnecessarily involves imaginary or complex numbers.

J Cos[c +dx]%/?
v/1-Cos[c+dx]

dx

Optimal (type 3, 161 leaves, 7 steps):

7 ArcTanh | Sin[c+d x] | V2 ArcTanh| Sinfc+d x]
\/1—Cos[c+dx] \/Cos[c+dx] \/7\/1—Cos[c+dx] \/Cos[c+dx]
- +
4d d
VCos[c+dx] Sin[c+dx] Cos[c+dx]32Sin[c+dx]
+
4d~/1-Cos[c+dx] 2d+/1-Cos[c+dx]

Result (type 3, 245leaves):
4-/Cos[c+dx] <2Cos[§ (c+dx)] +Cos[% (c+dx)])
d

( [2 ert (cxd0) \/e’j (©odx) (14 g2t (crdx) |

+

(-7idx+7ArcSinh[eﬁ (c+dx) ] 1 8~/2 Log[1-el (9% ]| 17 Log[1++/1+e?? (<40 | -

8/2 Log[1+el (€% /3 \[14 21 (x| ]/

[d 1+ezi(c+dx)) sin[;(c+dx)}]/(8x/1—€os[c+dx})

Problem 283: Result unnecessarily involves imaginary or complex numbers.

J Cos[c+dx]3/?
v1-Cos[c+dx]

dx

Optimal (type 3, 118 leaves, 6 steps):
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ArcTanh | 240 [c+d x] ]
1-Cos[c+d x] \/COS [c+d x]

d

V2 ArcTanh]| Hee dx ]
\/7\/1—Cos[c+dx] \/Cos[c+dx] \/COS[C +dx] Sin[c +dx]
+

d d+/1-Cos[c+dx]

Result (type 3, 228 leaves):
4Cos[§ (c+dx)]+/Cos[c+dx]
d

. (\/? e%j (c+d x)

Jert a0 (1421 (crdx)) [—I'de+Ar‘cSinh[ej(“dX)] +22 Log[1-e! (<90 ] 4
Log[1++/1+e? (4% | _2+/2 Log[1+el (*4%) 1 /2 1+ 2t (c+dX) }))/

(d 1+e2]’L(c+dX) )

Sin[% (c+dx)]

/(2\/17Cos[c+dx} )

Problem 284: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J v Cos[c+dx]

v/1-Cos[c+dx]

dx

Optimal (type 3, 85leaves, 5steps):

2 ArcTanh| Sinjc-dx] | /2 ArcTanh| Sinlc+dx]
1-Cos [c+d x] \/Cos[c+dx] \/TJl—Cos[mdx] \/Cos[c+dx]

d d

Result (type 3, 190 leaves):

—([]i (_1+ei (c+dx)> \/e—ﬂ (c+d x) <1+621'1(c+dx))

(—J’de+Ar‘cSinh[ej(c*dX)} +V2 Log[1-e! (<40 4 Log[1+~/1+ et (cdx) ]

V2 Log[1+e (4% 1 1/2 /142t (rd0) }))/ (ﬁdw/ne”“*d") V1-Cos[c+dx]

|

Problem 285: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

dx

J\/1—Cos[c+dx1 v Cos[c+dx]
Optimal (type 3, 47 leaves, 2 steps):
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V2 ArcTanh]| sinicidx
\/7\/1—Cos[c+dx] \/Cos[c+dx]

d

Result (type 3, 129 leaves):

i

i e—]i. (c+d x) <_1 N e]'l (C+dx)) 1+ eZ]'L (c+d x)

(Log[l_ej (C+dx)} —Log[1+@j (c+d x) +\/? [1+(EZJ'1(C+dX) ])]/

(\/?d\/_(—1+COS[C+dX]) Cos[c+dx] ))

Problem 286: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

dx

J\/1—Cos[c+dx1 Cos[c+dx]32

Optimal (type 3, 83 leaves, 3 steps):

V2 ArcTanh]| sinicdx
\/7\/1—Cos[c+dx] \/Cos[c+dx] 2Sin[c+dx]

- +

d d+v1-Cos[c+dx] /Cos[c+dx]

Result (type 3, 189leaves):

e—%i(mdx) (2 <1+ei (c+dx)> [1 4 @21 (crdx) Nz (1+eu<c+dx)> Log[l—ej (c+dx)} B
\E <1+ezj(c+dx)> Log[1+ej‘ (crdx) +\/?\/1+(e2j‘(c+dx) ]) Sin[l (C+dXH /

2
(dx/1+e2j(“dx) \/—(—1+Cos[c+dx])Cos[c+dx]

Problem 287: Result unnecessarily involves imaginary or complex numbers.
1

dx

J\/1—Cos[c+dx} Cos[c +dx]5?

Optimal (type 3, 122 leaves, 5 steps):
v/2 ArcTanh Sinfcrd x]
[ 2 \/l—Cos [c+d x] JCos[md X]
d
2Sin[c+dx] 2Sin[c+dx]

+

3dv/1-Cos[c+dx] Cos[c+dx]32 3d+/1-Cos[c+dx] ~/Cos[c+dX]

Result (type 3, 184 leaves):
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3. . .
ef;JL(GdX) (2<1+en(c+dx)>3 14 2f (c+dx)

Log[lfejl (c+dx)] 7L0g[1+ei (c+d x) +,/2 l1+e2j1(c+dx) }))
/(6dx/1+e“(c*dx) v1-Cos[c+dx] Cos[c+dx]3?

3\E<l+e2ﬂ(c+dx))2

Sin[i (c+dx”

Problem 288: Attempted integration timed out after 120 seconds.

JCos[c+dx}4/3 (a+aCosc+dx])'?dx

Optimal (type 6, 78 leaves, 3 steps):

1 4 1 3 1
[25/6AppellF1[—, -—, =, =, 1-Cos[c+dx], = (1-Cos[c+dx]) |
2" 376 2 2
(a+aCos[c+dx])*?sin[c+dx] /(d (1+Cos[c+dx])5/5)

Result (type 1, 1leaves):

PP

Problem 289: Unable to integrate problem.

JCos[c+dx}4/3 (a+acCos[c+dx])??dx

Optimal (type 6, 79leaves, 3 steps):

1 4 1
(2 2%/ pppellFl| =, - —, - =
2 3 6

)

3 1
=,1-Cos[c+dx], = (1-Cos[c+dx])]
2 2

/(d (1+Cos[c+dx])7/6)

(a+aCos[c+dx])??sin[c+dx]

Result (type 8, 27 leaves):

JCos[c+dx1‘”3 (a+acCos(c+dx])??dx

Problem 290: Unable to integrate problem.

JCos[c+dx]5/3 (a+aCos[c+dx])2/3dlx

Optimal (type 6, 79leaves, 3 steps):

1 5 1 3 1
[2 26 pppellFl| =, - =, - =, *,17COS[C+dX],*(17COS[C+dX}>}
2 3 6 2 2
(a+aCos(c+dx])??sin[c+dx] /(d (1+Cos[c+dx])7/6)

Result (type 8, 27 leaves):
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JCos[c+dx]‘5/3 (a+acCos[c+dx])??dx

Problem 291: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx]) Sec[c+dx]7/?dx

Optimal (type 4, 151 leaves, 9 steps):
6a~/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

+

5d
2a+/Cos[c+dx] EllipticF[%(c+dx),2] Vseclc+dx]  ga./secic+dx] Sin[c+dx]
+ +
3d 5d
2aSec[c+dx]32Sin[c+dx] 2aSec[c+dx]>?2Sin[c+dXx]
+
3d 5d

Result (type 5, 268 leaves):

1 ei (c+d x)

15 (d-de?!€)

(c+dx)}2 iA/2 et(erdx)

a(1+Cos[c+dx]) Sec| ———
1 (C+d X

N |

l+e

9 (1+<e“<c*dx)) +9 (-1+e?t9) 1+e?! (9% Hypergeometric2F1[-—, =, =, -e** (<40 ]

N |

QN
AW

Sel (4 (14’ C) /14" (99 Hypergeometric2F1[ =, —, =, -e?! (<90 ]+

[
13
4

I
N

(1-e*'¢) Vsec[c+dx] (9Cos[dx] Csc[c]+ (5+3Sec[c+dx]) Tan[c+dx])

Problem 292: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+aCos[c+dx]) Sec[c +dx]%?dx

Optimal (type 4, 123 leaves, 8 steps):
2a+/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

+

d
2a~/Cos[c+dx] EllipticF[%(c+dx),2] vSec[c +dx]
+
3d
2a+/Sec[c+dx] Sin[c+dx] 2aSec[c+dx]3*?Sin[c+dXx]
+
d 3d

Result (type 5, 255leaves):
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1 1 2 | N 4 ej (c+d x)
———————a(1+Cos[c+dx])Sec[~ (c+dx)]|" |i~/2 et (c+dx ,
3<dfde21c> 2 1+e21(c+dx)

‘ ‘ : ) 1 1 3

3(1+e®t (@) 13 (m1+e?tC) (142t (dX Hypergeometric2F1[-—, =, =, —e?* (40 ] 4

4" 27 4
i (c+dX) 2ic 21 (c+dx) s 1 1 > 21 (c+dx)
e (-1+e?' ) /1+e Hypergeometric2Fl|[~, =, =, -e ]
4" 27 a4
(-1+e**¢) +/Sec[c+dx] (3Cos[dx]Csc[c]+Tan[c+dx])
Problem 293: Result unnecessarily involves higher level functions.
J(a+aCos[c+dx]) Sec[c+dx]32dx
Optimal (type 4, 97 leaves, 7 steps):
2a~/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]
- +
d
2a~/Cos[c+dx] EllipticF[i (c+dx), 2] V/Ssec[c+dx] 2a/Sec[csdx] Sin[c+dx]
N
d d
Result (type 5, 124 leaves):
1, . i(ced 2i (c+d : 11 3 2i (cod
-—2iaet(crdx) [—1+ 1+e?* (<9%) Hypergeometric2Fl[- =, =, =, -e?! (<X ],
d 4 2 4

, —e2H(@d0 T /secc+dx]

1
2

INERT

) )

I

el (e+dX) ([ 4 g21 (c+dX) Hyper‘geometr‘iCZFl[

Problem 294: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx]) VSec[c+dx] dx

Optimal (type 4, 75leaves, 6 steps):
ZaWEllipticE[% (c+dx), 2] VSec[c+dx]
d
ZaWEllipticF[i (c+dx), 2] VSec[c+dx]

d

+

Result (type 5, 141 leaves):
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21 +d
, —e i(c x)}

> +

5 .
, =, *@21(c+dx>]])/
4

- ( [2 ia [1 +e?t (@) 9 [14 et (¢4 Hypergeometric2Fl|-

N |

FNQUN
N w

2t (40X /14 g2t (¢+9%) Hypergeometric2F1|

)

FNQUPN
N R

(d (1+e?t (©9%) V/sec[c+dx] )

Problem 295: Result unnecessarily involves higher level functions.

Ja+aCos[c+dx]
\/Sec[c+dx]

Optimal (type 4, 101 leaves, 7 steps):
ZaWEllipticEE (c+dx), 2] \sec[c+dx]
d
2a\/m511ipticF[§ (c+dx), 2] VSec[c+dx]

dx

+

2aSin[c+dx]

.
3d 3d+/Sec[c+dx]

Result (type 5, 140 leaves):

ae?'c(-iCos[2c] +Sin[2c])

& jw

[ 12 Hypergeometric2Fi| - i, %, , —et(erdx ]
6 —

+2+/1+e?! (99 Hypergeometric2F1|
1+ eZJ'L (c+d x)

21‘1(c+dX>] Sec[c+dx] +21Sin[c+dx]

]/ (Bd\/Sec[c+dx] )

Problem 296: Result unnecessarily involves higher level functions.
Ja+aCos[c+dx]

dx
Sec[c+dx]3/?

Optimal (type 4, 127 leaves, 8 steps):
6a~/Cos[c+dx] EllipticE[i (c+dx), 2] V/Sec[c+dx]

+

5d
2a+/Cos[c+dx] EllipticF[% (c+dx), 2] V/sec[c+dx]
N
3d
2aSin[c+dx] 2aSin[c+dx]

5dSec[c+dx]?? ’ 3d+/Sec[c+dx]
Result (type 5, 224 leaves):
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1
120d

iae?! (<99 (1+Cos[c+dx])

[737]@@1 (c+d x) +33e21'1(c+dx) +39e4j(c+dx) +10651(c+dx) +3e6j1(c+dx) _

) - 1 1 3 ) )
72 €21 (140 14+ @2 * (<9%) Hypergeometric2Fl[-~, =, =, -e?! (94X ] ;49 3t (¢+dX)
4 2 4
21 (c+dx) s 1 1 > 21 (c+dx) 1 2
l+e Hypergeometric2F1[~, =, =, -e || sec[ = (c+dx)] V/sec[c+dx]
4 2 4 2

Problem 297: Result unnecessarily involves higher level functions.
Ja+aCos[c+dx]

Sec[c +dx]>/?

dx

Optimal (type 4, 151 leaves, 9steps):
6a+/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

+

5d
10a~/Cos[c +dx] EllipticF[i (c+dx), 2] Vsec[c+dx]
i
21d
2aSin[c+dx] 2aSin[c+dx] 10aSin[c +dx]
+

+
7dSec[c+dx]*? 5dSec[c+dx]*?* 21d+/Sec[c+dx]

Result (type 5, 198 leaves):

1 .
ae i (cdX) \/Sec[c+dx] (Cos[4 (c+dx)|+1Sin[4 (c+dx
L Vseclerdx] (cos[a [c-ax)] «isin[4 (cdx)])
. . 1 1 3 .
(—50411C05[c+dx] +504 1 et (€+dX) (1 4 @21 (c+dX) HypergeometriczFl[,—J =, =, —e?t (C+dX)] _
4 2 4
. 1 1 5 .
200 i /1 +e?* (<9 Hypergeometric2Fl|~, —, ~, ~e2! (4|
4 2 4
42sin[c+dx] +130Sin[2 (c+dx) | +42Sin[3 (c+dx) | +15Sin[4 (c+dx) |
Problem 298: Result unnecessarily involves higher level functions.
J(a+aCos[c+dx])ZSec[c+dx]7/2d1x
Optimal (type 4, 161 leaves, 9steps):
16 a2 +/Cos[c +d x] EllipticE[i (c+dx), 2] V/Ssec[c+dx]
- +
5d
432-/Cos[c+dx] EllipticF[% (c+dx), 2] V/Sec[c+dx] 16 a2\/Sec[c+dx] Sin[c+dx]
+ +
3d 5d
4a?Sec[c+dx]32?2Sin[c+dx] 2a?Sec[c+dx]>2Sin[c+dx]

+

3d 5d
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Result (type 5, 261 leaves):

La2 (1+Cos[c+dx])25ec[ (c+dxH4

30d

N |

1 (c+dXx)

_ 21,/ ejc+dx €

1

[12 (1+e2t ()
21

-l+e

) y — € +

12 (-1+e?'¢) y/1+e?* (“99 Hypergeometric2Fl[- -,

N |

21 (c+dx) ]

s e
5w

, —€ +

Sel (¢4 (L1, e2i¢)\[1+e?! (4% Hypergeometric2Fl[ =, =,

N |

21 (c+dx)]

NV

1
4’

VSec[c+dx] (24Cos[dx] Csc[c]+ (1@+3Sec[c+dx]) Tan[c+dx])

Problem 299: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])ZSec[c+dx]5/2dlx

Optimal (type 4, 131 leaves, 8steps):
4a2+/Cos[c+dx] EllipticE[i (c+dx), 2| V/sec[c+dx]

+

d
a2+/Cos[c +dx] EllipticF[i (c+dx), 2] V/Sec[c+dx]
N
3d
a?+/Sec[c+dx] Sin[c+dx] 2a?Sec[c+dx]32Sin[c+dXx]
+
d 3d
Result (type 5, 250 leaves):
1 1 1
—a? (1+Cos[c+dx])*Sec[~ (c+dx)]4 -
6d 2 ~1+e?
21 d 21 21 d 1 1 3 2 d
3(1+e®t(@9) 13 (—1+e? ¢) \J1+e?" (“9 Hypergeometric2F1[-—, =, =, —e*! (<4¥ ],
4> 2 4
i (c+dXx) 2ic 21 (c+dx) 1 1 > 21 (c+dx)
2e (-1+e?i ) J1+e Hypergeometric2F1[ =, =, =, -e 1+
4 2 4

VSec[c+dx] (6Cos[dx]Csc[c]+Tan[c+dx])

Problem 301: Result unnecessarily involves higher level functions.

J(a+aCos [c+dx] ) vSec[c+dx] dx
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Optimal (type 4, 107 leaves, 7 steps):
4a2+/Cos[c+dx] EllipticE[i (c+dx), 2| V/sec[c+dx]

+

d
8 a2+/Cos[c+dx] EllipticF[i (c+dx), 2] V/Ssec[c+dx]

2a%Sinf[c+dx]
.

3d 3d+/Sec[c+dx]
Result (type 5, 127 leaves):

24 i Hypergeometric2F1[-2, 1, 2, 21 (cxdx) ]
a2 4 2 4

+

1+ eZ]'l (c+d x)

bl 3 3

2 (—6 i-4i+/1+e?* (9 Hypergeometric2Fil|

N |

e?t (@4 ] secic+dx] +

H R
H |

Sin[c +dx]

J/ (3d\/Sec[c+dx] )

Problem 302: Result unnecessarily involves higher level functions.

dx

J(a+aCos[c+dx])2
\/Sec[c+dx]

Optimal (type 4, 135leaves, 8steps):
16 a2 +/Cos[c +d x] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

5d
4 a2-/Cos[c+dx] EllipticF[% (c+dx), 2] V/Sec[c+dx]

+

3d
2a%sin(c+dx] 4a?sin[c+dx]
+

S5dSec[c+dx]*? 34¢+/Sec[c+dx]
Result (type 5, 136 leaves):

192 i Hypergeometric2F1|[- i, i 2, —e2i(erdx ]

a’ |-961 +

1+ eZJ'l (c+d x)

401 +/1+e?" (<9 Hypergeometric2Fl| , —e?i(edo]

B Sec[c+dXx] +

N |
B~ w

48 Sin[c+dx] +6Sin[2 (c+dx) ] /(30d\/Sec[c+dx])

Problem 303: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])2

Sec[c+dx]3/?

dx
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Optimal (type 4, 161 leaves, 9steps):
12 a2+/Cos[c +dX] EllipticE[i (c+dx), 2| V/sec[c+dx]

+

5d
8a2~/Cos[c+dx] EllipticF[i (c+dx), 2] V/Sec[c+dx]
.
7d
2a2sinfc+dx] 43%Sin[c+dx] 8a2Sin[c+dx]
+

+
7dSec[c+dx]*? 5dSec[c+dx]*? 7d+/Sec(c+dx]

Result (type 5, 149 leaves):

672 i Hypergeometric2F1[-*, 1, 2, _g2i (c+dx) ]
22 4’ 2° 4 .
1+ (EZJ'L (c+d x)
. : 21 (c+dx s 1 1 > 21 (c+dx
2|-1681 -801i+/1+e?" (<9 Hypergeometric2Fl| =, —, =, -e?! (“9¥ | Sec[c+dx] +
4 2 4

85Sin[c+dx] +28Sin[2 (c+dx)] +5Sin[3 (c+dx)]

]/ (140dvSec[crdx] |

Problem 304: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])3Sec[c+dx]9/2d1x

Optimal (type 4, 187 leaves, 17 steps):
28 a3+/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]
i 5 d
52 a3+/Cos[c+dx] EllipticF[i(c+dx),2] Vsec[c+dx]  2ga3+/Sec[c+dx] Sin[c+dx]
+

21d 5d

52a3Sec[c+dx]3?Sin[c+dx] 6aSec[c+dx]>2Sin[c+dx] 2a3Sec[c+dx]7/2Sin[c+dXx]
+ +

21d 5d 7d

+

+

Result (type 5, 279 leaves):
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1 1 6
a3 (1+Cos[c+dx])35ec[f (c+dx>]
420d 2
1 i (e]'L (c+d x) )
_ 2]1 q/ et (c+d x) (147 <1+€21 (c+dx)> +
~1 4+ 2t 14+ @21 (crdx)
2ic 21 (c+dx) 1 1 3 21 (c+dx i (c+dX)
147 (-1+e*'¢)/1+e Hypergeometric2F1[-~, =, =, -e?* (4% ] ; 65¢*
4’ 2’ 4
2ic 21 (c+dx) 1 1 > 21 (c+dx)
(-1+e?i ) /1+e Hypergeometric2Fl|[~, =, =, -e || ++/secic+dx]
4 2 4

(294 Cos[dx] Csc[c] + (80 +63 Cos[c+dx] +65Cos[2 (c+dx)]|)Sec[c+dx]?Tan[c+dx])
Problem 305: Result unnecessarily involves higher level functions
J(a+aCos[c+dx])3Sec[c+dx]7/2d1x

Optimal (type 4, 157 leaves, 15 steps):

36a3+/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

5d
. . l /\/7
a3+/Cos[c+dx] E111pt1cF[2 (c+dx), 2] V/sec[c+dx] 36a3+/Sec[c+dx] Sin[c+dx]
+ +
d 5d
2a3Sec[c+dx]32Sin[c+dx] 2a*Sec[c+dx]°?Sin[c+dXx]
+
d 5d
Result (type 5, 259 leaves):
1 3 3 1 6 1 ) 4 (e]'L (c+d x)
——a® (1+Cos[c+dx])’sec[~ (c+dx)] |- 212 et (crdx) -
20d 2 ~1 4+ @2t 14 @2l (cvdx)
21 (c+dx 21ic 21 (c+dx) 1 1 3 2 c+d X
9 (1+e*t (@) 19 (~1+e?i¢) J1+e Hypergeometric2F1[- =, =, =, —e?* (<40
4 2 4
i (c+dXx) 2ic 21 (c+dx) 1 1 > 21 (c+dx)
5e (-1+e?t)J1+e Hypergeometric2F1[~, =, =, -e 1+
4" 2 4

(5+Sec[c+dx]) Tan[c+dx])

VSec[c+dx] (18Cos[dx] Csc[c] +

Problem 306: Result unnecessarily involves higher level functions
j(a+aCos[c+dx])3Sec[c+dx]5/2d1x

Optimal (type 4, 131 leaves, 13 steps):
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4 a3+/Cos[c+dx] EllipticE[% (c+dx), 2] V/Ssec[c+dx]

- +

d
20a3+/Cos[c+dx] EllipticF[i (c+dx), 2] V/Sec[c+dx]
+
3d
6a>+VSec[c+dx] Sin[c+dx] 2a3Sec[c+dx]32Sin[c+dx]
+
d 3d

Result (type 5, 157 leaves):

7i1'La3Sec[c+dx]3/2 -6-6Cos[2 (c+dx) ]+

3d
-21i (c+dx) 21i (c+dx) ) 3/2 . 113 21 (c+dx) 21 (c+dx)
6e (1+e )*'* Hypergeometric2F1[- =, =, =, -e | +20+/1+e
4’ 2’ 4
, 11 5 L. o o
Cos[c +dx] Hypergeometric2F1[ =, =, =, -e?* (<99 ] 424 Sin[c+dx] +91Sin[2 (c+dx) |
4> 2”7 4

Problem 307: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])3Sec[c+dx]3/2d1x

Optimal (type 4, 131 leaves, 13 steps):
4 a3+/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

d
20 a3m51lipticF[§ (c+dx), 2] VSec[c+dx]
3d :
2a%Sin[c+dx] +2a3\/msin[c+dx]
3d+/Sec[c+dx] d

Result (type 5, 135leaves):

; 2411Hypergeometr‘ic2F1[fi—, i, %, -2l (cxdx) ]
a +
1+ eZJ'l (c+d x)
. 1 1 5 .
2 (75]1710]1 1+e?t (4% Hypergeometric2Fl[ =, =, =, -e** (99 ] sec[c+dx] +
4 2 4

Sin[c +dx] +3Tan[c+dx])

/(3d\/Sec[c+dx1 )

Problem 308: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])3\/Sec[c+dx] dx

Optimal (type 4, 131 leaves, 13 steps):
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36a3+/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

+

5d
s oL JSecicrdx]
4a%+/Cos[c+dx] E111pt1cF[2 (c+dx), 2] V/sec[c+dx] ) 2a3sin[c+dx] +2a3Sin[c+dx]
d 5dSec[c+dx]*? d+/sec[c+dx]

Result (type 5, 137 leaves):
13
B B S
[33 2 4

144 i Hypergeometric2F1 |- i 21 (c+dx) |

+

)
1+ (eZJ'L (c+d x)

1

2 (—361‘1—201’1 1+e?t (<9%) Hypergeometric2Fl| =, =, =, -e*! (“4¥ | sec[c+dx] +

5
4

5P
N

10Sin[c+dx] +Sin[2 (c+dx) ]

/(10dx/5ec[c+dx] )

Problem 309: Result unnecessarily involves higher level functions.

(a+aCos[c+dx])3
J dx

\/Sec[c+dx]

Optimal (type 4, 161 leaves, 15 steps):
28 a3+/Cos[c+dx] EllipticE [i (c+dx), 2] V/sec[c+dx]

+

5d
52a3+/Cos[c+dx] EllipticF[i (c+dx), 2] V/sec[c+dx]
N
21d
2a*Sin[c+dx] 6a3Sin[c+dx] 52 a3Sin[c+dx]

+ +
7dSec[c+dx]®? 5dSec[c+dx]*? 21d+/Sec[c+dx]

Result (type 5, 146 leaves):

4704 i Hypergeometric2F1 |- i, i, i, -2l (crdx) ]
-2352 1 + -
1+ eZJi (c+d x)

a3

1040 i /1 +e?* (¢*9%) Hypergeometric2F1[~, =, =, -e?! ()] sec[c+dx] +

N |

N
FEV, |

1070 Sin[c +dx] +252Sin[2 (c+dx) | +30Sin|[3 (c+dx) ]

/(420d\/5ec[c+dx] )

Problem 310: Result unnecessarily involves higher level functions.

dx

j(a+aCos[c+dx])3

Sec[c +dx]3/?

Optimal (type 4, 187 leaves, 17 steps):
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68 a3~/Cos[c +dx] EllipticE[% (c+dx), 2] V/Sec[c+dXx]

N
15d
44 a3 +/Cos[c + d x] EllipticF[i (c+dx), 2] V/Sec[c+dx]

+
21d

2a3sin[c+dx] 6a>Sin[c+dx] 68 a3Sin[c+dx] 44 a3 Sin[c +dx]

+ + +
9dSec[c+dx]”/? 7dSec[c+dx]*? 45dSec[c+dx]*? 21d+/Sec[c+dx]
Result (type 5, 156 leaves):

22848 i Hypergeometric2Fil |- i, %, %, -2t (cvdx)

~5280 1)1+t (4%
1+ e2jL (c+d x)

a®|-114241i +

Hypergeometric2Fi |

) )

N |

, —e?t (@40 ] sec[c+dx] +5820Sin[c+dx] +

I
IRV

2044 Sin[2 (c+dx)] +540Sin[3 (c+dx) | +70Sin[4 (c+dx) | /(2520d\/5ec[c+dx] )

Problem 311: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])4Sec[c+dx]9/2dlx

Optimal (type 4, 187 leaves, 19 steps):
64 a*~/Cos|[c +dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

¥
5d

136 a* \/Cos [c + d X] EllipticF[i (c+dx), 2] Vsec[c+dx] 64 a*\/Sec[c+dx] Sin[c+dx]
+
21d

+

5d
94 a*Sec[c+dx]32Sin[c+dx] 8a*Sec[c+dx]*/?Sin[c+dx] 2a*Sec[c+dx]7/?2Sin[c+dx]
+ +
21d 5d 7d

Result (type 5, 271 leaves):

1 1

a* (1+Cos[c+dx])*sec|~ (c+dx>]8
840d 2
i (c+d Xx)
_ 1 4]-1\/7@7]1 (c+d x) € crax

-1+ e2tc

1+ e2]'1 (c+d x)

(168 (1+e2t ()

168 (-1+e?'¢) \/1+e?" (<9 Hypergeometric2F1|-

21 (c+d
s ,7el(+X)]+

N |

I
S jw

85 el (c+dx) (,1 + e”C) 1+ g2t (erdx) Hyper‘geome‘tr‘iCZFl[

) )

N |-

21 (c+dx
, —ertler )} +

ENI
IR

VSec[c+dx] (672Cos[dx] Csc[c] + (235+84Sec[c+dx] +15Sec[c+dx]?) Tan[c+dx])
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Problem 312: Result unnecessarily involves higher level functions.
J(a+aCos[c+dx])4Sec[c+dx]7/2d1x

Optimal (type 4, 161 leaves, 17 steps):

56 a% +/Cos [c + d X] EllipticE[i (c+dx), 2] V/sec[c+dx]
- +

5d
e 1 VSecicadx]
32a%+/Cos[c+dx] E111pt1cF[2 (c+dx), 2] V/sec[c+dx] ) 66 a%\/Sec[c+dx] Sin[c+dx] )
3d 5d
8a*Sec[c+dx]¥?Sin[c+dx] 2a*Sec[c+dx]°?Sin[c+dx]
+
3d 5d
Result (type 5, 278 leaves):
1 8
a* (1+Cos[c+dx])*Sec[~ (c+dx) ]

240d 2

1 ) ei (c+d x) )

_ 8 i /2 et (c+d x) (21 (1+e21(c+dx)) +
~1 4+ e2tc 1+ @2t (crdx)
i - 1 1 3
21 (-1+e?*¢) y/1+e?! (99 Hypergeometric2F1[-—, =, =, —e*! (d¥ ],
4 2 4
. . . 1 1 5
20’ (90 (—14e2iC) (/142 (<X Hypergeometric2F1[~, =, =, -e?! (@] 4
4 2 4
+30Cos[c] Sin[dx] +

VSec[c+dx] (-3 (-61+5Cos[2c]) Cos[dx] Csc[c]

2 (20+3Sec[c+dx]) Tan[c+dx])

Problem 314: Result unnecessarily involves higher level functions.
J(a+aCos[c+dx])4Sec[c+dx]3/2d1x

Optimal (type 4, 159 leaves, 16 steps):

56 a% v/Cos[c + d x] EllipticE[i (c+dx), 2] V/sec[c+dXx]
N

5d
32a%*+/Cos[c+dx] EllipticF[i (c+dx), 2] V/Ssec[c+dx]
+
3d
2a*Sin[c+dx] 8a%Sin[c +dx] 2a*+/Sec[c+dx] Sin[c+dx]
+
d

.
5dSec[c+dx]*? 3d+/Sec[c+dx]

Result (type 5, 150 leaves):
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672 i Hypergeometric2F1[- 2, 3, 2, 21 (c+d) ]
4 : 4’ 2° 4
a“ |-3361 + -
1+(E2].L (c+d x)
. 24 dx . 1 1 5 25 dx
320i +/1+e?® (“9% Hypergeometric2F1|~, —, =, -e*! (“9¥ ] sec[c+dx] +
4 2 4

/(30d\/Sec[c+dx} )

80 Sin[c+dx] +3Sec[c+dx] Sin[3 (c+dx)] +63Tan[c+dx}]

Problem 315: Result unnecessarily involves higher level functions.

J(a+aCos[c+dx])4\/Sec[c+dx] dx

Optimal (type 4, 161 leaves, 17 steps):
64 a* v/ Cos[c +d X] EllipticE[i (c+dx), 2| V/sec[c+dx]

+

5d
136 a* +/Cos[c + d x] EllipticF[i (c+dx), 2] V/sec[c+dx]
N
21d
2a*Sin[c+dx] 8a%Sin[c +dx] 94 a*Sin[c +dXx]
+

.
7dSec[c+dx]*? 5dSec[c+dx]*? 21d+/Sec[c+dx]

Result (type 5, 146 leaves):

10752 i Hypergeometric2F1[- 3, >, 2, —e?! (<42 |
a* |-53761 + -
1+<E2].L (c+d x)
. 21 (c+dx) . 1 1 > 21 (c+dx)
27201 +/1+e*! (9% Hypergeometric2F1[—, —, =, -e?! (4] sec[c+dx] +
4’ 27 a

1910 Sin[c+dx] +336Sin[2 (c+dx) | +30Sin|[3 (c+dx) ]

/ (420dx/5ec[c+dx] )

Problem 316: Result unnecessarily involves higher level functions.

(a+acCos[c+dx])*
J dx

\/Sec[c+dx]

Optimal (type 4, 187 leaves, 19 steps):
152 a*+/Cos[c +dx] EllipticE [i (c+dx), 2] V/sec[c+dx]

+

15d
32a%*+/Cos[c+dx] EllipticF[i (c+dx), 2] V/sec[c+dx]
N
7d
2a*Sin[c+dx] 8a%Sin[c +dx] 122 a* Sin[c +d x] 32a*Sin[c+dx]

+

+ +
9dSec[c+dx]”? 7dSec[c+dx]>? 45dSec[c+dx]*? 7d/Sec[c+dx]
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Result (type 5, 156 leaves):

51072 i Hypergeometric2Fl|- i, i, f’:, - @21 (crdx)

-115201 /1 + 2t (cxdX)
1+€2jL (c+d x)

a* |-255361 +

3 3

Hypergeometric2Fi |

N |

SR
NV

, —e?t (@99 ] sec[c+dx] +12248Sin[c+dx] +

3556 Sin[2 (c+dx) | +720Sin[3 (c+dx) | +78Sin[4 (c+dx) |

]/ (2520d\/5ec[c+dx] )

Problem 317: Result unnecessarily involves higher level functions.
J Sec[c+dx]>/?

a+acCosfc+dx]

dx

Optimal (type 4, 164 leaves, 9 steps):
3+/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

N
ad

5+/Cos[c +dx] EllipticF[i (c+dx), 2] V/sec[c+dx]

3ad )

3+/Sec[c+dx] Sin[c+dx] 5Sec[c+dx]3?Sin[c+dx] Sec[c+dx]>?2Sin[c+dXx]
. _
ad 3ad d(a+aSec[c+dx])
Result (type 5, 285leaves):
1

3ad (1+Cos[c+dx])

1 > 1 ) ei(c+dx) )
Cos[~ (c+dx)|" | ————2iV2 e? (@90 | —— [9 (1+ 2t (@)

2 ~1 4+ e2tc 1+erL(c+dx)

9 (71+e21'1c> 14+ @2t (cxdx)

Hyper‘geometr‘iCZFl[—l, 1, E, —e?t (c*dx)} ~ 5l (crdX)
4 2 4
. : _ 11 5 .
(-1+e2¢) \/1+ et (9% Hypergeometric2Fl| =, —, =, —e?! (9% || _~/Sec[c+dx]
4 2 4
1 o3 1
(18Cos[dx] Cscc] +Sec[c+dx] [-5Sec|[~ (c+dx)]|Sin[= (c+dx)]+Tan[ = (c+dx)] )
2 2 2

Problem 318: Result unnecessarily involves higher level functions.
J Sec[c +dx]3?

a+acCosfc+dx]

dx

Optimal (type 4, 136 leaves, 8steps):



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb

3+/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

ad

i(c+dx), 2] V/sec[c+dx] )

ad

3+Sec[c+dx] Sin[c+dX]
ad

VCos[c+dx] EllipticF|

Sec[c+dx]32Sin[c+dXx]

d(a+aSec[c+dx])

Result (type 5, 256 leaves):

1 2
Cos[ = (c+dx) |
2
1 ) ei (c+d x) ) )
—— / (EJL (c+d x) [3 (1+e21(c+dx)>+3<_1+e21c)
d<_1+ezilc) 1+(EZJ'1(C+dX)
- 1 1 3
1+e?! (4% Hypergeometric2Fl[-—, =, =, —e?! (40 ]
4 2 4
1 (c+d Xx) 21ic 21 (c+dx) 1 1 > 21 (c+dx)
e (-1+e** ) \/1+e Hypergeometric2F1[~, =, =, -e |+
4 2 4

\/Sec[c+dx] (6Cos[dx1 Csc[c] -2Tan[2 (c+dx)])

y /(a(1+Cos[c+dx]))

Problem 319: Result unnecessarily involves higher level functions.
J \/Sec[c+dx]

a+aCos[c+dx]

dx

Optimal (type 4, 110leaves, 7 steps):

r/Cos[c +dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

ad
\/Cos[c+dx] EllipticF[i (c+dx),

+

2] Vseclc+dX]  \/Secic dx] sin[c+dx]

d(a+aSec[c+dx])

ad

Result (type 5, 180leaves):

—([41‘1Cos[1

A (c+dx)]”

(1 st ed0 (14 el (90 ([14 e (999 Hypergeometric2F1

b y» —€©

N |

21 (c+dx) }

Sw

21

el (c+dXx) <1+eﬁ(c+dX>> 1+e

(€+dX) Hypergeometric2F1| =,

/(ad(1+eﬂ<c+dx>)3))

b y» —€©

=
-l>|m'b|

[-
1 21’1(c+dx)}
2

e

\/Sec[c+dx]

| 187



188 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

Problem 320: Result unnecessarily involves higher level functions.

1
dx

J(a+aCos[c+dx]) vSec[c+dx]

Optimal (type 4, 110leaves, 7 steps):
\/Cos[c +dx] EllipticE[% (c+dx), 2] V/sec[c+dx]
- +

ad

\/Cos[c +dx] EllipticF[i (c+dx), 2] V/sec[c+dx] VSec[c+dx] Sin[c+dx]
N

d(a+aSec[c+dx])

ad

Result (type 5, 181 leaves):

1 2
—([41‘1Cos[— (c+dx)]
2
2 c+d X 1 (c+dx 21 (c+dx s 1 1 3 21 (c+dx
—1-e?t (00 (14 et (40 (14 e2F (19X Hypergeometric2F1[- =, —, =, —e?! (4],
4 2 4
21 (c+dx) s 1 1 > 21 (c+dx
1+e?! (©dX) Hypergeometric2Fl| =, =, =, -e?* (14X ]
4 2 4

(Ei (c+d x) (1 + e]‘l (c+dx))

v/Sec[c+dx] /(ad (1+eﬁ(c*dx))3))

Problem 321: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
J 1
(a+acCos[c+dx]) Sec[c+dx]*?

Optimal (type 4, 112leaves, 7 steps):
3+/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

ad

v/Cos[c +dx] EllipticF[i (c+dx), 2] V/sec[c+dx] VSec[c+dx] Sin[c+dx]

d(a+aSec[c+dx])

ad

Result (type 5, 311 leaves):
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1 2 1 ) (ei (c+d x) )
COS[_ (C+dX>] 7'2]1\/7@—1 (c+d x) _ (3 (1+621(c+dx)> +
2 d(-1+e?t€) 14 @2l (crdx)
. , , 1 1 3
3(-1+e? ) \[1+e*! (9% Hypergeometric2F1|- — e —e?t (e ]y
4 4
el (cxdx) (_1+6211c) 14+ @2t (c+dx) Hyper‘geometr‘iczFl 11 l, 5, _e?t (c+dx)}) _ i
4 2 4 2d
1 1 1 1
Cos[; (c-dx) ] +2Cos[; (3c+dx) | +2Cos[; (c+3dx) | +Cos[g (5c+3dx”)

Csc[i] Sec[g] Sec[l (c+dx)] vSec[c+dx] /(a (1+Cos[c+dx]))

2 2 2

Problem 322: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J(a+aCos[c+dx]) Sec[c+dx]®/2

dx

Optimal (type 4, 140 leaves, 8steps):
3+/Cos[c +dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

ad
5+/Cos[c+dx] EllipticF[i (c+dx), 2| V/sec[c+dx]
+
3ad
5Sin[c +dx] Sin[c +dx]

3ad~/Sec[c+dx] d+/Sec[c+dx] (a+aSec[c+dx])

Result (type 5, 374 leaves):
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‘ e]’L (c+d x) c dx.2
_ 21 /2 e—]L(C+dX) COS[_+_] (9 <1+621(C+dX)>+
14 @21 (c+dXx) 2 2
2ic 21 (c+dx s 1 1 3 21 (c+dx)
9 (-1+e* ) /1+e ) Hypergeometric2F1[-~, =, =, -e |+
4 2 4

1 (c+d Xx) 2ic 21 (c+dx) s 1 1 > 21 (c+dx)

5e (-1+e?i¢)/1re Hypergeometric2F1[ =, =, =, -e ]
4 2 4

(3d (-1+e®*¢) (a+aCos[c+dx])) |+ Cos[£+—]
a+acCos[c+dx] 2 2

(2+Cos[2c]) Cos[dx] Csc[i] Sec[i] 2Cos[2dx] Sin[2c]

\/Sec[c+dx]
d 3d

25ec[§]5ec[§+dx]sin[7] 4Cos[c] Sin[dx] 2Cos[2c] Sin[2dx] 2Tan[§]
_ . _
d d 3d d

Problem 323: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
(a+acCos[c+dx]) Sec[c+dx]7/?

Optimal (type 4, 168 leaves, 9steps):
21+/Cos[c +dx] EllipticE[i (c+dx), 2| V/sec[c+dx]

5ad
5+/Cos[c+dx] EllipticF[i (c+dx), 2] V/sec[c+dx]
+
3ad
7Sin[c +dx] 5Sin[c+dXx] Sin[c +dx]

5adSec[c+dx]3? ) 3ad+/Sec[c+dx] 7d5ec[c+dx13/2 (a+asec[c+dx])

Result (type 5, 341leaves):
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1

60ad (1+Cos[c+dx])

1 ) 1 . e el (c+dx) )i e
Cos[= (c+dx)| | ————8i+V2 e’ (<9 [63(1+e““ )
2 ~1 4+ e2ic 14+ @21 (c+dx)
) - 1 1 3 .
63 (-1+e?'¢) y/1+e?! (“99 Hypergeometric2F1[-—, —, =, -e?! (40 ]
4> 27 4
1 (c+d Xx) 2ic 21 (c+dx) 3 1 1 > 21 (c+dx
25 (00 (~14e?iC) lre Hypergeometric2F1[ =, =, =, -?* (¢4
4 2 4

\/Sec[c+dx] (18 (17 +11Cos[2c]) Cos[dx] Csc[c] +

4 (10Cos[2dx] Sin[2c] -3Cos[3dx] Sin[3c] —3esec[5} Sec|

: (cvdx)]sin[2X] -

2

N |-

99 Cos[c] Sin[dx] +10Cos[2c] Sin[2dx] -3 Cos[3 c] Sin[3d ] —30Tan[£})]
2

Problem 324: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

j Sec[c +dx]°/?

(a+aCos[c+dx])2

Optimal (type 4, 202 leaves, 10 steps):
7+/Cos[c +dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

a’d
. . 1
10 +/Cos[c +d x] E111pt1cF[;<c+dx),2} \/Sec[c+dx] 77msin[c+dx] )
3a%d a’d

10Sec[c+dx]3?Sin[c+dx] 7Sec[c+dx]>?Sin[c+dx] Sec[c+dx]7/?2Sin[c+dx]
3a2d 3a2d (1+Sec[c+dx]) 3d (a+asSec[c+dx])?

Result (type 5, 443 leaves):
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el (c+dx) c dx,a C
7N2 et 2ed0 | ————— Cos|[—+—| Csc[—]
1+e21(c+dx) 2 2 2
21 (c+dx 2ic 21 (c+dx) 1 1 3 21 (c+dx
1+t (@94 (L14+e?t¢) \J1+e?t (“9% Hypergeometric2F1[-~, —, —, -e?! (4% ]
4> 2 4

Sec[%] /(d (a+aCos[C+dX])2> +

(29Cos[£+f} V/Cos[c+dx] Csc|— }ElllptlcF[l(c+dx),2] Sec[g]
2 2 2 2

Cos[£+ dfx}4\/5ec[c+dx1

\Sec[c+dx] Sin[c})/(Bd (a+aCos[c+dx1>2) +
2 2

14 Cos [d x] Csc[i} Sec[i] 4Sec[£] Sec[c] (—3Sin[§} +5$in[3?°”
- + +

d 3d

BZSeC[ﬂSec[£ TX]Sln[TX] ZSec[i]Sec{i 2} Sln[T"]
+ +

3d 3d

N

8Sec[c] Sec[c +dx] Sin[dx] ZSec[i dTX]ZTan[i]]]/<a 2 Cos[c s dx]|
+ +

+

3d 3d

Problem 325: Result unnecessarily involves higher level functions.
J Sec[c +dx]3/?

(a+aCos[c+dx])?

dx

Optimal (type 4, 176 leaves, 9 steps):
4-/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]

a%d
5+/Cos[c+dx] EllipticF[i (c+dx), 2] V/Sec[c+dx]
N
3a%d

4+/Sec[c+dx] Sin[c+dx] 5Sec[c+dx]32Sin[c+dx] Sec[c+dx]°/?2Sin[c+dXx]

a2d 3a%d (1+Sec[c+dx]) 3d(a+aSec[c+dx])2

Result (type 5, 259 leaves):
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1

6a2d (1+Cos[c+dx])?

e i (2c4dx) Cos[l (c +dx>] \/Sec[c+dx]

2

12 1 @21 (cvdx) <1+ei (c+dx)>3 14 @21 (crdx)

Hypergeometric2F1 |-

3

N |

, _ezi(mdx)] +40Cos[l (C+dx)]3m

2

AR
-
Hjw

EllipticF[l (c+dx), 2]

A Cos[l(c+dx>]+isin[l(c+dx”

2 2

i (29+50Cos[c+dx] +17Cos[2 (c+dx)]-12iSin[c+dx] -7iSin[2 (c+dx)])

(Cos[% (3c+dx) ]| +]'lSin[§ (3c+dx)]

Problem 326: Result unnecessarily involves higher level functions.
J \Sec[c+dx]
(

a+aCos[c+dx])2

dx

Optimal (type 4, 149leaves, 8 steps):
r/Cos[c +dx] EllipticE[% (c+dx), 2] V/Sec[c+dx]
a2d

2+/Cos[c+dx] EllipticF[i (c+dx], 2| V/sec[c+dx]

+

3a%d
VSec[c+dx] Sin[c+dx] Sec[c+dx]32Sin[c+dx]
a’d (1+Sec[c+dx]) 3d<a+aSec[c+de)2

Result (type 5, 249 leaves):

1 . 1
e (2 cos[ = (c+dx) | V/Sec[c+dXx]
6a2d<1+Cos[c+dx])2 2
. i - 1 1 3 i
[3 i ele (c+d x) <1+e1 (c+dx))3 1+e21 (c+d x) Hypergeometr‘icZFl[—*, =, =, 7@21 (c+dx)} 4
4 2 4

16 Cos |

(c+dx>]3\/Cos[c+dx] Ellip‘cicF[1 (c+dx), 2]
2

Lanll SRR

(Cos[g (c+dx)] +jSin[§ (c+dx) ]

i(5+14Cos[c+dx] +5Cos[2 (c+dx)]-iSin[2 (c+dx)])

Cos[% (3c+dx)]+i$in[§ (3c+dx>])

Problem 328: Result unnecessarily involves higher level functions.

1
J dx
(a+aCos[cerx])ZSec[c:+dx]3/2
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Optimal (type 4, 149leaves, 8 steps):
mEllipticEE (c+dx), 2] V/Sec[c+dx]
) azd
ZmEllipticFE (c+dx), 2] VSec[c+dx]
3a%d
vSec[c+dx] Sin[c+dx] Sec[c+dx]32Sin[c+dx]
a?d (1+Sec[c+dx]) ) 3d(a+aSec[c+dx])2

+

+

Result (type 5, 247 leaves):
1

6a2d (1+Cos[c+dx])2

e (2c+dx) Cos[l (c+dx)] vSec[c+dx]

2

(c+dx)]3\/Cos[c+dx]

16 Cos |

N |

EllipticF|

N |

<c+dx>,2}

Cos[% (c+dx) ] +jSin[§ (c+dx)]

i [—7—10Cos[c+dx] ~7Cos[2 (c+dx)] +3e 2t (a0 (14l (crdx))3 g4 @21 (crdx)

|

Hypergeometric2F1 |-

N |

—e?t (@99 _isin[2 (c+dx)]

3 3

1 3
4 4’
(3c+dx>])

Cos[= (3c+dx) | +isSin|

N |
N |

Problem 329: Result unnecessarily involves higher level functions.
1

j dx
(a+aCos[c+dx])ZSec[c+dx]5/2

Optimal (type 4, 152 leaves, 8 steps):

4-/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

a%d

5+/Cos[c+dx] EllipticF[i (c+dx), 2] V/Ssec[c+dx]

3a%d
5+Sec[c+dx] Sin[c+dx] +Sec[c+dx] Sin[c+dXx]

3a2d (1+Sec[c+dx]) 3d(a+aSec[c:+dx])2

Result (type 5, 231 leaves):
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i

i e—3i (c+d x) (1 + e]‘l (c+dx)> (9 +20 e]’l (c+d x) + 25 (eZJi (c+d x) +23 e31‘1 (c+d x) +16 e4i (c+d x) +

351 (1) _5j el (crdx) (1 ¢t <C+‘1X>)3\/m5111pticF[1 (c+dx), 2] -
2

12 (1+ei(c+dx)>3 1+e21’1(c+dx) s , —@

Hypergeometric2F1 |- 21 (cxdx) |

N |
Hjw

FNQUPN
-

vSec[c+dx] /(12a2d (1+Cos[c+dx})2>

Problem 330: Result unnecessarily involves higher level functions.

1

J dx
(a+aCos[c+dx])ZSec[c+dx]7/2

Optimal (type 4, 178 leaves, 9 steps):
7~/ Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

+

a2d
e 71 JSecicrdx]
18 +/Cos[c +d x] E111pt1cF[2 (c+dx), 2] V/sec[c+dx] ) 10sin[c+dx]
3a’d 3a2d+/Sec[c+dx]
7Sin[c +dXx] Sin[c +dx]

3a?d+/Sec[c+dx] (1+Sec[c+dx]) 3d+Sec[c+dx] (a+aSec[c+dx])2

Result (type 5, 270leaves):

Cos| (c+dx>]4

N |

40+/Cos[c +dx] EllipticF[i (c+dx), 2] V/sec[c+dx]
d

¥ (2 i (e—ZJi (c+d x) [1 +33 (Ejl (c+d x) ¥

73 eZ]i (c+d x) + 87 (e31'1 (c+d x) +81 e4]'L (c+d x) +53 eS]i (c+d x) +9 e6]'L (c+dx) _ (e71'1 (c+dx) _

y — €

42 el (44X (14 el (€d0))3 (/14 21 (<4 Hypergeometric2Fl|- )

/(d (1+‘ei(c+dx)>3)”/ (3a2 (1+Cos[c+dx}>2)

N |

21 (c+dx) }

ENRI
.
Aw

\/Sec[c+dx]

Problem 331: Result unnecessarily involves higher level functions.

1

J dx
(a+acCos[c+dx])*Sec[c+dx]®?

Optimal (type 4, 200 leaves, 10 steps):
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56 +/Cos[c +d x] EllipticE[% (c+dx), 2] V/Sec[c+dx]

5ad
— 1 VSec[crdx]
5+/Cos[c+dx] E111p‘c1cF[Z (c+dx), 2] V/sec[c+dx] ) 56 Sin[c + d x] )
a2d 15a%dSec[c +dx]3/?
5Sin[c+dx] 3Sin[c+dx] Sin[c+dx]

a?d+/Sec[c+dx] a’dSec[c+dx]¥? (1+Sec[c+dx]) 3dSec[c+dx]??2 (a+aSec[c+dx})2

Result (type 5, 298 leaves):
1

15824 (1+ et (crdx)?

. 1 4 . . :
4iet (@99 cos[ = (c+dx) | (73+11 el (14X 1594 @21 (€1dX) 4 1756 g3 * (¢4 4
2

1378 e4]'L (c+d x) +1310 eS]i (c+d x) + 860 e6]i (c+d x) + 168 e7]i (c+dx) _ 11 esj (c+d x) +3 eg]i (c+dx) _

: . 1 .
3001 @31 (<r4%) (14 et (40)3/Cos[c+dx] EllipticF|[~ (c+dx), 2] -6722% (<40

oR N

(1+e (<90 /1+ et (d% pypergeometric2Fl|-

, —e?t (40 ] /sec e+ dx]

3
4

3

FNQUN

Problem 332: Result unnecessarily involves higher level functions.

Sec[c +dx]3/?
J( dx

a+aCos[c+dx])3

Optimal (type 4, 221 leaves, 10 steps):
49+/Cos[c +dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

10a3d
c s o1 VSecicidx]
13+/Cos[c +dX] E111pt1cF[2 <c+dx),2} Sec[c+dx]  49+/Sec[c+dx] Sin[c+dx]
N _
6ad 10a3d

Sec[c+dx]7/2Sin[c+dx] 8Sec[c+dx]°?Sin[c+dx] 13Sec[c+dx]32Sin[c+dx]

5d (a+aSec[c+dx])> 15ad (a+aSec[c+dx])? 6d (a*+a’Sec[c+dx])

Result (type 5, 363 leaves):
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1

15a%d (1+Cos[c+dx])>

i (c+dXx)
2Cos[l(c+dx>]6 - ! 2]].\/_<Ejl (c+dx) e o

——————— 147 (1+ e (99 4
2 ~1 4+ 2t 1+e2j(c+dx)

147 (-1+e*'¢) \/1+e?* (<9 Hypergeometric2F1|- , Ty —edileda]

4>||—\
N |

s
njw

65! (%) (14 e2i¢) /142! (<90 Hypergeometric2Fl| -,

N |-

2 d
, e i (c+ X)})+

N

)

— b

S (1284Cos[l (c—dx” +921 Cos |

3 d 1243 C —
» A (3c+ x)]+ os|

3d
A C+ x>]+

N |
| =

374Cos[l (5c+3dx)] + 670 Cos (3c+5dx)] +65Cos[l (7c+5dx” +
2 2 2

147Cos[1 (5c+7dx) | Csc[i] Sec[i] Sec[l (c+dx)]5\/5ec[c+dx]

2 2 2 2

Problem 333: Result unnecessarily involves higher level functions.
J \/Sec[c+dx]
(

a+aCos[c+dx])3

dx

Optimal (type 4, 195leaves, 9 steps):
9mﬂliptice[§ (c+dx), 2] VSec[c+dx]
10ad
mEllipticF[i (c+dx), 2] V/Sec[c+dx]

+

Sec[c+dx]°/2Sin[c +dx]

2a%d 5d (a+aSec[c+dx])>
2Sec[c+dx]3¥2sin[c+dx] 9+/Sec[c+dx] Sin[c+dx]
5ad(a+aSec[c+dx])2 10d(a3+a35ec[c+dx])

Result (type 5, 281 leaves):

1 ) 1
e—]l (2 c+d x) Cos[f <c+dx>] SeC[CerXJ
40a3d(1+Cos[c+dX])3 2
.34 (cadx) i (c+dx) )5 21 (c+dx) 1 1 3 21 (c+dx)
9i e <1+e ) l+re Hyper‘geometr‘1c2F1[—Z E, Z, -¢€ } M

1 5 s s 1
160 Cos |~ (c+dx)| ~/Cos[c+dx] EllipticF|[= (c+dx), 2]
2 2

(Cos[% (c+dx)] +JiSin[§ (c+dx)]

23 (34+69Cos[c+dx] +34Cos[2 (c+dx)]|+7Cos[3 (c+dx)]|-2iSin[c+dx] -

Cos[l (3c+dx) | Jr]'LSin[1 (3c+dx) |

GjSin[Z(c+dx)]—21'lsin[3(c+dx)])] N 5
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Problem 334: Result unnecessarily involves higher level functions.
1

dx
J(a+aCos[c+dx])3\/5ec[c+dx]

Optimal (type 4, 195leaves, 9steps):
rfCos[c +dx] EllipticE[% (c+dx), 2] V/Sec[c+dx]

+
10a%d

\/Cos[c+dx] EllipticF[% (c+dx), 2] V/sec[c+dx] Sec[c+dx]¥2sin[c+dx]

6ad

4+/Sec[c+dx] Sin[c+dx] +/Sec[c+dx] Sin[c+dX]
+
15ad<a+aSec[c+dx1)2

6d (a®+a*Sec[c+dx])
Result (type 5, 363 leaves):

1

2 Cos |

N |

15a-"d(1+Cos[c+dx])3 -1+e2ic

(3 (1+e2(@d¥) 13 (~1+e2'¢) \/1+e?! (9 Hypergeometric2F1|-

) )

N
N | R

, . - 1 5
Sel (4 (_14e?iC) \[14+e2t (X Hypergeometric2F1[~, =, =
2 4

a PR

1 1
— |36 C — -d 9C
32( os[z(c x) ] +9Cos|

N |

<3C+dx)]+7COS[ (C+3

N |

x) | +26 Cos |

N |

10 Cos |

N |

(3c+5dx” +5Cos[% (7c+5dx” +3C05[§ (5c+7dx”

C @ 1 5
C —|S —|S — d S d
sc[z} ec[z} ec[2<c+ x) | V/sec[c+dx]

Problem 335: Result unnecessarily involves higher level functions.
1

J dx
(a+acCos[c+dx

])?secc+dx]32

Optimal (type 4, 195leaves, 9 steps):
\/Cos[c +dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

N
10ad
v/ Cos[c+dx] EllipticF[i (c+dx), 2] V/sec[c+dx]

.
6ad

Sec[c+dx]3*?2Sin[c+dx] +Sec[c+dx] Sin[c+dx] +/Sec[c+dx] Sin[c+dXx]
- +
5d (a+aSec[c+dx])3

15ad(a+aSec[c+dx])2 6d (a®+a’Sec[c+dx])

W

5d (a+aSec[c+dx])>

1 ) 1 (c+dx)
(c+dx”6 ——2i+2 ellerdx) L
i 14+ @21 (c+dx)

)

21 d
, —e i (c+ x)]

-e

21 (C+dx)} _

(5c+3dx) ]+
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Result (type 5, 363 leaves):
1

15a3d (1+Cos[c+dx])3

2Cos[1 (c+dx>]6 ot —2i /2 et (crdX) 3 (1+e?t (),
2 -1+ e2tc
i . 1 1 3 .
3(-1+e2i¢) \/1+e?! (9% Hypergeometric2Fl[-—, =, =, -e?* (<40 ]
4 2 4
) . . 1 1 5 X
Sel (X (14e?t€) ([14e2t (X Hypergeometric2F1[~, =, =, 7e“(c*dx)]] +
4 2 4
! 36Cos[1 (c-dx) ] 9cOs[1 (3c+dx)] 17Cos[1 (c+3dx) | 16Cos[1 (5c+3dx) |
— — - + — + + — + + — + +
32 2 2 2 2
zecOs[l (3c+5dx) | —SCOS[l (7c+5dx) | +3Cos[l (5c+7dx) |
2 2 2
C C 1 5
C —1S —1S — d S d
sc[z} ec[z} ec[z(c+ x) | Vsec[c+dx]
Problem 336: Result unnecessarily involves higher level functions.
1
J dx
(a+aCos[c+dx])3Sec[c+dx]5/2
Optimal (type 4, 195leaves, 9 steps):
9+/Cos[c+dx] EllipticE[i (c+dx), 2] V/Ssec[c+dx]
} 10a3d :
v Cos[c+dx] EllipticF[% (c+dx), 2| Vsec[c+dx] Sec[c+dx]¥2sin[c+dx]
- +
2a3d 5d (a+aSec[c+dx])>
2+/Sec[c+dx] Sin[c+dx] +Sec[c+dx] Sin[c+dXx]
+
5ad (a+aSec[c+dx])? 2d (a*+a®Sec[c+dx])

Result (type 5, 281 leaves):
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1

e—]‘l (2 c+d x) COS[

N |

<c+dx)] vSec[c+dx]

40a*d (1+Cos[c+dx])>

[_9]3_@731'1 (c+dx) (1+<Ejl (c+dx)>5 1+e2]'1 (c+dx) Hyper‘geome‘tr‘iCZFl[—l, 1, i, _621(c+dx)]
4" 2 4
1 5 1
160 Cos |~ (c+dx) ] v/ Cos[c+dx] EllipticF[; (c+dx), 2]
2
1 1
(Cos[g(c+dx)]+isin[;(c+dx)] +
2i (34+64Cos[c+dx] +34Cos[2 (c+dx)]|+12Cos[3 (c+dx)]|+3iSin[c+dx]+
41151n[2(c+dx)]+3j$in[3(c+dx)])] Cos[l(3c+dx”+isin[l(3c+dx”
2 2

Problem 337: Result unnecessarily involves higher level functions.

1

J dx
(a+aCos[c+dx])SSec[c+dx]7/2

Optimal (type 4, 195leaves, 9 steps):

49 +/Cos[c +dx] EllipticE[i (c+dx), 2] V/Sec[c+dx]

10a%d
13+/Cos[c+dx] EllipticF[> (c+dx), 2] v/Sec[c+dx] ~Sec[c+dx] sinfc+dx]
6a*d 5d(a+aSec[c+dx])?
8+/Sec[c+dx] Sin[c+dx] 13+/Sec[c+dx] Sin[c+dX]
15ad (a+aSec[c+dx])? 6d (a®+a*Sec[c+dx])

Result (type 5, 378 leaves):
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1

15a%d (1+Cos[c+dx])>

1 6 1 ) e]i (c+d x) )
2Cos|[ = (c+dx)| | ————2iV2 et (0 | — {147 (1+e2® (a0
2 *1+@21c 1+621(C+dx)
. ) 1 1 3 )
147 (-1+e* ) /142t (X Hypergeometric2F1[-~, =, =, —e?* (<40 ] 4
4> 2 4
65 et (c+dx) (-1+e?t¢) \J1+e?! (c+dx) Hyper‘geometr‘icZFl[l, 1, E, -e?t (C*dx>]] -
4 2 4
! 1134Cos{1 (c dx)] 1071Cos[1 (3¢ dx)] 923Cos[1 (c 3dx>]
— - (c- + — + + — (c+ +
32 2 2 2
694Cos[l (5c+3dx)] +470Cos[l (3c+5dx)] +
2 2
1 1 1
265 Cos |~ (7c+5dx) | +117Cos[; (5c+7dx) | +30Cos[; (9c+7dx>])
2

Csc[%} Sec[%} Sec|

N |

<c+dx)]5\/5ec[c+dx]

Problem 338: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

J dx
(a+acCos[c+dx])®Sec[c+dx]®?

Optimal (type 4, 221 leaves, 10 steps):
119+/Cos[c +dx] EllipticE [% (c+dx), 2] V/sec[c+dx]

+
10a3d

11+/Cos[c +dx] EllipticF[i (c+dx), 2] V/Sec[c+dx]

+

2a3d
11Sin[c +dXx] Sin[c +dx]
2a3d+/Sec[c+dx] 5d+/Sec[c+dx] (a+aSec[c+dx})3
2Sin[c+dx] 119Sin[c +d x]

3ad+/Sec[c+dx] (a+aSec[c+dx])2 30d+/Sec[c+dx] (a®+a’Sec[c+dx])
Result (type 5, 521 leaves):
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i (c+dXx)
~ 1192 et (2¢rdx) ¥C05[5+d—x]6Csc[E}
14 @2l (c+dXx) 2 2 2
) . . 1 1 3 )
[1+e“(c*dx>+(—1+e2“) 1+e?! (¢4 Hypergeometric2F1[-—, =, =, -e?* (<40
4> 2 4
Sec[g] /(5d(a+aCos[c+dx])3) +
2
(22Cos[£+f} V/Cos[c+dx] Csc|— }ElllptlcF[l(c+dx),2]
2 2 2
Sec[ ]\/Sec c+dx] SinJ )/
(d (a+aCos[c+dx])3)+ Cos[£+d—x]6\/5ec[c+dx]
2 2
2 (89+30Cos[2c]) Cos[dX] cSc[i] Sec[i] 8Cos[2dx] Sin[2c]
5d : 3d )
172sec[ <] sec[ €+ 9] sin[ 4] +sss«ec[ﬂ Sec[ €+ 9x]7sin[4x] )
3d 15d
ZSec[E]Sec[i TX] Sln[TX] 48 Cos[c] Sin[dx] 8Cos[2c] Sin[2dx]
_ + _
5d d 3d
172 Tan[$] 88Sec|S+ d—X}ZTan[S] 2Sec[ S+ d—x]4Tan[5]
-, 2 2 2- _ 22 2 /(a+aCos[c+dx])3
3d 15d 5d

Problem 343: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx] v/Sec[c+dx] dx

Optimal (type 3, 57 leaves, 3 steps):
zﬁArcSin[M] vfCos[c+dx] ~/Sec[c+dx]

a+a Cos[c+d x]

d

Result (type 3, 216 leaves):
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[j\/a (1+Cos[c+dx])

(Ar‘cTanh[ Cos[i] +iSin[£]] \/(1+e”dx) Cos[c] +i (-1+e*'9¥) sin[c] | -
2 2
Log[2 eidXCos[E] +Ji<eidXSin[S] +\/ (1+e?*9%) Cos[c] +1i (-1+e?*9%) Sin[c] )])
2 2

Sec[% (c+dx)]

cos[%"} +JiSin[d7X])

/

(\/?d\/Sec[c+dx] \/Cos[c+dx1 (Cos[dx] +isSin[dx]) )

Problem 344: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx1
VSec[c+dx]

dx

Optimal (type 3, 92 leaves, 4 steps):

\/?Arcsin[m—] v/Cos[c+dx] ~/Sec[c+dx]

+/ a+aCos[c+dx] asSin[c+dx]
+
d

dva+aCos[c+dx] +/Sec[c+dx]
Result (type 3, 349leaves):
1

2+/2 d+/Sec[c+dx] \/Cos[c+dx] (Cos[dx] +1iSin[dx])

\/a (1+Cosfc+dx]) Sec[l(c+dx)] [7]1Cos[d—x}
2 2
LOg[Z eidXCOS[S] +J'leidXSin[S] +\/(1+<e2]ldx> Cos[c] +1 (—1+e21dx> Sin[c] )] +
2 2
iArcTanh[(Cos[E] +JiSin[£]] \/(1+e“dx) Cos[c] +i (-1+e?* %) sin[c] |
2 2
d x d x
Cos[~] +isin|[—
(os[ A | +isin| A ]]+

Log|[2 (ejdXCos[E] +jejdxsin[£] +\/(1+e“dx) Cos[c] +i (-1+e*'9¥) sin[c] )]
2 2

Sin[d—x} +2\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin{1 (c+dx)]
2 2

Problem 345: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aCos[c+dx}

Sec[c+dx]3/?

Optimal (type 3, 136 leaves, 5 steps):
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BHArcSin[m] v/Cos[c+dx] /Sec[c+dx]

a+a Cos[c+d x]

+

4d

aSin[c+dx] 3aSin[c+dx]
+

2d+/a+aCos[c+dx] Sec[c+dx]32 4d~a+aCos[c+dx] /Sec[c+dx]

Result (type 3, 391 leaves):
1

82 d+/Sec[c+dx] \/Cos[c+dx] (Cos[dx] +iSin[dx])

Ja(1+Cos[c+dx]) Sec[i (c+dx)] [-31@5[%"}
Log[2 eichOs[i] +jeidXSin[§] +f (1+e229%) Cos[c] +1 (~1+e?%%) sin[c] J] .
3 i ArcTanh | cOs[g} +jSin[§]) J(1+e2i9%) Cosfc] +i (-1+e2'9%) sin[c] |
dx dx
(Cos[7]+jsin[?] +
3Log[2 eidXCos[g} +]1eid><s:1n[§} +f (L+e279%) Cos[c] +1i (~1+e* %) sin[c] ]]
Sin[dTX} +4\E\/COS[C+dX] (Cos[dx] +iSin[dx]) Sin[% (c+dx)]+

2\/?\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dx)]

N W

Problem 349: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])3/25ec[c+dx13/2d1x

Optimal (type 3, 96 leaves, 5steps):
2a%/? Ar‘cSin[M] \/Cos[c+dx] ~/Sec[c+dx]

+/ a+aCos[c+dx] 2a%+/Sec[c+dx] Sin[c+dx]
+
d d+va+aCos[c+dx]

Result (type 3, 297 leaves):
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1

d/(1+e*i9%) cos[c] +i (-1+e?i9) Sin[c]

a\/a (1+Cos[c+dx]) Sec[1 (c+dx)]~/sec[c+dx]
2

dx dx

C — 1Sin| —

os| 2}+1 in| 2]

(jArcTanh[(Cos[E] +jSin[£}) \/<1+e2“x) Cos[c] +i (-1+e**9X) Sin[c] | Cos[c+dx] -
2 2

1 Cos[c+dX]

Log[2 eidXCos[E] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +i (-1+e*'9¥) sin[c] ]] +
2 2
d x . dx — .1
22 Cos[—]—1Sln[—})\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin[ = (c+dx)]
2 2 2

Problem 350: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])3/2\/Sec[c+dx] dx

Optimal (type 3, 95leaves, 5steps):
3a3/? Ar‘cSin[M] \/Cos[c+dx] ~/Sec[c+dx]

+/ a+aCos[c+dx] a%sSinf[c+dx]

"
d

dva+aCos[c+dx] +/Sec[c+dx]
Result (type 3, 351 leaves):
1

2+/2 d+/Sec[c+dx] \/Cos[c+dx] (Cos[dx] +1iSin[dx])

a\/a (1+Cos[c+dx]) Sec]

N |

) d x
(c+dx) ] [731Cos[7]

LOg[Z eidXCOS[S] +J'leidXSin[S] +\/(1+e21dx> Cos[c] +1 (—1+ezjdx> Sin[c] )] +
2 2

3iArcTanh[(Cos[E} +iSin[£]) \/ (1+e'9%) Cos[c] +1i (-1+e** ) sin[c] |
2 2

(Cos[dTX] +JiSin[d7X]] +

3 Log|2

ej‘dXCOS{E} +ieidXSin{E} +\/ (1+e“dx) Cos[c] +1 (—1+e“dx) Sin[c] ]]
2 2

Sin[d—x} +2\/?\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin{1 (c+dx)]
2 2

Problem 351: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+aCos[c+dx])>?
J dx

\Sec[c+dx]
Optimal (type 3, 140leaves, 6 steps):



206 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

7 a3/2 Ar‘cSin[M] r/Cos[c+dx] ~/Sec[c+dx]
1/ a+aCos[c+dx]

4d

a?sSinfc+dx] 7 a2Sin[c+dx]
+

2d+a+aCos[c+dx] Sec[c+dx]32 4d+a+aCos[c+dx] /Sec[c+dx]

+

Result (type 3, 392 leaves):
1

8\/7d\/Sec[c+dx} \/Cos[c+dx] (Cos[dx] +iSin[dx])

. d x
(c+dx)] [771Cos[7]

a\/a (1+Cos[c+dx]) Sec]

N |

Log[2 e“"Cos[S] +ieidxsin[5] +\/(1+<e“dx> Cos[c] +i (-1+e*'9¥) sin[c] )] +
2 2
7JiAr'cTanh[(Cos[E} +jSin[£]) \/ (1+e*'9%) Cos[c] +1i (-1+e** ) sin[c] |
2 2
d x d x
C — 1 Sin| —
(os[ 5 | +isin] 5 ]]+
7 Log|2 ej‘dXCos[E} +J‘1e“XSin[£} +\/ (1+e?*9%) Cos[c] +i (-1+e*'9%) Sin[c] ]]
2 2

Sin[d—x} +12\/7\/Cos[c+dx} (Cos[dx] +iSin[dx]) Sin]

5 (C+dx”+

N |

2\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

N | W

Problem 352: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

]>3/2

dx

(a+acCos[c+dx
J Sec[c +dx]3/?
Optimal (type 3, 180 leaves, 7 steps):
11a3/2ArcSin[m} v/Cos[c+dx] ~/Sec[c+dx]

a+a Cos[c+d X]

8d

a?sSin[c+dx]

+

3d+/a+aCos[c+dx] Sec[c+dx]5?

11 a%Sin[c+dx] 11 a%Sin[c+dx]
+

12d+/a+aCos[c+dx] Sec[c+dx]32 8d+a+aCos[c+dx] ~/Sec[c+dx]

Result (type 3, 433 leaves):
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1
48+/2 d~/Sec[c +dx] \/Cos[c+dx} (Cos[dx] +iSin[dx])

a\/a (1+Cos[c+dx]) Sec[1 (c+dx)] [—BBiCos[d—X]

2 2
Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +
2 2
331ArcTanh[(Cos[5] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos[—] +iSin[—
(os[ A | +isin] A ])Jr
33 Log[2 (9% Cos[ ] + i et?*sin[ ] + ./ (1+ e 9 Cos[c] + i (-1+e? 9% Sin[c] )}
2 2

Sin[dfx} +52\/?\/Cos[c+dx} (Cos[dx] +isSin[dx]) Sin[l (c+dx)]+

2 2
18\/?\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin[i(c+dx)]+
2
4\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[E(c+dx>]
2

Problem 356: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])S/ZSec[c+dx}5/2d1X

Optimal (type 3, 138 leaves, 5steps):
2352 Ar‘cSin[M] r/Cos[c+dx] +/Sec[c+dx]

a+aCos[c+d x]

+

d
14 a3+/Sec[c+dx] Sin[c+dx] 2a?+/a+aCos[c+dx] Sec[c+dx]32Sin[c+dx]
+
3d+a+aCos[c+dx] 3d

Result (type 3, 882leaves):
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lm (a (1+Cos[c+dX}>>5/2

4
c dx,s 1 . .c o idx
Sec[—+—] +/Sec[c+dx] |~ iSin[—] (—((21(&2 Log|
2 2 2 2
2 (ej‘dXCOS[E] +jejdxsin[£] +\/(1+e“dx) Cos[c] +1 (-1+e*"9%) sin[c] )]
2 2
(Cos[g} —iSin[E] \/e’“d" ((1+e®*9) Cos[c] +1i (-1+e”* ) sin[c]) )/
2 2
d\/2 (1+e?"9%) Cos[c] +21 (-1+e?'9%) sin[c] )) -
(Zje%ArcTanh[(Cos[E] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
c c : : :
C _ i Si el -idx 1 2idx C : 1 2idx Si )/
05[2}+1 1n[2] \/e ((1+e ) Cosfc] +i (-1+e ) sinfc])
(d\/z (1+e*'9¥) Cos[c] +2i (-1+e*'9¥) Sin[c] )) +
1 c idx . Cc . C
7C _ _ 2 TL 2 ]lch _ . ]ldXS' —
A os{z]( ([ ie og[2 |e os[z]+1e 1n[2]+
\/(1+e“dx) Cos[c] +i (-1+e* ) sin([c] )]
c c ; : :
C — 7‘5' — -1dx 1 2idx C . -1 2idx S' )/
(05[2} i 1n[2] \/e ((1+e ) Cos[c] +i (-1+e ) sinf[c])
d\/Z (1+e279%) Cos[c] +21 (-1+e?*9%) Sin[c] )) +
(Zie%Ar‘cTanh[(Cos[E] +iSin[£]] \/(1+e“dx) Cos[c] +i (-1+e*9¥) sin[c] ]
2 2
C . e 1€ 3 : ; : N
Cos[—] +isSin[—] \/e 1ax ((1+e?*9) Cos[c] +1i (-1+e?* ) sin[c]) )/
2 2
(d\/z (1+e2'9%) Cosfc] +21i (-1+e2"9) Sin[c] ))] N
(a <1+Cos[c+dx]))5/25ec[£+dfx}5
2 2
VSec[c+dx]
dx . [
4Cos[?}51n[;] )
3d
4Cos[ <] sin[ %X
<] sin[]
3d
Sec[c +dx] Sin[§+d7x}

6d

Problem 357: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])S/ZSec[c+dx}3/2d1X
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Optimal (type 3, 134 leaves, 5steps):
5a%/2 Ar‘cSin[@‘“—de] \/Cos[c+dx] ~/Sec[c+dx]

a+aCos[c+d x]

d

a®sinfc+dx] 2a2+/a+aCos[c+dx] Sec[c+dx] Sin[c+dx]
+

dva+aCos[c+dx] +/Sec[c+dx] d

Result (type 3, 575leaves):
1

4d\/ (1+e2i9%) Cos[c] +i (-1+e2'9%) Sin[c]

az\/a (1+Cos[c+dx]) Sec[l (c+dx)]~/sec[c+dx]
2

d x
-5iCos|[c+ —|
2

Log[2

e“XcOs[S] +je“XSin[5] +f (1+e279%) cos[c] +1i (~1+e* %) sin[c] )] -5
2
}

eidXCOS[S] +ietd%sin

N

3dx

icCos[c+

Log[z

2
C
10 i ArcTanh | (Cos [—] +isin]

Cos[c+dx]

5Log|2

]+ (1+€2 %) Cos[c] +1 (~1+e? %) sin[c] ]]

Sin[c+d—x]+6\/7\/Cos[c+dx} (Cos[dx] +iSin[dx]) Sin[= (c+dx) ]+
2

N |

Z\Ex/Cos[cde] (Cos[dx] +iSin[dx]) Sin[z (c+dx)]+

5 Log[2 (eidXCos[S} vietdxsin[ ]+ [(1+ e 9) Coslc] + i (-1+e? %) Sin[c] ]]
2 2
3dx]
2

Sin[c+

Problem 358: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])5/2\/Sec[c+dx] dx

Optimal (type 3, 140leaves, 5steps):
19 a°/2 Ar‘cSin[—\@M—} v/Cos[c+dx] +/Sec[c+dx]

a+aCos[c+dXx]

+

4d

9a3Sinfc+dx] a2+/a+aCos[c+dx] Sin[c+dx]
+

4d~a+aCos[c+dx] /Sec[c+dx] 2d+/Sec[c+dx]
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Result (type 3, 394 leaves):
1

8+/2 d+/Sec[c+dx] \/Cos[c+dx] (Cos[dx] +1iSin[dx])

az\/a (1+Cos[c+dx]) Sec[l (c+dx)] (71911Cos[dfx}
2 2

LOg[Z eidXCOS[S] +J'leidXSin[S] +\/(1+e21dx> Cos[c] +1 (—1+ezjdx> Sin[c] )] +
2 2
191’1Ar‘cTanh[(Cos[£] +iSin[£]] \/<1+e“dx) Cos[c] +i (-1+e*9%) sin[c] |
2 2
d x d x
C — 1 Sin| —
(os[ 5 | +isin] 5 ]]+
19 Log|2 eﬂdXCos[E] +ieﬂdXSin[£] +\/<1+<e“dx) Cos[c] +i (-1+e*9%) sin[c] )}
2 2

Sin[d—x} +20\/7\/Cos[c+dx} (Cos[dx] +iSin[dx]) Sin[l (c+dx)]+
2 2

2\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dX) ]

N | W

Problem 359: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

(a+acCos[c+dx])
j dx

\/Sec[c+dx]
Optimal (type 3, 180leaves, 6 steps):
25a%2 ArcSin| M} v/Cos[c+dx] +/Sec[c+dx]

a+a Cos[c+dXx]

8d
13a3Sin[c+dx]

+

12d+/a+acCos[c+dx] Sec[c+dx]3?

a2+/a+aCos[c+dx] Sin[c+dx] 25a3Sin[c+dx]
+

3dSec[c+dx]3/? 8d+/a+aCos[c+dx] Sec[c+dx]

Result (type 3, 435leaves):
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1
48+/2 d~/Sec[c +dx] \/Cos[c+dx} (Cos[dx] +iSin[dx])

-751‘1Cos[d—x}

az\/a (1+Cosc+dx]) Sec[l (c+dx)]
2

2
Log[2 eidXCos[S] +jeidxsin[£] +\/(1+<e“dx> Cos[c] +1i (-1+e**9%) sin[c] )] +
2 2
751ArcTanh[(Cos[5] +jSin[£]] J(1+e219%) Cosfc] +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos[—] +isin[—
(os[ A | +isin] A ])Jr

75 Log[2 [e*4* Cos[ ] + i e*¢*sin[ ] 4/ (14 e 9X) Cos[c] + i (-1+e? 9% Sin[c] )}
2 2

Sin[dfx} +124\/7\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin]

) <C+dx)]+

N |

30\5\/Cos[c+dx] (Cos[dx] +isSin[dx]) Sin|

N W

(c+dx)]+

4\/7\/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[= (c+dXx) ]

>
2
Problem 360: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

(a+aCos[c+dx])
J dx

Sec[c +dx]3/?
Optimal (type 3, 220leaves, 7 steps):
163 a%/2 ArcSin [M] v Cos[c+dx] /Sec[c+dx]

a+a Cos[c+d x]

+

64d
17 a3 Sin[c +d x] +a2\/a+aCos[c+dx1 Sin[c+dx] .
24d+a+aCos[c+dx] Sec[c+dx]>2 4dSec[c+dx]>?
163 a3Sin[c +dx] 163 a3Sinfc+dx]

+

96d+/a+aCos[c+dx] Sec[c+dx]32 64d+/a+aCos[c+dx] VSec[c+dx]

Result (type 3, 476 leaves):



212 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

1
384+/2 d+/Sec[c +dx] \/Cos[c+dx] (Cos[dx] +iSin[dx])

az\/a (1+Cosc+dx]) Sec[l (c+dx)]
2

dx
-489i Cos| —]

2

Log[2 eidXCos[S] +jeidxsin[£] +\/ (1+e*19%) Cos[c] +i (-1+e*'9¥) sin[c] J] +

2 2
489 i ArcTanh | Cos[E} +j$in[5]) J(1+e219%) Cosfc) +i (-1+e2'9%) sin[c] |
2 2
dx dx
Cos[—] +isin[—
(os[ A | +isin] A ])Jr

489 Log |2

eidxCos[S} +ieidxsin[£} +\/(1+e“dx) Cos[c] +i (-1+e*'9¥) Sin[c] ]]
2 2

Sin[dfx} +800\/7x/Cos[c+dx] (Cos[dx] +iSin[dx]) Sin[1 (c+dx)]+
2 2
270\5\/Cos[c+dx] (Cos[dx] +1iSin[dx]) Sin 3 <c+dx)] +
2

80\/7\/Cos[c+dx} (Cos[dx] +iSin[dx]) Sin[= (c+dx) ]+

IZWJCOS[C+dX} (Cos[dx] +iSin[dx]) Sin|

>
2
g(c+dxH

Problem 361: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c+dx]7/?
1+ Cos[c+dx]

Optimal (type 3, 154 leaves, 7 steps):

V2 Arcsin| Sinledxl | \/Cos[c +dx] +/Sec[c+dx]

1+Cos[c+d x]

+

d
26 VSec[c+dx] Sin[c+dx] 2Sec[c+dx]32Sin[c+dx] 2Sec[c+dx]®2Sin[c+dx]
- +
15d+/1+ Cos[c+dx] 15d+/1+ Cos[c+dx] 5d+/1+Cos[c+dx]

Result (type 3, 260 leaves):
) 1

iet(¢4%) Cos | = (c+dx) ]
2

30 641 (c+dx) _ 26 eS]l (c+d x) +15 \/? (1 ¥ ezj (c+dx))5/2 Log[l + (e]'l (c+dx)} _

15\/7 (1+ezi(c+dx)>5/2 Log[l—ei (c+d x) +ﬁ /1+eu<c+dx> ]]
\/Sec[c+dx] /

(15d (1+e2 (%) /1 Cos[c +dx] )

26 - 30 ej (c+dx) + 80 eZi (c+dx) _ 80 (e3i1 (c+d x) N

Cos[% (c+dx)] +iSin[§ (c+dx)]
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Problem 362: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c +dx]°/?
1+ Cos[c+dx]

Optimal (type 3, 118leaves, 6 steps):

V2 Arcsin[Sinledxl ] \/cosc+ dx] +/Sec[c+dx]
1+Cos[c+d x]

d
2+/Sec[c+dx] Sin[c+dx] 2Sec[c+dx]3*?Sin[c+dXx]
+
3d+/1+Cos[c+dx] 3d+/1+Cos[c+dx]

Result (type 3, 211 leaves):

i et (crdx) Cos[l (c+dx”
2

2 (—1+ejl <c+dx))3_3ﬁ (1+<e2i (c+dx)>3/2 Log[1+ei (c+dx)] "

32 (1+<e“<c*dx>)3/2 Log[1- et (crdX) +/2 Af1+ 2t (cdx) ]) \/Sec[c+dx]

(Cos[% (c+dx)] +JiSin[% (c+dx)]

)/(3d (1+e! (<9) /14 Cos[c+dx] )

Problem 363: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[c +dx]3/?
1+ Cos[c+dx]

Optimal (type 3, 82leaves, 4 steps):

/ . Sin[c+dx
2 Ar\C51n[1+Cos[c+dx]} VCos[c+dx] Vsec[c+dx] 2+/Sec[c+dx] Sin[c+dXx]
- +

d d~/1+Cos[c+dx]

Result (type 3, 170leaves):

]-le—il (c+d x) <1+ei (c+dx)> (2—2@1 (c+d x) +\/? /1+6211 (c+d x) LOg[l-%—ejL (c+dx)] _\/7 l1+e2i1 (c+d x)
Log[l—ej (c+dx) /2 1[1 4 @21 (c+dx) ]) v Sec[c +dx] /(2d\/1+Cos[c+dx1 )

Problem 364: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \/Sec[c+dx]
1+ Cos[c+dx]

dx

Optimal (type 3, 47 leaves, 3 steps):
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V2 Arcsin| 2inledxl ] \/cos[c+dx] +/Sec[c+dx]
1+Cos[c+d x]

d

Result (type 3, 146 leaves):

(c+d x)

L 1
|21 ezt erd0 A1 (c+dx) Cos = c+dx”

1+e c+dX

N

(Log[lwej (c+dx)} —Log[l—ej (cxdx) 4 ([ /1+ezj(c+dx) ]) /(d\/1+Cos[c+dx] )

Problem 365: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J\/1+Cos[c+dx1 v/Sec[c+dx]

dx

Optimal (type 3, 94 leaves, 6 steps):

V2 Arcsin| Sinledxl ] \/cosc+dx] +/Sec[c+dx]
1+Cos[c+d x]

d

2 Arcsin| —=1ledX 1 \/Cos[c+dx] +/Sec[c+dx]
1+Cos[c+d x]

d

Result (type 3, 207 leaves):

~Li (crdx) e (crdx) (c+d x) 1
V2 el Cos— c+dx)]

1+e (c+d x)

N

(dx-jArcSinh[ei (c+dx) ] 43 /2 Log[1+e! (99 ] 41 Log[1+/1+e?? (40 ] -

iV2 Log[l-e! (€9 1 1/2 [1 42t (crdx) ]] /(d\/1+Cos[c+dx} )

Problem 366: Result unnecessarily involves imaginary or complex numbers.
1

dx

J\/1+Cos[c+dx} Sec[c +dx]3/?2

Optimal (type 3, 125leaves, 7 steps):
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V2 Arcsin| 2inledxl ] \/cos[c+dx] +/Sec[c+dx]

1+Cos[c+d x]

d
ArcSin[ <Xl 1 \/Cos[c +dx] /Sec[c+dx]
1+Cos [c+d x] Sin[c +dx]
+
d d+/1+Cos[c+dx] /Sec[c+dx]

Result (type 3, 244 leaves):

J'lCos[

N |

<c+dx)]

i (c+dXx)

\/?e—i—ﬁ(udx) €

l+e

1+el (4] _ogf1++/1+e2t(dX) | L 2/2 Log[1-el (44X L /2 /1 4+ g2t (c+dX) +
g g

1+ @2t (exdx) (J‘de+Ar‘cSinh[cejL (exdx) ] —2+/2 Log|
21 (c+dx)

2i+/Sec[c+dx] [Sin|

/(2d\/1+Cos[c+dx] )

N | R

<c+dx)]—Sin[§(c+dxH

Problem 367: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c+dx]7/?

va+acCos[c+dx]

Optimal (type 3, 189leaves, 7 steps):

1 Si d
i ﬁArcTan[ Va sin[c+dx]
“a d A2 v/Cos[c+dx] ~Ja+aCos[c+dx]
26 VSec[c+dx] Sin[c+dx] 2Sec[c+dx]32Sin[c+dx] 2Sec[c+dx]>2Sin[c+dx]

+

15d+/a+acCos[c+dx] 15d+/a+acCos[c+dx] 5d+/a+aCos[c+dx]

]\/Cos[c+dx] \Sec[c+dx] +

Result (type 3, 262 leaves):

]-]_e—i (c+d x) COS[ (C+dX>} (26—30 e]i (c+dx) + 80 erL (c+d x) _89(63]1 (c+d x) N

2
30e4i(c+dx) _26e5]i(c+dx) +15 /2 (1+62j(c+dx))5/2 L0g[1+eﬁ (C+dx)} _

152 (1+ezi(c+dx>)5/2 Log[l_ei (€+dx) 4 /2 +[1 4 g2l (cxdx) ]]
\Sec[c+dx] /

Cos[i (c+dx)] +iSin[% (c+dx)]

(15d (1+e“(c*dx>)2x/a (1+Cos[c+dx]) )
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Problem 368: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c +dx]>/?
va+acCos[c+dx]

Optimal (type 3, 151 leaves, 6 steps):

V2 ArcTan| a Sinfc+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

Vad
2+/Sec[c+dx] Sin[c+dx] 2Sec[c+dx]3?Sin[c+dXx]

+

3d+va+aCos[c+dx] 3d+va+aCos[c+dx]

Result (type 3, 213 leaves):

i et (c+dx) Cos[l (c+dx)} (2 (—1+<ejl (C*dx))3—3\/7 (1+e““*dx))3/2 Log[1+ei “*d")] +
2

342 (1421 (0 d0)32 og[1 el (X 1 1[2 \[14 g2t (c+d0) ]) \/Sec[c+dx]
(Cos[ )/(3d(1+e“(“d")>\/a(1+Cos[c+dx]))

N |

<C+dx)] +jSin[§ (c+dx)]

Problem 369: Result unnecessarily involves imaginary or complex numbers.

Sec[c +dx]3?
J dx

va+acCos[c+dx]

Optimal (type 3, 113 leaves, 5steps):

- 1 \/TAr‘cTan[ \/?Sm[c+dxj
Va d A2 /Cos[c+dx] Va+aCos[c+dx]
2+/Sec[c+dx] Sin[c+dXx]

d+va+aCos[c+dx]

| VCos[c+dx] +/Sec[c+dx] +

Result (type 3, 172leaves):

]-]_e—i (c+d x) <1+ei (c+dx)> (z_zei (c+d x) N /2 /1+ezﬁ(c+dx) LOg[l-%—ejL (c+dx)] _
/2 /1+(ezi(c+dx) LOg[l—ej (c+d x) 4 /2 /1+e21'1(c+dx) ])

VSecic+dx] / (zd\/a (1+Cos[c+dx]) )

Problem 370: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \/Sec[c+dx]

va+acCos[c+dx]

dx
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Optimal (type 3, 56 leaves, 3 steps):

\/—APCTan[\/ix/Sec [c+dx] Sin[c+dx] ]
\/2 +/a+aCos[c+dx]

Va d
Result (type 3, 148 leaves):

Ly (c+d x) (crdx) 1
-||2ie 2 NA! (erdx) cos |~ c+dx”

1+e C+dX

N

(LOg[lJrej(“dx} Log[l el (c+dx) +\ﬁ /1 (c+d x) ) /( \/ 1+ CoS[C+dX]))

Problem 371: Result unnecessarily involves imaginary or complex numbers.
1

dx

J\/aJraCos[Cerx} vSec[c+dx]

Optimal (type 3, 105leaves, 6 steps):

ZArcTan[\E\/Sec[udx] Sin{c+dx] ] \FArcTan[\ﬁ«/Sec [c+dx] Sin[c+dx] ]
a+aCos[c+dx] \/2 \/a+aCos[c+dx]

Va d Va d
Result (type 3, 209 leaves):

-1 (cvdx) (crdx) (c+d x) 1
V2 e Cos c+d x) ]

1+e c+dx

N

dx - iArcSinh[e* (9% ] +i/2 Log[1+e® (9% ]| + i Log[1++/1+e2® (40 | -

iV2 Log[1l-el (@) 4 /2 142t (€+dX) ]] /(d\/a (1+Cos[c+dx]) )

Problem 372: Result unnecessarily involves imaginary or complex numbers.
1

dx

J\/aJraCos[c:erx} Sec[c+dx]32

Optimal (type 3, 168 leaves, 7 steps):
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Ar‘cSin[—\@M—} v/Cos[c+dx] +/Sec[c+dx]

a+a Cos[c+d X]
- +

Va d

/2 ArcTan| a Sin[c+dx] | VCos[c+dx] Sec[c+dx]
ﬁ\/Cos[udx] \/a+aCos[c+dx]

Va d

Sin[c +dx]

dva+aCos[c+dx] +/Sec[c+dx]
Result (type 3, 246 leaves):

1

iCos[= (c+dx)]

N

. 1 (c+d x)
[2 efzfﬂ(ﬂdx) € 14 @21 (c+dx)

i dx+ArcSinh [ei (c+dx) ] _24/2 Log[
21 (c+dx)

l+e

1+l (0] _Log[l+4/1+e2i (9 ]424/2 Log[1-e! (9% 1 /2 {[1+ 2! (<+dX) ]) +

2i+/Sec[c dx] / [2d[a (1+cosic-dx] |

Sin[~ (c+dx) | —Sin[z (c+dx)]

N

Problem 373: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

J Sec[c +dx]°/?
(

a+aCos[c+dx])

Optimal (type 3, 197 leaves, 7 steps):

11 ArcTan| a Sinjc+dx] | VCos[c+dx] /Secl[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

2+/2 a¥2d
19 VSec[c+dx] Sin[c+dx] Sec[c+dx]32Sin[c+dx] 7Sec[c+dx]3/2Sin[c+dXx]

- +

6ad~a+acCos[c+dx] 2d(a+aCos[c+dx])3/2 6ad+/a+aCos[c+dx]

Result (type 3, 316leaves):
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c+dx

1., (c+d x)
B 111 (67;1 (c+d x) (c+d x)
l+e

c dx;s3
Cos[7+—]
2 2

LOg[1+ej (c+dx)] 7L0g[17ei (c+d x) +\/? ,1+(92]'L(C+dx) ]]]/

c dx,3
+[Cos[—+—] vSec[c+dx]

(d (a (1+Cos[c+dx}))3/2)
2 2

38Cos[2}51n[ | 38Cos[< }Sln[d?] Sec[ ]Sec[i d7"]zsin[‘17’(]

- - + +

3d 3d d

8Sec[c+dx]Sin[ S+ 9X] Sec[S+

ey . T;]Tan[z}]]/(a(1+COS[C+dX]))3/2

N
N

3d

Problem 374: Result unnecessarily involves imaginary or complex numbers.

J Sec[c+dx]3/?
(

a+aCos[c+dx])>?

Optimal (type 3, 157 leaves, 6 steps):

7 ArcTan | a Sinf[cidx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

2+/2 a3/2d
\/Sec[c+dx] Sin[c+dx] 5+/Sec[c+dx] Sin[c+dX]
+

])3/2

2d (a+aCos[c+dx 2ad+a+acCos[c+dx]

Result (type 3, 288 leaves):

1. (c+d x) c d x 3
7ie 2t (9 NE! (e+dx) Cos | —+—

1+e C+dX

Log[1+<e (c+dx) ] fLOg[l el (crdx) +\/—\/ (crdx) ]]/( 1+C05[C+dx])>3/2> +

10Cos[7x] Sln[ﬂ 10Cos[;] Sln[f‘}
N _

d d

}Tan[ ]]]/(a (1+Cos[c+dX])>3/2

c dx;3
Cos[—+ —] +/Sec[c+dx]
2 2

Sec[ ]Sec[i ‘fo]zsin[df] Sec[§

dx
2
d d
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Problem 375: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \/Sec[c+dx]
(

a+aCos[c+dx])>?

Optimal (type 3, 117 leaves, 5steps):

3ArcTan| a Sinfc+dx] | VCos[c+dx] +/Sec[c+dx]
\E\/Cos[udx] \/a+aCos[c+dx]

2+/2 a¥2d

Sin[c +dx]

2d (a+aCos[c+dx])*?/Sec[c+dx]

Result (type 3, 277 leaves):
1

2d (a (1+Cos[c+dx]))>?*/Sec[c+dx]

e 3 (€rdX) Cos[1 (c+dx) ]

2 e%j (c+d x

>Sec[£] Sec[c +d X] Sin[d—x] +2 et (€rd0 Cos[1 (c+dx)] seclc+dx] Tan[E] -
2 2 2

2
_2+2(ej(c+dx)_3\/? 1+(eZJ'1(C+dX) Log[1+ej(c+dx)]+

2
372 /142t (90 |og[1-el (4% 1 1/2 /142t (€+dX) }) (-i+Tan[c+dx])

et (crdx) Cos[l (c+dx) }2

Problem 376: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J(aJFaCos[Cerx])e'/Z\/m

dx

Optimal (type 3, 117 leaves, 5steps):

ArcTan | a Sin[c+dx] | VCos[c+dx] VSec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

2+/2 a¥2d

Sin[c +dx]

2d (a+aCos[c+dx])>?~/Sec[c+dx]

Result (type 3, 288 leaves):
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i (c+dx) - I dx-.s3 )
lies —E J1eeriiedn cos[S 4 O] (Log[lwwwxq_
1+e21’1(c+dx) 2 2

13 (crdx) €

Log[1 - e! (4% *ﬁ\m]) / (d (a <1+Cos[c+dx}))3/2)

¢ dx,3 2C05[d_X}Sin[£] ZCOS[S]Sin[d_X]
cos [+ X)° Vseceran] e
2 2 d d
sec[€] sec[€+ 9X]?sin[9X] sec[S+ 9] Tan[<
[2] [Zd 2] [2]_ {z Zd} [ ]J]/<a (1+COS[C+dX])>3/2

Problem 377: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(a+aCos[c+dx])3/25ec[c+dx]3/2

Optimal (type 3, 174 leaves, 7 steps):
2Ar‘cSin[M] vJCos[c+dx] /Sec[c+dx]

a+aCos[c+dXx]

a3/2d
5Ar‘cTan[ a Sinjcrdx] ] v/Cos[c+dx] /Sec[c+dx]
\/7\/Cos[c+dx] Ja+aCos[c+dx]
242 a3/2d

Sin[c +dx]

2d (a+aCos[c+dx])>?~/sec[c+dx]

Result (type 3, 263 leaves):

1. i (c+dXx)
Cos[l(c+dx>]3 VS L R — c :
2 1+e21(c+dx)
1+ 21 (erdx (4dx—4iAr‘cSinh[ej (4] 453 +/2 Log[1l+et (4% ] 4
41Log[1+\/m] —51\/7L0€[1—@ﬁ<c+dx)+\/?\/m]) +
Sec[l(c+dx”2\/5ec[c+dx} Sin[l(c+dx)]—Sin[i(c+dx” /
2 2 2

(Zd (a (1+Cos[c+dx]))3/2)
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Problem 378: Result unnecessarily involves imaginary or complex numbers.
1

J dx
(a+aCos[c+dx])*?sec(c+dx]5?2

Optimal (type 3, 214 leaves, 8 steps):
3Ar‘cSin[@[“—de} \/Cos[c+dx] ~/Sec[c+dx]

a+a Cos[c+d x]

a3/2d
9 ArcTan | a Sinfcidx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
2+/2 a¥2d
Sin[c +dx] 3Sin[c+dx]

N
2d <a+aCos[c+dx1)3'/2Sec[c+dx]3’/2 2ad+/a+aCos[c+dx] /Sec[c+dx]

Result (type 3, 347 leaves):

1. (c+dx) C d x 3
“[3iezt e NE! (c+dX) Cos| 7+—

1+e c+dx

[—Zjdx—ZAr‘cSinh[ej (@] 4 34/2 Log[1+e! (9% ] 1 2Log[1+q/1+e?f (40 ]

3\/7Log[1—e““dx>+\/7\/m]) /(\/Td(a (1+Cos[c+dx1))3/2) +

2 Cos|

3dx1sin[2¢]  sec[<] sec
cos[ <+ IX1? Vet dx [ sinl] secl ) secl

2 2

d d

2Cos[37] Sin[24X

dx 7SeC[§ 2;(] Ta"[z]]]/(a (1+Cos[c+dx]))>?

d

Problem 379: Result unnecessarily involves imaginary or complex numbers.

dx
5/2

J Sec[c +dx]°/?
(

a+aCos[c+dx])

Optimal (type 3, 237 leaves, 8 steps):
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163 ArcTan | a Sin[c+dx] | VCos[c+dx] +/Sec[c+dx]
\E\/Cos[udx] \/a+aCos[c+dx]

16+/2 a%2d
299+/Sec[c+dx] Sin[c+dx] Sec[c+dx]3?2Sin[c+dx]

48a2d+/a+acCos[c+dx] 4d (a+aCos[c+dx])*?

17Sec[c+dx]32Sin[c+dx] 95Sec[c+dx]32Sin[c+dXx]
+

16ad(a+aCos[c+dx]>3/2 48a2d+/a+acCos[c+dx]

Result (type 3, 387 leaves):

1.
~||163 1 ezt (90 1+ g2t (cxdx)

c dx;s
Cos|[—+—]|
2 2

Log[1+eﬂ(c+dx)]7Log[17ei(c+dx)+\/7 [1+62]'L(C+dx) ]J /

(4d(a (1+Cos[c+dx}>)5/2 + Cos[£+dfx]5\/5ec[c+dx]
2 2
7299Cos[d7x] Sin|[ <] 7 299 Cos [ $] sin[ %] +215.ec[§] Sec[ <+ x]*sin[9x] )
6d 6d 4d
Sec[i] Sec[§+"2—x]4sin[d7x] ) 16 Sec[c + d X] Sin[§+d7x] )
2d 3d
215ec[9+d—x} Tan[g] Sec[9+d—x}3Tan[9]
22 -, 22 2 /(a (1+Cos[c+dx]))5/2
4d 2d

Problem 380: Result unnecessarily involves imaginary or complex numbers.

Sec[c +dx]3/?
J( dx

a+aCos[c+dx])®>?

Optimal (type 3, 197 leaves, 7 steps):

75 ArcTan | a_Sin[crdx] | VCos[c+dx] Vsecl[c+dx]
\/7\/Cos[c+dx] Ja+aCos[c+dx]

16+/2 a%/2d
\Sec[c+dx] Sin[c+dx] 13+/Sec[c+dx] Sin[c+dx] 49+/Sec[c+dx] Sin[c+dXx]
- +

4d (a+aCos[c+dx])*? 16ad (a+aCos[c+dx])*? 16a2d~+/a+acCos[c+dx]

Result (type 3, 361 leaves):

| 223
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1. (c+d x) C d x 5
75ie 2" (<9% NE! (erdx) cos| —+—

1+e c+dX

Log[1+ei<c*dx>] —Log[l—ei(c*d”+\/?x/1+e“(c*dx) ]] /(4d (a <1+Cos[c+dx]))5/2) +

49 Cos [ 4* ] sin[$] 49cos[f] Sin{dTX}

2d 2d

c dx;s
Cos|—+—] ~/Sec[c+dx]

2 2

13sec[$] sec[$ + dTX]ZSin[dTX} Sec[ ] sec[<+ d?x]‘lsin[%x}

N

4d 2d
135ec[§+d7"} Tan[i] Sec[ <+ d—XPTan[S]

_ 2 2 2 ]]/(a (1+Cos[c+dx]))5/2

4d 2d

Problem 381: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \/Sec[c+dx]
(

a+aCos[c+dx])

dx
5/2

Optimal (type 3, 157 leaves, 6 steps):

19 ArcTan | a Sinjc+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
162 a®/2d
Sin[c +dx] 9Sin[c +dx]

4d (a+aCos[c+dx])”?+/Sec[c+dx] 16ad(a+aCos[c+dx])*?~/Sec[c+dx]

Result (type 3, 361 leaves):
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e el (crdX) T Tw— c dx,s
_ 191 e 2]L(C+dX) 1+®21(C+dx) COS[_+_]
2 2

Log[1+ei (c+dx)] _
1+62i(c+dx)

Log[1-e! (9% +~/2 /14 2t (crdx) ]) /(4d (a (1+Cos[c+dx}))5/2) ¥

9Cos[dz—x] sin[£] 9Cos[£] Sin[d?x]
B - +

2d 2d

Cos{£+d—x]5\/5ec[c+dx]

2 2

SSec[i] Sec[§+d7x]25in[d7"] +Sec[§] Sec[§+d2—x]45in[d?"] )
4d 2d

Problem 382: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J(a+aCos[c+dx])5/2\/Sec[c+dx]

dx

Optimal (type 3, 157 leaves, 6 steps):

5 ArcTan | 3 Sinfc+dx] | VCos[c+dx] VSec[c+dx]
\E\/Cos[udx] \/a+aCos[c+dx]
.
16+/2 a°/2d
Sin[c +dx] Sin[c +dx]

+

4d (a+aCos[c+dx])”?+/Sec[c+dx] 16ad (a+aCos[c+dx])*?~/Sec[c+dx]

Result (type 3, 361 leaves):
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1 el (c+dx) T c dx,s
_ 51 e 2]1(C+dx) 1+eZlL(C+dX) COS[_+—]
2 2

Log[1+ el (c+dx)} _
1+ eZJ'L (c+d x)

Log[1-e! (9% +~/2 /14 2t (crdx) ]) /(4d (a (1+Cos[c+dx}))5/2) ¥

cos ] s[5 cosl5]sinl ]

2d 2d

Cos{£+d—x]5\/5ec[c+dx]

2 2

3Sec£] Sec[§+d7x]25in[d7"] Sec[ ] sec| +d—"]45in[%"]
- +

4d 2d

Problem 383: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J dx
(a+acCos[c+dx])*?sec[c+dx]3?2

Optimal (type 3, 157 leaves, 6 steps):

3 ArcTan| a_Sin[c+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] Ja+a(:os[c+dx]
162 a*/?d
Sin[c +dx] 7Sin[c+dx]

+

4d (a+aCos[c+dx])”?+/Sec[c+dx] 16ad (a+aCos[c+dx])>?~/Sec[c+dx]

Result (type 3, 361 leaves):
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1 - C dx,s
B 3]'1@21(“(1)() 1+eZ]L(C+dX) COS[_+—]

Log[1+e" (<dx) ] -
2 2

Log[1-e! (<% 1 /2 \[1+ 2t (c+dX) ]) /(4d (a (1+Cos[c+dx}>)5/2)

7Cos[d7x} Sin[i] 7Cos[§] Sin[dTX]
. _
2d 2d

c dx;s
Cos|—+—] ~/Sec[c+dx]

2 2

11Sec[ ] sec[S + dTX]ZSin[dTX} Sec[ ] sec[<+ d?x]‘lsin[%x}
+ —

4d 2d

115ec[§+d7"} Tan[i] Sec[ <+ d—XPTan[S]

+ 22 2 ]]/(a (1+Cos[c+dx]))®?

4d 2d

Problem 384: Result unnecessarily involves imaginary or complex numbers.

1

J dx
(a+acCos[c+dx])*?sec(c+dx]5?2

Optimal (type 3, 214 leaves, 8steps):
2ArcSin[m—] v/Cos[c+dx] /Sec[c+dx]

a+a Cos[c+d X]

aS/Zd
43 ArcTan| a Sinfc+dx] | VCos[c+dx] Sec[c+dx]
\E\/Cos[udx] \/a+aCos[c+dx]
16+/2 a°/2d
Sin[c+dx] 11Sin[c +dx]

4d (a+aCos[c+dx])”?sec[c+dx]>? 16ad (a+aCos[c+dx])3/2\/Sec[c+dx1

Result (type 3, 424 leaves):
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. c dx;s
1+ g2t (crdx) COS[—+—]
2 2

1,
-7 (c+d x)

(32dx-321ArcSinh[ei (=43 ] 1431 /2 Log[1+e! (9% | 1321 Log[1++/1+e?t (@0 | _

431+/2 Log[1-e' (9% +~/2 [1+ g2t (crdX) ]] /(4\/?d (a (1+Cos[c+dx]))5/2) +

15 Cos[dTX} sin[=] 15Cos[$] Sin[dTX]
B - +

2d 2d

Cos[£+dl]5\/5ec[c+dx]

2 2

19Sec[ ] sec[* dTX]ZSin[dTX} Sec[ ] sec[+ d7x]4Sin[d7X}
- +

4d 2d

<
2

19Sec[§+d7x}Tan[ ] Sec[§+d—x}3Tan[ ]

i - 2 i ]]/(a (1+Cosfc+dx]))*?

4d 2d

Problem 385: Result unnecessarily involves imaginary or complex numbers.

1

J dx
(a+aCos[c+dx])5/25ec[c+dx]7/2

Optimal (type 3, 254 leaves, 9steps):
5ArcSin[—\@M—} v/Cos[c+dx] +/Sec[c+dx]

a+a Cos[c+d x]

as/2 g
115 ArcTan| a Sinjc+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
16 V2 a°/2d
Sin[c+dx]

4d (a+aCos[c+dx])*?sec[c+dx]>?

15Sin[c +d x] 35Sin[c +dXx]

+

16ad (a+aCos[c+dx])>?Sec[c+dx]*? 16a2d~/a+aCos[c+dx] /Sec[c+dx]

Result (type 3, 289 leaves):
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1
8d (a(1+Cos[c+dx]))”?

Cos[1 (c+dx>]5 —511\/7@%““‘“)
2

(—161dx—16ArcSinh[ei (€43 ] 1 23/2 Log[1+e! (<99 +16 Log[1++/1+e2® (9% | -

23+/2 Log[1-e! (4% 1 /2 [1+ 2 (c+dX) }) JrlSec[1 (c+dx)]4\/5ec[c+dx]
4 2

(16Sin[ (c+dx)]+39sin|

N |
N oW

<c+dx)]+475in[ (C+dx)]+SSin[ <c+dx)]

N U
NN

Problem 386: Result unnecessarily involves imaginary or complex numbers.
J Sec[c+dx]>?
(

a+aCos[c+dx])7/2

dx

Optimal (type 3, 277 leaves, 9 steps):

1015 ArcTan | a Sinfc+dx] | VCos[c+dx] +/Sec[c+dx]
\/?\/Cos[mdx] \/a+aCos[c+dx]
64+/2 a’’/?d

629\ Sec[c+dx] Sin[c+dx] Sec[c+dx]32Sin[c+dx] 23Sec[c+dx]3?Sin[c+dXx]

64a3d+/a+aCos[c+dx] 6d (a+aCos[c+dx])’"?

48ad (a+aCos[c+dx])>?
109 Sec[c +dx]3/2Sin[c+dx]

193 Sec[c +dx]32Sin[c+dXx]

.
64a2d (a+aCos[c+dx])>?

64a>d~+/a+aCos[c+dx]

Result (type 3, 450 leaves):

(Ei (c+d x)

e : c dx,7 .
1015ie 2 (<79 1+t (4% cos[—+ —] (Log[1+e““d")} -

1+(EZJ'1(C+dX) 2 2

LOg[l—ej(“dX)+\Em]) /(Sd(a (1+COS[C+dX}>)7/2)

c dx.s 629 Cos[9*] sin[ <] 629 Cos[<] sin[X]
Cos[—+—] ~/Sec[c+dx] |- 2 2 2 2

2 2 ad 4d

+

451Sec[§] Sec[§+d7x]zsin[d7x] 31Sec[§} Sec[§+dzfx]4sin[d7x]
+

24d 12d '
Sec[i] Sec[§+"2—x]ssin[%"] ) 32Sec[c+dx] Sin[§+dz—x] +451Sec[§+dTX]Tan[ﬂ )
3d 3d 24d
31Sec{§+d7x}3Tan[§] Sec[§+d—x]5Tan[ﬂ

D + ;d /(a(1+Cos[c+dx1))7/2
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Problem 387: Result unnecessarily involves imaginary or complex numbers.

7/2

J Sec[c +dx]3/?
(

a+aCos[c+dx])

Optimal (type 3, 237 leaves, 8 steps):
vfa Sin [c+dX]

363 ArcTan |

| VCos[c+dx] VSec[c+dx] -

64-/2 a’’/2d A2 \/Cos[c+dx] Va+aCos[c+dx]
\Sec[c+dx] Sin[c+dx] 19+/Sec[c+dx] Sin[c+dX]
6d (a+aCos[c+dx])’? 48ad (a+aCos[c+dx])>?

199+/Sec[c+dx] Sin[c+dx] 691+Sec[c+dx] Sin[c+dX]
+

192a2d(a+aCos[c+dx])3/2 192a3d+/a+aCos[c+dx]

Result (type 3, 424 leaves):

1. d e]'l (c+d x) -
363 1 @7271 (c+dx) 1+ eZ]L (c+d x)
1+ eZ]'L (c+d x)

c dx,7
Cos|[—+—]|
2 2

LOg[1+ej(c+dX)]—LOg[l—ei(c+dX)+\/? l1+e21'1(c+dx) ]] /

Cos[£+ d—x}7\/5ec[c+dx1

(Sd (a (1+Cos[c+dx1))7/2) +
2 2

691 Cos [ X ] sin[ <] ) 691 Cos [ <] sin[ 4X] ) 199 sec[ <] sec[ €+ 9] sin[2X] )

12d 12d 24d

195ec[§} Sec[§+ dX]ASin[dX} Sec[i] Sec|

+ dTX]"’Sin[dTX} 199 Sec[ € + dTX} Tan|[ <]

12d 3d 24d

22 - 22 2 ]J/(a(l+€os[c+dx}))7/2

Problem 388: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \/Sec[c+dx]
(

]>7/2

dx
a+aCos[c+dx

Optimal (type 3, 197 leaves, 7 steps):
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63 ArcTan| a Sinf[cidx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
64+/2 a’’2d
Sin[c+dx] 5Sin[c+dx]

6d (a+aCos[c+dx])’?/Sec[c+dx] 16ad (a+aCos[c+dx])>?+/Sec[c+dx]

103 Sin[c +dX]

192a2d (a+aCos[c+dx])>*~/Sec[c+dx]

Result (type 3, 424 leaves):

c dx,7
Cos[—+ —]
2 2

Log[1+ei(c+dx)]_Log[l_ei(c+dx)+\/7 ¢1+e21(c+dx) ]] /

2

(Sd (a (1+Cos[c+dx}))7/2) + [Cos[chdXV\/Sec[Cerx]
2

7103Cos[d7x] sin[£] ) 103 Cos[£] sin[<X] +4:~zs.ec[§] Sec[S+ &% sin[2X] )
12d 12d 24d
7Sec[§] Sec[§+d7x]4sin[d7x] +Sec[§] Sec[§+"2—x]651n[d7x] +43$ec[c+d—x} Tan[i] )
12d 3d 24d

7Sec[§+d7x]3Tan[ ] Sec[§+d—x]5Tan[5]

. + 2 2 ]]/(a (1+Cos[c+dx]))”"?

12d 3d

Problem 389: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J(a+aCos[c+dx])7/2\/Sec[c+dx]

dx

Optimal (type 3, 197 leaves, 7 steps):

13 ArcTan| a Sinfc+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

64+/2 a’’2d

Sin[c+dx] Sin[c +dx]
4 _

6d (a+aCos[c+dx])’?+/sec[c+dx] 16ad (a+aCos[c+dx])>*~/Sec[c+dx]

5Sin[c+dx]

192a2d (a+aCos[c+dx])>?~/Sec[c+dx]
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Result (type 3, 424 leaves):

. i (c+dX)
1133 e%n (c+d x) € 14+ @2t (crdx)
1+ eZJi (c+d x)

Log[1+ei (c+dx)] _ Log[l—ei (c+d x) +\/? l1+e211 (c+d x) ]J /

c dx,7
Cos[—+—]|
2 2

(Sd (a (1+Cos[c+dx}))7/2) + {Cos[c+”]7\/5ec[c+dx]

_5Cos[dzfx] Sin{ﬂ ) 5Cos{§} Sin[%"] +17Sec[§} Sec[§+d7x]zsin{d7x} )
12d 12d 24d
SSec[i] Sec[§+d7"]4sin[d2—x] 7Sec[§] Sec[§+"2—x]ssin[d2—x] ) 17Sec[§+d7x} Tan[i]
12d 3d 24d
5Sec| € dx]sTan[f} Sec[7+—]5Tan[f]

Problem 390: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx

j(a+aCos[c+dx])7/25ec[c+dx]3/2

Optimal (type 3, 197 leaves, 7 steps):

7 ArcTan| a Sinjcrdx. | VCos[c+dx] VSec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
64+/2 a’’2d
Sin[c +dx] 3Sin[c+dx]
+ +

6d (a+aCos[c+dx])’*+/Sec[c+dx] 16ad (a+aCos[c+dx])>*~/Sec[c+dx]

17 Sin[c +d x]

192a2d (a+aCos[c+dx])>?~/Sec[c+dx]

Result (type 3, 424 leaves):
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i d
—;—Ji (c+d x) et (€rdx)

21 (c+dx)

1+ ezi (c+d x)

l+e

c dx,7
Cos[7+—]
2 2

LOg[1+ej(c+dX)]7L0g[17ei(c+dx)+\/? /1+(eZ]i(c+dx) ]] /

2 2

(Sd (a (1+Cos[c+dx}>)7/2) + [Cos[£+d—x]7x/5ec[c+dx]

17 Cos[®*] sin[€] 17Cos[<]sin[9*] 195ec[S]sec[S + X% sin[9X]
+ + -
12d 12d 24d

17Sec[§} Sec[§+ d7x]4sin[d7x} Sec[ﬂ Sec[§+ d?x]6sin[d?x} 19Sec[§+ 7"] Tan[i]

12d 3d 24d

[a}

17Sec[ +d7x}3'|'an[£] Sec[ier—x]sTan[

: -, 2 2}]J/(a(1+Cos[c+dx}>)7/2

12d 3d

Problem 391: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J dx
(a+aCos[c+dx])”?sec[c+dx]5?2
Optimal (type 3, 197 leaves, 7 steps):
5Ar‘cTan[ a_Sin[c+dx] } v/Cos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] Ja+a(:os[c+dx]
64+/2 a’/2d
Sin[c+dx] 13Sin[c +dx]

- +

6d (a+aCos[c+dx])’?sec(c+dx]>2? 48ad (a+acCos[c+dx])>*~/sec[c+dx]
67 Sin[c +dx]

192a%d (a+aCos[c+dx])*?~/Sec[c+dx]

Result (type 3, 424 leaves):
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1.
_|l5ie 2t (c+dx) 14+ @2t (crdx)

c dx,7
Cos[7+—]
2 2

LOg[1+ej(c+dX)]7L0g[17ei(c+dx)+\/? ,1+(92]'L(C+dx) ]] /

2 2

(Sd (a (1+Cos[c+dx}))7/2) + [Cos[£+d—x]7x/5ec[c+dx]

d . . d d 2 _. d
67Cos[7"] Sln[ﬂ ) 67Cos[§] Sln[TX} ) 151Sec[§] Sec[§+7"] Sln[T"] )
12d 12d 24d

29Sec[§} Sec[§+ d7x]4sin[d7x} Sec[ﬂ Sec[§+ d?x]6sin[d?x} 151Sec[§+ TX} Tan[i]
- - +

12d 3d 24d

[a}

29 sec| +dx}3Tan[£] Sec[§+d—x]5Tan[

Py 2 _ 2 2}]J/(a(1+Cos[c+dx}>)7/2

12d 3d

Problem 392: Result unnecessarily involves imaginary or complex numbers.

1

J dx
(a+acCos[c+dx])”?sec(c+dx]72

Optimal (type 3, 254 leaves, 9 steps):
2ArcSin[m—] vJCos[c+dx] /Sec[c+dx]

4/ a+a Cos[c+d X]

a7/2d
177 ArcTan| a Sinfc+dx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
64+/2 a’’2d
Sin[c +dx] 17 Sin[c +d x]

6d (a+aCos[c+dx])”?Sec(c+dx]>2 48ad (a+aCos[c+dx])>?Sec(c+dx]?2

49 Sin[c +dx]

64a>d (a+aCos[c+dx])*?~/Sec[c+dx]

Result (type 3, 487 leaves):
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1 el (c+dX) , c dx,7
e 2]L(C+dX) 1+621(C+dx) COS[_+_]
1+ e2J‘1 (c+d x) 2 2

(128 dx - 128 i ArcSinh[e® (9% ] 11773 /2 Log[1+e® (9] 4

1281 Log[1++/1+e?® (9% | _177 1 +/2 Log[1-e! (9% 4+/2 ([1+ 2t (¢4 }) /

(S\Ed(a (1+Cos[c+dx}))7/2)+ Cos[£+d—x]7\/5ec[c+dx}
2 2

7247Cos[d7x] sin[ <] ) 247 Cos[ ¢ ] sin|¢*] +379Sec[§] Sec[ €+ 9x]*sin[ ] )

12d 12d 24d
415ec[i Sec[§+d?x]4sin[d7x} +Sec[§} Sec[§+d?x}6sin[d?x} ) 379Sec[§+d7x} Tan[i] )

12d 3d 24d

4lsec[£+d—x}3Tan[5] Sec[5+d—x]5Tan[5}

22 2- 22 2 /(a (1+Cos[c+dx]))"?

12d 3d

Problem 393: Result unnecessarily involves imaginary or complex numbers.

1

J dx
(a+aCos[c+dx])’?sec[c+dx]®?

Optimal (type 3, 294 leaves, 10 steps):
7Ar‘cSin[M} \/Cos[c+dx] /Sec[c+dx]

a+a Cos[c+d x]

a7/2d
637 ArcTan| a Sinfc+dx] | VCos[c+dx] /Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]
64+/2 a’/2d
Sin[c +dx] 7Sin[c+dx]

6d (a+aCos[c+dx])"?Sec[c+dx]7/2 16ad (a+aCos[c+dx])>?Sec[c+dx]>?

259 Sin[c +d x] 189 Sin[c +d x]

+

192 a2d (a+aCos[c+dx])3/25ec[c+dx13/2 64a3d~/a+acCos[c+dx] /Sec[c+dx]

Result (type 3, 519leaves):
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(c+d x)

1y c dx 7
|71 e 2t 90 A/ 1 (c+dx) Cos —+—

1+e C+dX

(—64Jidx—64Ar‘cSinh[ej (c+dx) ] 1 91+/2 Log[1+e! (9% ] + 64 Log[1+~/1+e2t(cdx) |

91\/7L0g[1 et (crdx) +\F\/ﬁ ] /( \ﬁd( ( +Cos[c+dx]))7/2) +

427 Cos [ 4% ] sin| £ 8 Cos [ 29X ] Sin[%c}

c dx,7
Cos|—+—] ~/Sec[c+dx]
2 2

427Cos[§] Sin[%x} 7035ec[§} Sec[§+ dX]ZSin[dX}
- +

12d 24d

SBSeC[ﬂ Sec[§+ d7x]4sin[d7x} Sec[ﬂ Sec|

- +

12d 3d
8Cos[37]51n[3dx} 703Sec[ %}Tan[i] 53 Sec|

d 24d 12d

;d : ]J/(a<1+Cos[C+dx]))7/z

Problem 394: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+acCos[c+dx])®?sec[c+dx]5?2

Optimal (type 3, 237 leaves, 8 steps):

45 ArcTan | a Sinfcidx] | VCos[c+dx] +/Sec[c+dx]
\/7\/Cos[c+dx] \/a+aCos[c+dx]

1024 /2 a%2d

Sin[c+dx] 5Sin[c +dx]
- +
8d <a+aCos[c+dx})Q/ZSec[Cerx]”2 32ad (a+aCos[c+dx])7/2\/Sec[c+dx}
33Sin[c+dx] 73Sin[c +dx]

+

256a2d (a+aCos[c+dx])*?~/Sec[c+dx] 1024a*d (a+aCos[c+dx])>*~/Sec[c+dx]
Result (type 3, 487 leaves):



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 237

. i (c+dXx)
_llas i (e*%l (c+dx) € 21 (c+dx)

1+ eZJ'l (c+d x)

c dx;o
Cos[7+—]
2 2

LOg[1+ej(c+dX)]7L0g[17ei(c+dx)+\/? ,1+(92]'L(C+dx) ]] /

c dx-o
Cos[—+—]| ~/Sec[c+dx]

(64d (a (1+Cos[c+dx]))9/2) +
2 2

73Cos[d7x]sin[§} 73Cos[§]sin[d7x} 59Sec[§]$ec[§+d7x}zsin[dx]
+ + -

32d 32d 64d

105 Sec| <] sec[ S+ ©]*sin[2*] 13sec[¢]sec[<+ 2X]®sin[dx]

32d 8d

Sec[i] Sec[§+"2—x]ssin[d7x] 595ec[§+d7x] Tan[i] 1055ec[§+ dTX]

+ - +
4d 64d 32d
13Sec[§+d7x}5Tan[ ] Sec[§+d—x]7Tan[9}

: - 2 : ]J/(a (1+Cos[c+dx]))%?

8d 4d

Problem 395: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

J dx
(a+aCos[c+dx])®?Secc+dx]7/2

Optimal (type 3, 237 leaves, 8 steps):

35 ArcTan| a Sinjc+dx] | VCos[c+dx] +/Sec[c+dx]

N2 \/Cos [c+d x] \/a+a Cos[c+dx]

1024 /2 a%2d
Sin[c+dx] 19Sin[c +d x]

8d (a+aCos[c+dx])*?sec(c+dx]>2 96ad (a+aCos[c+dx])’?Sec(c+dx]?2

187 Sin[c +d x] 853Sin[c+dx]

+

768a%d (a+aCos[c+dx])*?+/Sec[c+dx] 3072a*d (a+aCos[c+dx])>?~/Sec[c+dx]

Result (type 3, 487 leaves):



238 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

. i (c+dXx)
B 35 i (eiil (c+d x) € 1+ ezjl (c+d x)
1+ eZJ'l (c+d x)

c dx;o
Cos[7+—]
2 2

LOg[1+ej (c+dx)] _ LOg[lf(EjL (c+d x) +\/? ,1+(eZ]'l (c+d x) ]] /

c dx-o
Cos[—+—]| ~/Sec[c+dx]

(64d (a (1+Cos[c+dx]))9/2) +
2 2

853 Cos [ *] sin[ <] ) 853 Cos[ | sin[ %] ) 2593 Sec [ <] Sec[ <+ ¢ sin[2X] )
96 d 96 d 192d
779 sec| €] Sec[§+d7x]451n[d7"] ) 55 Sec[ <] Sec[§+d7x]6sin[d7x] )
9% d 24d
Sec[i] Sec[i+"7"]gsin[d7x] 72593Sec[§+d7x} Tan[i] +779$ec[§+"2—x]3Tan[ﬂ 7
4d 192d 96 d

555ec[§+d7x}5Tan[§] Sec[§+ d—x]7Tan[9}

+ 2 2 ]J/(a(l+€os[c+dx}))9/2

24d 4d

Problem 397: Unable to integrate problem.

JCos[c+dx}'“ (a+acCos[c+dx])*dx

Optimal (type 5, 302 leaves, 7 steps):

a* (55+29m+4m?) Cos[c+dx]*"Sin[c+dx] Cos[c+dx]*" <a2+a2Cos[c+dx])ZSin[c+dx}
+ +

d(2+m) <3+m) (4 +m) d (4+m)

2 (5+m) Cos[c+dx]™" (a*+a%Cos[c+dx]) Sin[c+dx]

d (3+m) (4 +m)

4 ) 1om A 1 1+m 3+m )
a* (35+4@m+8m’) Cos[c+dx]*™Hypergeometric2Fl| —, s , Cos[c+dx]?]
2 2 2
Sinfc+dx] /(d (1+m) (2+m) (4+m) +/Sin[c+dx]? | -

X - _ 1 2+m 4+m o
(4a (5+2m) Cos[c+dx]>™Hypergeometric2F1| -, s , Cos[c+dx]?] Sin[c+dx]
2 2 2

/

(d (2+m) (3+m)+/Sin[c+dx]?

Result (type 8, 23 leaves):

JCos[c+dx}'" (a+acCos[c+dx])*dx
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Problem 398: Unable to integrate problem.

JCos[c+dx]"' (a+acCos[c+dx])?dx

Optimal (type 5, 232 leaves, 6 steps):

a® (7+2m) Cos[c+dx]*"sin[c+dx] Cos[c+dx]*" (a®+a®Cos[c+dx])Sin[c+dx]
+ _

d(2+m) (3+m) d<3+m>
A 1 1+m 3+m i
(a3 (5+4m) Cos[c+dx]*™"Hypergeometric2F1| —, s , Cos[c+dx]?]| Sin[c+dx] /
2 2 2
(d (1+m) (2+m)/Sin[c+dx]?
X 1 2+m 4+m A
(a3 (11+4m) Cos[c+dx]?™Hypergeometric2F1| —, B , Cos[c+dx]?]| Sin[c+dx] /
2 2 2

(d (2+m) (3+m)+/Sin[c+dx]?

Result (type 8, 23 leaves):

JCos[c+dx}"‘ (a+acCos[c+dx])?dx

Problem 399: Unable to integrate problem.

JCos[c+dx1'" (a+aCos[c+dx])2dlx

Optimal (type 5, 173 leaves, 4 steps):

a?Cos[c+dx]¥™Sin[c+dx]

d <2+m>

X 1 1+m 3+m .

(az (3+2m) Cos[c+dx]t Hypergeometric2F1| -, , , Cos[c+dx]?]| Sinfc +dx] /

2 2 2
(d (1+m) (2+m) A/Sin[c+dx]?
5 2em . 1 2+m 4+m ) .

2a°Cos[c+dx] Hyper‘geometr‘1c2F1[f, , —, Cos[c+dx] }Sln[c+dx1

2 2 2

[d (2+4m) /Sin[c+dx]?

Result (type 8, 23 leaves):

JCos[c+dx1'" (a+aCos[c+dx])2dlx

Problem 400: Result unnecessarily involves imaginary or complex numbers.

jCos[c+dx}m (a+acCos[c+dx]) dx
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Optimal (type 5, 131 leaves, 3 steps):

Tom . 1+m 3+m ) .
-|lacCos[c+dx] Hyper‘geometr‘1c2F1[f, , , Cos[c+dx] }Sln[c+dx1
2 2
d(1+m)+/Sin[c+dx]? ]—
2em . 1 2+m 4+m ) X
aCos[c+dx]<" Hyper‘geometr‘1c2F1[f, , —, Cos[c+dx] ]Sln[c+dx] /
2 2 2

(d (2+4m) y/Sin[c+dx]?

Result (type 5, 215leaves):

[]-l 2-1-m a (1 i e“ (c+dx)>*1*m (e’j (c+dx) (1 . e“ (c+d x) ) )1+m

((—1+m) mHyper‘geometr‘icZFl[% (-1-m), -m, 1;m, —e?t (e ]y
e' (<4 (1.m) e’ (9 mHypergeometric2F1| 1;m, -m, B;m, —e?t (e ]y
2 (-1+m) Hypergeometric2F1-m, S21- ke <°*dx>])])/ (d(-1+m)m(1+m))
2 2

Problem 401: Unable to integrate problem.

Cos[c+dx]™
J dx
a+acCosfc+dx]

Optimal (type 5, 156 leaves, 4 steps):

Cos[c+dx]™Sin[c +dx]

d(a+aCos[c+dx])

. 1 m 2+m 27 s
Cos[c +dx]"Hypergeometric2F1| —, —, , Cos[c+dx]?]| Sin[c +dx] /
2 2
ad+/Sin[c+dx]? ) +
1 . 1+m 3+m 27 s
mCos [c +d x]**" Hypergeometric2F1| -, s , Cos[c+dx]?]| Sin[c +dx] /
2 2 2

ad (1+m)+/Sin[c+dx]?

Result (type 8, 23 leaves):

Cos[c+dx]m
J dx
a+acCosfc+dx]

Problem 402: Unable to integrate problem.

Cos[c+dx]"
J dx
(a+aCos[c+dx])2

Optimal (type 5, 229 leaves, 5steps):
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2 (1-m)Cos[c+dx]*"sin[c+dx] Cos[c+dx]¥"Sin[c +dx]
- - +

3a%d (1+Cos[c+dx]) 3d (a+aCos[c+dx])?
1 . 1 1+m 3+m 27 s
((1—2m)mCos[c+dx] *mHyper‘geometr‘lc2F1[f, , , Cos[c+dx] ]Sln[c+dx] /
P 2 2

[Bazd (1+m)+/Sin[c+dx]?

) . 1 2+m 4+m ) .
(2 (1-m) (1+m) Cos[c+dx]>" Hypergeometric2F1[ =, , — Cos[c+dx]?] Sln[c+dx])/
2 2 2

[3a2d (2+m) /Sin[c+dx]?

Result (type 8, 23 leaves):
j Cos[c+dx]™

(a+aCos[c+dx])2

dx

Problem 411: Result more than twice size of optimal antiderivative.

j(a+bCos[c+dx]) Sec[c +dx] dx

Optimal (type 3, 16leaves, 2 steps):
aArcTanh[Sin[c +dXx]]
d

X +

Result (type 3, 73 leaves):

alog[Cos[€+ 4] —sin]|
bx- 2 2 +
d d

Problem 412: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx]) Sec[c+dx]2dx

Optimal (type 3, 24 leaves, 4 steps):
b ArcTanh[Sin[c+dx]] aTan[c+dXx]
+
d d

Result (type 3, 81 leaves):

bLog[Cos[§+ de} -sin[ S+ 9*]]  blLog[Cos|

ax +dTX]+Sin[§+dTXH aTan[c +dX]

d d d

<
2

Problem 415: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx]) Sec[c+dx]°dx

Optimal (type 3, 85leaves, 6 steps):
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3aArcTanh[Sin[c+dx]] bTan[c+dx]

+ +
8d d
3aSec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dx] bTan[c+dx]?
+ +
8d 4d 3d

Result (type 3, 227 leaves):
3aLog[Cos[% (c+dx) ] —Sin[% (c+dx)]]

- +

8d

3aLog[Cos[i(c+dx)]+Sin[§(c+dx>]]+ a .
8d 16d(Cos{i(C+dXH—Sin[§(C+dX>])4
3a a

16d (Cos[i (c+dx)] —Sin[i (c+dx)”2 16d (Cos[% (c+dx)] +Sin[§ (c+dx”)4

3a 2bTan[c+dx] bSec[c+dx]?Tan[c+dXx]
+ +

16d(Cos[§(c+dx)]+Sin[§(c+dx)”2 3d 3d

Problem 416: Result more than twice size of optimal antiderivative.

j(a+bCos[c+dx]) Sec[c+dx]®dx

Optimal (type 3, 101 leaves, 6 steps):
3bArcTanh[Sin[c+dx]] aTan[c+dx] 3bSec[c+dx] Tan[c+dXx]
+ +

+

8d d 8d
bSec[c+dx]3Tan[c+dx] 2aTan[c+dx]3 aTan[c+dx]>
+ +
4d 3d 5d

Result (type 3, 249leaves):
_3bLog[Cos[§ (c+dx)] —Sin[% (c+dx)]] 3bLog[Cos[% (c+dx)] +Sin[§ (c+dx)]]

+ +

8d 8d
b 3b

+ —

16d (Cos[% (c+dx)]-sin[> (C+dXH)2

16d (Cos[% (c+dx)]-sin[> (C+dXH)4

b 3b
- +

16d (Cos[i (c+dx)] +Sin[§ (c+dx)”4 16d (Cos[% (c+dx) ] +Sin[§ (c+dx”)2

8aTan[c+dx] 4aSec[c+dx]?Tan[c+dx] aSec[c+dx]*Tan[c+dx]
+ +

15d 15d 5d

Problem 422: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])ZSec[c+dx] dx

Optimal (type 3, 33 leaves, 3 steps):
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a?ArcTanh[Sin[c+dx]] b2Sin[c+dx]
2abx+ +

d d

Result (type 3, 105leaves):

a2 Log[Cos[iﬂ%} 7Sin[§+ dx1]
2abx- +

dx
a’ Log[Cos [+ + =+ ] X b2 Cos [d x] Sin[c] X b2 Cos [c] Sin[d X]

d d d

<
2

Problem 423: Result more than twice size of optimal antiderivative.

j(a+bCos[c+dx])ZSec[c+dx]2d1x

Optimal (type 3, 33 leaves, 4 steps):

) 2abArcTanh[Sin[c+dx]] a?Tan[c+dx]
b x + +

d d

Result (type 3, 77 leaves):

i(b (bc+bdx72aLog[Cos[§ (c+dx)] 7Sin[§ (c+dx)]]+

2aLog[Cos[1 (c+dx)] +Sin[1 (c+dx)]]|+a*Tan[c+dx]
2 2

Problem 424: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])ZSec[c+dx]3dlx

Optimal (type 3, 59leaves, 5steps):

(a2 +2b?) ArcTanh[Sin[c+dx]] 2abTan[c+dx] a2Sec[c+dx] Tan[c+dx]
+ +

2d d 2d

Result (type 3, 164 leaves):

i -2 (a?+2b?) Log[Cos[% (c+dx)] —Sin[% (c+dx)]]+

2a%Log[Cos| = (c+dx)] +Sin[§ (c+dx)]]+

<c+dx)]+sin[l(c+dx)H+ a? _

4% LogCos| ) [cos 2 [cdx]] - sin[* [codx]])?

a2

+8abTan[c+dx]
(Cos{i (c+dx) ] +Sin[i (c+dx)])2
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Problem 426: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])ZSec[c+dx]5d1x

Optimal (type 3, 110leaves, 6 steps):
(3a%?+4b?) ArcTanh[Sin[c+dx]] 2abTan[c+dx]

+ +
8d d
(3a2+4b2)Sec[c+dx}Tan[c+dx] a?Sec[c+dx]3Tan[c+dx] 2abTan[c+dx]3
+ +
8d 4d 3d

Result (type 3, 375leaves):
3a2Log[Cos[i (c+dx)] —Sin[i (c+dx)]]

8d
b2Log[Cos[i (c+dx)] 7Sin[§ (c+dx)]] 3a2Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]
2d " 8d ’
szog[Cos[i(c+dx)]+51n[§(c+dx)“+ 22 )
2d 16d(Cos[§(c+dx>]—sin[§(c+dx)”4
3 a? b2

+ —

16d (Cos[i (c+dx)] 7Sin[§ (C+dX>”2 4d (Cos[% (c+dx)] 7Sin[§ <c+dx)])2

a? 3 a2

16d (Cos[% (c+dx) ] +Sin[% (c+dx)”4 16d (Cos[% (c+dx) ] +Sin[% (c+dx)})2

b? 4abTan[c+dx] 2abSec[c+dx]2Tan[c+dX]
+

+

4d(Cos[§(c+dx)]+Sin[i(c+dx)])2 3d 3d
Problem 427: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])ZSec[c+dx]6dlx

Optimal (type 3, 135leaves, 7 steps):
3abArcTanh[Sin[c+dx]] (4a2+5b2)Tan[c+dx] 3abSec[c+dx] Tan[c +dx]

+

4d 5d 4d
abSec[c+dx]3Tan[c+dx] a?Sec[c+dx]*Tan[c+dx] (4a2+5b2)Tan[c+dx}3
+ +
2d 5d 15d

Result (type 3, 301 leaves):
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_3abLog[Cos[i (c+dx)] —Sin[% (c+dx)]]

+

4d
3abLog[Cos[i(c+dx)]+sin[§(c+dx)H+ ab N
4d 8d(Cos[i(c+dx)]—$in[§(c+dx)])4
3ab ab

8d (Cos[% (c+dx)] —Sin[i (c+dx)])2 8d (Cos[i (c+dx) ] +Sin[§ (c+dx”)4

3ab 8a’Tan[c+dx] 2b?Tan[c+dx]
+

8d(Cos[i(Cerx)]JrSin[i(c+dx)])2Jr 15d 3d

+

43a%Sec[c+dx]?Tan[c+dx] b?Sec[c+dx]?Tan[c+dx] a%®Sec[c+dx]*Tan[c+dx]
+ +

15d 3d 5d

Problem 434: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])3Sec[c+dx]3dlx

Optimal (type 3, 79leaves, 4 steps):

a (a?+6b?) ArcTanh[Sin[c+dx]]
b3 x + +
2d

5azbTan[c+dx] a?(a+bCos[c+dx])Sec[c+dx] Tan[c+dx]
.

2d 2d

Result (type 3, 256 leaves):

iSec[c+dx]2 (2b3c+2b3dx—a3Log[Cos[1 (c+dx)] —Sin[1 (c+dx)]]-
2 2

6ab? Log[Cos[~ (c+dx) | —S.in[l (c+dx)]] +a3Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]+

2

<c+dx)] +Sin[1

6 ab? Log[Cos | ;(c+dx)H+Cos[2(c+dx>]

(Zb3 (c+dx) -a (a®+6b?) Log[Cos[% (c+dx)] —Sin[% (c+dx)]]+a (a®+6Db?)

Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]|+2a’sin[c+dx] +6a’bSin[2 (c+dx] ]
2 2

Problem 435: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])3Sec[c+dx]4d1x

Optimal (type 3, 109 leaves, 6 steps):
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b (3a*+2b?) ArcTanh([Sin[c+dx]] a (2a%?+9b?) Tan[c+dx]

+ +
2d 3d
7a2bSec[c+dx] Tan[c+dx] a®(a+bCos[c+dx])Sec[c+dx]?Tan[c+dx]
.
6d 3d

Result (type 3, 383 leaves):
(-3a%b-2b3%) Log[Cos[i (c+dx)] —Sin[i (c+dx)]]

+

2d
(3a2b+2b?) Log[Cos[i (c+dx) ] +Sin[% (c+dx)]]

+

2d

3.9ab a®sin[? (c+dx) ]
+ 2 St

12d (Cos[i (c+dx)] —Sin[i (c+dx)”2 6d (Cos[% (c+dx)] —Sin[i <c+dx)])

a3Sin[§(c+dxH _3*_9a2p

+

6d (Cos[i (c+dx) ] +Sin[i (c+dx)])3 +12d (Cos[i (c+dx) ] +Sin[§ (c+dx)])2

2a3Sin[i (c+dx)] +9abZSin[§ (c+dx)] 2a3Sin[§ (c+dx)] +9abZSin[i (c+dx)]

3d (Cos[% (c+dx) ] —Sin[% (c+dx”) ’ 3d (Cos{% (c+dx) ] +Sin[% (c+dx)])
Problem 436: Result more than twice size of optimal antiderivative.
J(a+bCos[c+dx])3Sec[c+dx]5d1x

Optimal (type 3, 133 leaves, 7 steps):
3a (a’?+4b?) ArcTanh[Sin[c+dx]]

+

8d
b (2a?+b?) Tan[c+dx] 3a (a?+4b?) Sec[c+dx] Tan[c+dXx]
+ +
d 8d
3a2bSec[c+dx]2Tan[c+dx] a?(a+bCos[c+dx])Sec[c+dx]®Tan[c+dx]
+
ad 4d

Result (type 3, 455 leaves):
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_3 (a®*+4ab?) Log[Cos[i (c+dx) ] —Sin[i (c+dx)]] )

8d
3 (a®+4ab?) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+

8d
a3 3a2+4a’b+12ab?

+ +

16d (Cos[% (c+dx)] —Sin[% (c+dx)”4 16d (Cos[% (c+dx)] —Sin[% (c+dx)”2

azbSin[%<c+dx)] 23
- +

2d [Cos[X (c+dx)] -sin[2 (c+dx)])’ 164 [Cos[L (c+dx)]+sin[2 (c+dx)])"

a’bsin[> (c+dx)] -3a3-4a’b-12ab?

+ +

2d (Cos[% (c+dx) ] +Sin[% (c+dx)])3 16 d (Cos[% (c+dx)] +Sin[§ <c+dx)])2
)

2a’bsin[ > (c+dx) | +b>Sin[> (c+dx)] 2a?bsin[> (c+dx)]+b>sin[J (c+dx)]

d (Cos[% (c+dx) ] —Sin[% (c+dx)]) ' d (Cos[% (c+dx)] +Sin[§ (c+dx)])
Problem 437: Result more than twice size of optimal antiderivative.
J(a+bCos[c+dx])3Sec[c+dx]6d1x

Optimal (type 3, 169 leaves, 7 steps):
b (9a*+4b?) ArcTanh[Sin[c+dx]] a (4a%+15b?) Tan[c +dx]
+

+

8d 5d
b (9a?+4b?) Sec[c+dx] Tan[c+dx] 11a2bSec[c+dx]3Tan[c+dx]
+ +
8d 20d

a? (a+bCos[c+dx])Sec[c+dx]*Tan[c+dx] a (4a*+15b?) Tan[c+dx]>
+

5d 15d

Result (type 3, 619leaves):
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(-9a%b-4b%) Log[Cos[% (c+dx) ] —Sin[i (c+dx)]]

+

8d
(9a2b+4b?) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+

8d
a®+15a%b 19a3+135a2b+60ab?+60b3

+ +

80d (Cos[% (c+dx)] —Sin[% (c+dx)”4 240d (Cos[% (c+dx)] —Sin[% <c+dx)])2

a3Sin[%(c+dxH a3Sin[%(c+dxH
+ +

20d (Cos[2 (c+dx)]-sin[X (c+dx]])” 20d[Cos[% (c+dx)]+Sin[2 (c+dx)]|’

-2a*-15a%b -19a3-135a%2b-60ab%-60b3

+

80d (Cos |2 (c+dx]] +sin[? (c+dx>”4+ 240d (Cos[2 (c+dx)] +sin[L (crdx]])’

2 (4a%sin[? (c+dx)] +15ab2sin[ 2 (c+dx)]

+

15d (Cos{% (c+dx)]-sin[> (c+dx)])

2 (4a3Sin[§ (c+dx)] +15abZSin[l (c+dx>])

+

15d<Cos[§(c+dxH+Sln (c+dx)

+

/)
19a3SinE(c+dx”+60ab251n{ (c+dx) ] 19a3Sin[§(c+dx”+60abzsin[§(c+dx”
120d(Cos[%(c+dx)] Sln[ <c+dx)])3 120d(Cos[i(c+dx)]+Sin[§(c+dx)])3

Problem 445: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])4Sec[c+dx]4dlx

Optimal (type 3, 115leaves, 5steps):
2ab (a?+2b?) ArcTanh[Sin[c+dx]] a? (2a?+17b?) Tan[c +dX]

b4X+ + +
d 3d
4a3bSec[c+dx] Tan[c+dx] a° (a+bCos[c+dx])2Sec[c+dx}2Tan[c+dx}
+
3d 3d

Result (type 3, 246 leaves):
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1
——Sec[c+dx]3
12d

9bCos[c+dx]

b*> (c+dx) -2a (a®+2b?) Log[Cos[% (c+dx)] —Sin[% (c+dx)]]+

2a (a%+2b?) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]) +

3bCos |3 (c+dx)] {b3 (c+dx)-2a (a?+2b?) Log[Cos[% (c+dx)] —Sin[i (c+dx)]]+

2a (a%+2b?) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]) +

4a® (2a®+9b?+6abCos[c+dx] + (a®+9b%) Cos[2 (c+dx)]) Sin[c+dx]

Problem 446: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])4Sec[c+dx]5d1x

Optimal (type 3, 154 leaves, 7 steps):
(3a*+24a%b?+8b*) ArcTanh[Sin[c +dx]]

8d

4ab (2a?+3b?) Tan[c+dx] a®(3a?+22b?) Sec[c+dx] Tan[c+dx]
+ +

3d 8d

5a*bSec[c+dx]2Tan[c+dx] a2 (a+bCos[c+dx])?Sec[c+dx]>Tan[c+dx]
.

6d 4d

+

Result (type 3, 487 leaves):
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(-3a*-242a2b%-8b*) Log[Cos[i (c+dx)] —Sin[i (c+dx)]]

+

8d
(3a%+24a2b2+8Db%) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+

8d
at 9a*+16a3b+72a2b?

+ +

16d (Cos[% (c+dx)] —Sin[% (c+dx)”4 48 d (Cos[% (c+dx)] —Sin[% (c+dx)”2

2a3bSin[%(c+dxH %
- +

3d [Cos[X (c+dx)]-sin[2 (c+dx)])’ 164 [Cos[L (c+dx)]+sin[2 (c+dx)])

2a3bSin[i(c+dxH ~9a%_-16a3b - 72 a?b?

+ +

3d (Cos[% (c+dx) ] +Sin[% (c+dx)])3 48 d (Cos[% (c+dx)] +Sin[§ <c+dx)])2

4 (2a3bSin[§ (c+dx)] +3ab3sin[§ (c+dx)])

+

3d (Cos[i (c+dx)]-sin[2 (c+dx)])

4 (2a3bSin[§ <c+dx>] +3ab3sin[i (c+dx)])

3d (Cos[% (c+dx)] +Sin[i (c+dx)])
Problem 447: Result more than twice size of optimal antiderivative.
J(a+bCos[c+dx])4Sec[c+dx]6d1x

Optimal (type 3, 188 leaves, 8 steps):
ab (3a?+4b?) ArcTanh[Sin[c+dx]] (8a%*+6@a?b?+15b%) Tan[c +dx]

+ +
2d 15d
ab (3a?+4b?) Sec[c+dx] Tan[c+dx] a?(4a?+27b?) Sec[c+dx]2Tan[c+dx]
+ +
2d 15d
3a’bSec[c+dx]3Tan[c+dx] a2 (a+bCos[c+dx])?Sec[c+dx]*Tan[c+dX]
+
5d 5d

Result (type 3, 663 leaves):
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(-3a*b-4ab?) Log[Cos[% (c+dx) ] —Sin[i (c+dx)]]

+

2d
(3a®b+4ab?) Log[Cos[i (c+dx)] +Sin[i (c+dx)]]

+

2d
a*+10a%b 19a*+180a3b+120a2b?+ 240 a b3

+ +

40 d (Cos[% (c+dx)] —Sin[% (c+dx)”4 240d (Cos[% (c+dx)] —Sin[% (c+dx)])2

a4Sin[%(c+dxH a4Sin[%(c+dxH
+ +

20d (Cos[2 (c+dx)]-sin[X (c+dx]])” 20d[Cos[% (c+dx)]+Sin[2 (c+dx)]|’

—a*-10a%b -19a*-180a3>b-120a?b%-240ab3

+

40d (Cos[2 (c+dx]] +sin[? (c+dx>”4+ 240 (Cos[ X (c+dx)] +sin[? (cvdx)])?

19a*sin[> (c+dx) | +120a*b?Sin[ > (c+dx) ]

+

120d (Cos[i (c+dx)] —Sin[i (C+dx>])3

19a4Sin[% (c+dx” +120a2bZSin[i (c+dx”

120 [cos( 1 (cvax)| -sinl 2 (erax)]]*

(8a4Sin[ (c+dx) ]| +60a?b?sin[ = (c+dx) ]| +15b4Sin[l (c+dx)]

/

N |
N |

+

(15 d

Cos[% (c+dx)] 7Sin[§ (c+dx)]

(8 at Sin[

N |

(c+dx>] +60a2bZSin[

N |

c+dx) | +15b*Sin
( )]

N |-

(c+dx”

/

Cos[1 (c+dx)] +Sin[1 (c+dx”

(15 d
2 2

Problem 459: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]>
J( dx

a+bCos[c+dx])?

Optimal (type 3, 266 leaves, 7 steps):
a <4 a2+ bZ) X 2 a4 (4 a2 _5 bz) ArcTan [ mTan{;b(m.dx)} ]

- + +
b (a-b)>2b% (a+b)**d
(12a*-7a?b?-2b%) Sin[c+dx] a (2a?-b?) Cos[c+dx] Sin[c+dx]

- +

3b* (a?-b?) d b3 (a?-b?) d

(4a2-b?) Cos[c+dx]2Sin[c+dx] aZCos[c+dx]3Sin[c+dx]

3b? (a2-b?) d b (a®-b2) d (a+bCos[c+dx])

Result (type 3, 176 leaves):
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1
-12a(2a-1b) (2a+1b) (c+dx
— |12 (2a-5b) (2arib) crdx) s

1
24 a* (422 -5Db2) ArcTanh| (a-b) Tan| > (c+dx) ]

~/ —a2+b?

+9b (4a2+b2> Sin[c+dx] +
(a2 4 b2)?2

5 o
12a7bSinfc+dx] ~6ab’sin[2 (c+dx) ] +b*sin[3 (c+dx)]
(a_b) <a+b) (a+bCos[c+dXJ)

Problem 491: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

va+bCos[c+dx] Sec[c+dx]2dx
[ ] [ ]

Optimal (type 4, 197 leaves, 9 steps):

+b C +d . . 1 2b
Va+bCos[c+dx] EllipticE[® (c+dx), 2°] a [ ebfes e EllipticF [ (crdx), 2]

+

d a+bCos[c+dx]
a+b

b |abCosiedxl E1lipticPi[2, I (cvdx), 2]

d+a+bCos[c+dx]

Result (type 4, 418 leaves):

d+va+bCos[c+dx]

Va+bCos[c+dx] Tan[c+dXx]
.
d
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2 | aeblosledxl E1lipticPi[2, T (c+dx), 22|
1 a+b 2 a+b

R _
4d va+bCos[c+dx]

a+b a-b

21'1\/b‘bcos[c+dxJ J_b+bc°s[c+dx] Cos[2 (c+dx)]

. . . 1 a+b
2a (a-b) EllipticE[iArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
— . 1 a+b e
b 2aE111pt1cF[1‘1Ar‘c51nh[ - va+bCos[c+dx] ], ]—bElllptlcPl[
a+b a-b
a+b . 1 a+b .
, 1ArcSinh[ |- Va+bCos[c+dx] |, ||| sinfc+dx] /
a a+b a-b

1 a2-b2-2a(a+bCos[c+dx]) + (a+bCos[c+dx])?
a |- \/17Cos[c+dx]2 \/ ( [ 1)~ [ )

a+b b2

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx])2) +

vJa+bCos[c+dx] Tan[c +dx]
d

Problem 492: Result unnecessarily involves imaginary or complex numbers.

va+bCos[c+dx] Sec[c+dx]3dx
[ ] [ ]

Optimal (type 4, 262 leaves, 10 steps):
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b~/a+bCos[c+dx] EllipticE[% (c+dx), 22]

a+b

4ad a+b Cos[c+d x

a+b

3b [ 2bCosledXl EllipticF[2 (c+dx), 22]
a+b 2 a+b

4d~/a+bCos[c+dx]

(4a2—b2) \/@EllipticPi[Z, % <C+dx>: ﬁ]

4ad+/a+bCos[c+dx]

bva+bCos[c+dx] Tan[c+dx] ~a+bCos[c+dx] Sec[c+dx] Tan[c +d xX]
+

4ad 2d

Result (type 4, 515leaves):
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8ab | abCesledXl EllipticF[2 (c+dx), 2]
1 a+b 2 a+b
.

16ad va+bCos[c+dx]

2 (8a2-3b2) /—MC": bc*dx EllipticPi[2, 1 (c+dx), ﬁ]
.

va+bCos[c+dx]

ZJibz\/bbCos[Cerx] \/b+bCos[c+dx] Cos[z (c+dx)]

a+b a-b

L. . 1 a+b
2a (a-b) EllipticE[iArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
e T ) 1 a+b N
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi|
a+b a-b
a+b . 1 a+b .
, L ArcSinh| |- Va+bCos[c+dx] |, || sinfc+dx] /
a a+b a-b

a?-b’-2a(a+bCos[c+dx]) + (a+bCos[c+dx])2

1
a |- \/l—Cos[c+dx]2 \/—
b2

a+b

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx])2) +

va+bCos[c+dx] (bT—a”‘l‘:ﬂL+%Sec[c+dx] Tan[c+dx])

d

Problem 498: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bCos[c+dx])3/ZSec[c+dx]2d1x

Optimal (type 4, 209 leaves, 9 steps):
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ava+bCos[c+dx] EllipticE[i (c+dx), 22]

a+b

d a+b Cos[c+d x

a+b

(a% + 2 b?) /—f—L‘"*b“;b“dx EllipticF[% (c+dx), ﬁ}

dva+bCos[c+dx]

3ab | 2bCosledxl El1ipticPi[2, L (c+dx), 22
a+b 2 a+b ava+bCos[c+dx] Tan[c+dx]

+

dva+bCos[c+dx] d

Result (type 4, 472 leaves):
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Sb\/@EllipticF[l (crdx), 23]
) s 2 a+b

“p +
4d va+bCos[c+dx]

10a | bCosledxl E11ipticPi[2, L (c+dx), 2]
a+b 2 a+b

va+bCos[c+dx]

2jl\/bb(:os[Cerx] \/b+bCOS[C+dX] Cos[Z(C+dX)]

a+b a-b

2a (a-b) EllipticE[iArcSinh| |- = \/a+bCos[c+dx]},a+b]+
a+b a-b
1 a+b
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi]

a+b a-b

a+b a+b

, i ArcSinh| Va+bCos[c+dx] |,

a+b a-b

1] sinfc+dx] /

a

1

\/1 Coslcd 12\/ az—b2—2a<a+bCos[c+dx}>+<a+bCos[c+dx}>2
-Cos[c+dx -

a+b b2

(2a2—b2—4a (a+bCos[c+dx]) +2 <a+bCos[c+dx})2) +

ava+bCos[c+dx] Tan[c+dx]
d

Problem 499: Result unnecessarily involves imaginary or complex numbers.

J(a+bCos[c+dx])3/25ec[c+dx]3d1x

Optimal (type 4, 255leaves, 10 steps):
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5b~/a+bCos[c+dx] EllipticE[% (c+dx), 22]

a+b

4d a+b Cos[c+d x

a+b

7ab | abeesledXl ElyipticF[L (c+dx), 2b
a+b 2 a+b

4d~a+bCos[c+dx]

(4a2+3b2) [2ocesledl EllipticPi[2, > (c+dx), 2]

4d~/a+bCos[c+dx]

5b+a+bCos[c+dx] Tan[c+dx] a~/a+bCos[c+dx] Sec[c+dx] Tan[c +dXx]

+

4d 2d

Result (type 4, 508 leaves):
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8ab | bCosledxl EllipticF[2 (c+dx), 22
1 a+b 2 a+b

16d va+bCos[c+dx]

2 (8a%+ b2 \/@Ellipticﬁ[z, L(cedx), 28]

va+bCos[c+dx]

b-bCos[c+dx b+bCos[c+dx
10 i b’ erdx] [ 2008l OX) tos[2 (crdx]]

a+b a-b

2a (a-b) EllipticE[iArcSinh| |- vJa+bCos[c+dx] ]’a+b}+
a+b a-b
e T ) 1 a+b N
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi|

a+b a-b

a+b a+b

, i ArcSinh| Va+bCos[c+dx] |,

|| sinfc+dx] /

a a+b a-b
1 a2-b2-2a(a+bCos[c+dx]) + (a+bCos[c+dx])?
a |- \/l—Cos[c+dx]2 - ( L+ )
a+b b2

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx])2) +

va+bCos[c+dx] (ibTan[c+dx] +%a$ec[c+dx] Tan[c+dx])

d

Problem 504: Result unnecessarily involves imaginary or complex numbers.

J(a+bCos[c+dx])S/ZSec[c+dx] dx

Optimal (type 4, 222 leaves, 9 steps):

| 259
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14ab+a+bCos[c+dx] EllipticE[? (c+dx), Zb}

a+b
a+bCos[c+d x]
a+b
2b (2a%+b2) | asblosicdxl asbloslerdXl E1]iptick |2 <c+dx), 2b ]
a+b a+b

3d\/a+bCos c+dx]

29 |ebCesledxl E11ipticPi[2, T (c+dx), 22| , .
a a+ 2b2+/a+bCos[c+dx] Sin[c+dx]

+

+

d+va+bCos[c+dx] 3d

Result (type 4, 379 leaves):

4b (9a2+b?) |=bLesledd EllipticF[2 (c+dx), 28]

1 a+b a+b
— +
6d Ja+bCos[c+dx]
2a (6a2+7b?) | a:bCos[crdx] ‘*dx EllipticPi[2, ¥ (c+dx), 22 ]
2 a+b 1
+
Va+bCos[c+dx] .
N a+b
b (-1+Cos[c+dx]) b (1+Cos[c+dx])
141 | - Csc[c+dx]
a+b -a+b
L. ) X 1 a+b
-2a (a-b) EllipticE i ArcSinh[ |- Va+bCos[c+dx] |, |+
a+b a-b
.. . a+b
b —2aE111pt1cF[JiAr‘c51nh[ - vJa+bCos[c+dx] }, ]+
a+b a-b
.. _.ra+b . 1 a+b
b EllipticPi| ——, i ArcSinh[ |- Va+bCos[c+dx] |, Rk
a a+b a-b

4b*+/a+bCos[c+dx] Sin[c+dXx]



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”~m (c+d cos)”n.nb | 261

Problem 505: Result unnecessarily involves imaginary or complex numbers.

J(a+bCos[c+dx])S/ZSec[c+dx]2dlx

Optimal (type 4, 222 leaves, 9 steps):

(az_zbz) va+bCos[c+dx] EllipticE[i (C+dX), :jﬂ
- +

d a+b Cos[c+d x

a+b

a (a?+4b?) /—@a*b“;;*“ EllipticF[% (c+dx), :Z]

dva+bCos[c+dx]

5a2p | abCosledXl E11ipticPi[2, L (c+dx), 2*]
a+b 2 a+b a2+/a+bCos[c+dx] Tan[c+dx]

+

d+va+bCos[c+dx] d

Result (type 4, 390 leaves):
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24 ap? | arblosfcrdx] EllipticF[® (c+dx), 22|
a+b 2 a+b
.

4d va+bCos[c+dx]
2b (9a2+2b?2) |2bCosledxl Ei1ipticPi[2, L (c+dx), 22
a+b 2 a+b 1
.
vVa+bCos[c+dx
+ [Cc+ ] ab 1
a+b
b (-1+Cos[c+dx] b (1+Cos[c+dX]
2i (a®-2b%) |- ( ) - ( )Csc[c+dx}
a+b a-b
R . . a+b
2a (a-b) EllipticE[i ArcSinh| Va+bCos[c+dx] |, |+
a-b
L. . a+b
b |2aEllipticF[iArcSinh| |- Va+bCosfc+dx] |, | -
a+b a-b
. .. .ra+b . a+b
b EllipticPi| , i ArcSinh[ |- Va+bCos[c+dx] |, [+
a+b a-b

a

4a%+/a+bCos[c+dx] Tan[c+dX]

Problem 506: Result unnecessarily involves imaginary or complex numbers.
J(a+bCos[c+dx])5/ZSec[c+dx13d1x

Optimal (type 4, 270 leaves, 10 steps):
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9ab+/a+bCos[c+dx] EllipticE[% (c+dx), :U
— +

ad a+b Cos[c+d x

a+b

b (11 a2 + 8 b2) /g—“*“";;*dx EllipticF[% (c+dx), ﬁ}

4d~a+bCos[c+dx]

a (4a?+15b2) \/@Ellipticm[z, % (c+dx), :'ﬂ

4d~a+bCos[c+dx]

9ab+/a+bCos[c+dx] Tan[c+dx] a*~a+bCos[c+dx] Sec[c+dx] Tan[c +d X]

+

4d 2d

Result (type 4, 395leaves):

4b (a?+4b2) | ablosledXl E1lipticF[2 (c+dx), 2%]
1 a+b 2 a+b

— +

8d va+bCos[c+dx]
a(8a?+21b?) |elesledxl Ellpticpif2, * (c+dx), 20 1
a+b 2 a+b 1
va+bCos[c+dx] .
7a+b
b (-1+Cos[c+dx]) b (1+Cos[c+dx])
9i |- Csc[c+dx]
a+b -a+b
L. ) X 1 a+b
-2a (a-b) EllipticE[i ArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
s ) . 1 a+b
b |-2aEllipticF|i ArcSinh[ |- Va+bCos[c+dx] |, |+
a+b a-b

1
- \/a+bCos[c+dx]},

a+b a-b

. .. .ra+b . a+b
bEllipticPi [ — 1 Ar‘c51nh[ ]
a

2a+/a+bCos[c+dx] (2a+9bCos[c+dx])Sec[c+dx] Tan[c+dx]
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Problem 507: Result unnecessarily involves imaginary or complex numbers.

J(a+bCos[c+dx])S/ZSec[c+dx}4dlx

Optimal (type 4, 323 leaves, 11 steps):

(16 a2 + 33 b2) v/a+bCos[c +d X] EllipticE[% (c+dx), 21}

- +

24d a+b Cos[c+d x

a+b

a (16 a% + 59 b?) M‘;ﬂk EllipticF[i (crdx), 22]

a+ a+b

24d~/a+bCos[c+dx]

5b (4a2+b?) /—;La*b“: bc*dx EllipticPi|2, i (c+dx), j—i]

8d+/a+bCos[c+dx]

(16 a2 +33b%) /a+bCos[c+dx] Tan[c+dx]
24.d

13ab+a+bCos[c+dx] Sec[c+dx] Tan[c +d X]
12d

a2+/a+bCos[c+dx] Sec[c+dx]2Tan[c +dx]

3d

+

+

Result (type 4, 563 leaves):
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a+bCos[c+dx]

104ab | abCosledxl g)15pticF[L (c+dx), 22|
a+b 2 a+b
b|- + 2(104a2+3b2)\/

va+bCos[c+dx] a+b

2b

a+b

EllipticPi[2,

N | =

(c+dx), ] /(\/a+bCos[c+dx])_

5i (16a2+33b2)\/bbCos[c+dx] \/b+bCos[c+dx} Cos[z <c+dx)]

a+b a-b

L ] . 1 a+b
2a (a-b) EllipticE|i ArcSinh| |- N Va+bCos[c+dx] |, b] +
a+ a-

L. ) X a+b
b |2aEllipticF|i ArcSinh| Va+bCos[c+dx] |,

a+b a-b

| -bEllipticPi]

1 a+b
- Va+bCos[c+dx] |,
a+b a-b

b . .
—, 1 Ar‘c51nh[
a

] Sin[c +dx] /

1 a2-b2-2a(a+bCos[c+dx])+ (a+bCos[c+dx])?
a |- \/1—Cos[c+dx}2 - ( [ )+ [ 1)
a+b b2

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx})2) +

1 1 2 . 2 .
=+va+bCos[c+dx] |—Sec[c+dx] (16a*sin[c+dx] +33b*Sin[c+dx]) +
d

24

13
—abSec[c+dx] Tan[c+dXx] +
12

1
—a’Sec[c+dx]?Tan[c +dx]
3

Problem 514: Result unnecessarily involves imaginary or complex numbers.

J\/3+4Cos[c+dx] Sec[c +dx]2dx

Optimal (type 4, 95leaves, 6 steps):
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V7 EllipticE[ (c+dx), %] 3EllipticF[} (c+dx), ®]
- + +
V7 d
(c+dx),§] \/3+4Cos[c+dx] Tan[c+dx]
+
d

4 EllipticPi[2, >
V7
Result (type 4, 157 leaves):

Q.

8
d —
214 <C+ X>, }‘F

6/7 EllipticPi[2,
7

N |

1 1
——i7 (21 EllipticE[i ArcSinh[+/3+4Cos[c+dx] |, - =] -

Sin[c+dx]? /
o . 1
12 EllipticF[i ArcSinh[+/3+4Cos[c+dx] |, -] -
7
N . 1
8 EllipticPi|- =, i ArcSinh[V/3+4Cos[c+dx] |, - ]
3 7

Sin[c+dx] +21+3+4Cos[c+dx] Tan[c+dX]

Problem 515: Result unnecessarily involves imaginary or complex numbers.

J\/3+4Cos[c+dx] Sec[c +dx]3dx

Optimal (type 4, 135leaves, 7 steps):
ﬁEllipticE[% (c+dx), %} 3EllipticF[i (c+dx), s] 5EllipticPi|2, % (c+dx), 3}

- + + +
3d V7 d 317 d
/3+4Cos[c+dx] Tan[c+dx] +/3+4Cos[c+dx] Sec[c+dx] Tan[c+dX]
+
3d 2d

Result (type 4, 194 leaves):
12 EllipticF[ 2 (c+dx), 5] 6EllipticPi[2,  (c+dx), %]

+ +

V7 V7

(2]1 [21 EllipticE[i ArcSinh[+/3+4Cos[c+dx] |, -

1

6d

12 EllipticF [i ArcSinh[v/3 +4Cos[c+dx] |, -

1
8 EllipticPi [— —, 1 ArcSinh [\/3 +4Cos[c+dx]
3

(3\/7x/$in[C+dx]2

1 .
R 77]] Sin[c+dx]
7

/

+(3+2Cos[c+dx]) V3+4Cos[c+dx] Sec[c+dx] Tan[c+dx]
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Problem 521: Result unnecessarily involves imaginary or complex numbers.

J\/3—4Cos[c+dx] Sec[c+dx]?dx

Optimal (type 4, 98 leaves, 6 steps):

V7 EllipticE[ (c+n+dx), 2] 3EllipticF[ (c+n+dx), 2]

- + +
d V7 d
. . . 1 8
4E111pt1cP1[2, 3 (c+n+dx), ;} . \/3-4Cos[c+dx] Tan[c+dXx]
7 d d

Result (type 4, 178 leaves):

1
21d

42+/-3+4Cos[c+dx] EllipticPi[2, i (c+dx), 8]

\/3-4Cos[c+dx]
1

1
iV7 (21 EllipticE[i ArcSinh[+/3-4Cos[c+dx] |, - =] -

Sin[c+dx]? /

12 EllipticF i ArcSinh[/3 -4 Cos[c+dx] |, -

] _

s o 1 ) 1
8 EllipticPi[- —, i ArcSinh[+/3-4Cos[c+dx] |, —f]]
3 7

1
7
]

Sin[c+dx] +21+3-4Cos[c+dx] Tan[c+dX]

Problem 522: Result unnecessarily involves imaginary or complex numbers.

J\/3—4Cos[c+dx] Sec[c +dx]3dx

Optimal (type 4, 138 leaves, 7 steps):

V7 EllipticE[ (c+n+dx), 2]

3d
3EllipticF[§ (c+m+dx), 3} ) 5EllipticPi2, i (c+m+dx), 3} )
V7 d 347 d
\/3-4Cos[c+dx] Tan[c+dx] +/3-4Cos[c+dx] Sec[c+dx] Tan[c+dX]
+
3d 2d

Result (type 4, 237 leaves):
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1 [ 12+/-3+4Cos[c+dx] EllipticF[%(c+dx),8]
- +
6d V3 -4Cos[c+dx]
6V-3+4Cos[c+dx] EllipticPi[2, % (c+dx), 8]

+

\v/3-4Cos[c+dx]

[21’1 [21 EllipticE[i ArcSinh[v/3 -4Cos[c+dx] |, - =] -

1
, - ]] Sin[c +dx]

1
7

12 EllipticF i ArcSinh[v/3-4Cos[c+dx] |, —l] -
7

} 7

1
8 EllipticPi[- =, i ArcSinh[+/3 -4 Cos[c +dx]
3

(B\Fxlsin[Cerx]z

/

-+/3-4Cos[c+dx] (-3+2Cos[c+dx]) Sec[c+dx] Tan[c+dx]

Problem 528: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[c+dx]?
va+bCos[c+dx]

dx

Optimal (type 4, 206 leaves, 9 steps):

+b C +d s s 1 2b
Va+bCosc+dx] EllipticE[1 (c+dx), 22] shees =S EllipticF [ (c+dx), =7

+

ad a+b Cos[c+d x
a+b

bJ@EnipticPi[z, y (crdx), 20]

adva+bCos[c+dx]

Result (type 4, 424 leaves):

dva+bCos[c+dx]

va+bCos[c+dx] Tan[c+dx]
N
ad
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6 | 2bCosledxl E1lipticPi[2, L (c+dx), 22
1 a+b 2 a+b

- b
4ad vJa+bCos[c+dx]

a+b a-b

21'1\/b‘bcos[c+dxJ J_b+bc°s[c+dx] Cos[2 (c+dx)]

. . . 1 a+b
2a (a-b) EllipticE[iArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
— . 1 a+b e
b 2aE111pt1cF[1‘1Ar‘c51nh[ - va+bCos[c+dx] ], ]—bElllptlcPl[
a+b a-b
a+b . 1 a+b .
, 1ArcSinh[ |- Va+bCos[c+dx] |, ||| sinfc+dx] /
a a+b a-b

a’-b?-2a(a+bCos[c+dx]) + (a+bCos[c+dx])2

1
a |- \/17Cos[c+dx]2 \/
b2

a+b

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx])2) +

vJa+bCos[c+dx] Tan[c +dx]
ad

Problem 529: Result unnecessarily involves imaginary or complex numbers.
Sec[c+dx]3
J dx
va+bCos[c+dx]

Optimal (type 4, 268 leaves, 10 steps):




270 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

+b C +d . . 1 2b
3b+a+bCos[c+dx] EllipticE[% (c+dx), :j;} b : o;bC ” E111pt1cF[2 (c+dx), a+b}

4a2d | asbCosicidxl 4ad+/a+bCos[c+dx]

a+b

(4a2+3b2) | 2bCosledXl E11ipticPi[2, L (c+dx), 22|
a+b 2 a+b

4a2d+/a+bCos[c+dx]

3bva+bCos[c+dx] Tan[c+dx] +a+bCos[c+dx] Sec[c+dx] Tan[c+d Xx]
+
4a%d 2ad

Result (type 4, 518 leaves):
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8ab | abCosledxl EllipticF[L (c+dx), 22
1 a+b 2 a+b
.

16a%d va+bCos[c+dx]

2 (8a2+9b?) /—MC": bc*dx EllipticPi[2, i (c+dx), ﬁ]

va+bCos[c+dx]

6jlbz\/bbCos[Cerx] \/b+bCos[c+dx] Cos[z (c+dx)]

a+b a-b

L. . 1 a+b
2a (a-b) EllipticE[iArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
e T ) 1 a+b N
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi|
a+b a-b
a+b . 1 a+b .
, L ArcSinh| |- Va+bCos[c+dx] |, || sinfc+dx] /
a a+b a-b

a?-b’-2a(a+bCos[c+dx]) + (a+bCos[c+dx])2

1
a |- \/l—Cos[c+dx]2 \/—
b2

a+b

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx])2) +

_ 3bTan[c+dx] + Sec[c+d x] Tan[c+d x] )
432 2a

d

vJa+bCos[c+dx] (

Problem 535: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dx]
j( dx

a+bCos[c+dx])>?

Optimal (type 4, 176 leaves, 7 steps):
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C s T2 2b
_2bx/a+bCos[c+dx} ElllpthE[; (c+dx), a+b] )
a (az—bz)d a+bCoasbc+dx
2 [ ablosiesdxl E11ipticPi[2, 2 (c+dx), 22]
a+b 2 a+b 2b2Sin[c+dx]
N
adva+bCos[c+dx] a(az—bz)d\/a+bCos[c+dx]

Result (type 4, 520 leaves):

. 4ab | bCosledxl E1lipticF[ 2 (c+dx), 22|
2b2Sin[c+dx] a+b 2 a+b
s

a(a®-b%)dva+bCos[c+dx] va+bCos[c+dx]

2 (2a%-3b2) IQ—L"“”’“;:*‘” EllipticPi[2, 1 (c+dx), ﬁ}
.

va+bCos[c+dx]

b-bCos[c+dx b+bCos[c+dx
21b? [c+dX] -2t [c+dX] Cos[2 (c+dx) ]
a+b a-b
s s . 1 a+b
2a (a-b) EllipticE[i ArcSinh| |- Va+bCos[c+dx] |, ]+
a+b a-b
e T . 1 a+b e o
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi]
a+b a-b

a+b

Va+bCos[c+dx] |, a+b] Sinfc +dx] /

, i ArcSinh|
a+b a-b

a

a?-b?-2a(a+bCos[c+dx]) + (a+b(:os[c+dx])2
bZ

1
- \/1—Cos[c+dx12 -

a+b

2a°-b*-4a(a+bCos[c+dx]) +2 (a+bCos[c+dx})2> /(Za (-a+b) (a+b)d)
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Problem 536: Result unnecessarily involves imaginary or complex numbers.
Sec[c+dx]?
J dx
(a+bCos[c+dx])>?

Optimal (type 4, 277 leaves, 10 steps):

(a2 - 3b2?) va+bCos[c+dx] EllipticE[i (c+dx), Zi}

- +

a2 (asz2> d a+b Cosfc+d x]

a+b

a+b Cos[c+dx EllipticF[% <C+dX), Zb] 3p | atbCosfcrdx] ElliptiCPi[Z, i (c+dx), Zb]

a+b a+b a+b a+b

adva+bCos[c+dx] a2d+a+bCos[c+dx]
b(a273b2)sin[c+dx] Tan[c +dx]

+

az(az—bz)d\/a+bCos[c+dx] adv/a+bCos[c+dx]

Result (type 4, 551 leaves):
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Sab\/@ﬂlipticﬂl (crdx), 22]
) a+b 2 a+b

- b |- +
42’ (a-b) (a+b)d va+bCos[c+dx]

2 (7a%-9b?) IQ—L"‘”"“;;“” EllipticPi[2, 1 (c+dx), ﬁ}

va+bCos[c+dx]

b-bCos[c+dx b+bCos[c+dx
2i (a%-3b?) [c+dX] -2t [c+dx] Cos[2 (c+dx)]
a+b a-b
.. . 1 a+b
2a (a-b) EllipticE[iArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
e T . 1 a+b e o
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi]
a+b a-b
a+b . a+b .
, L ArcSinh| |- Va+bCos[c+dx] |, ] Sln[c+dx]/
a a+b a-b

1 a2-b2-2a(a+bCos[c+dx])+ (a+bCos[c+dx])?
- \/1—Cos[c+dx12 - ( )+ )
a+b b2

(Zaz—b2—4a (a+bCos[c+dx]) +2 (a+bCos[c+dx})2) +

va+bCos[c+dx]

2b3Sinfc+d x] " Tan[c+d x]
a% (a?-b?) (a+bCos[c+dx]) a?

d

Problem 537: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]3
J dx
(a+bCos[c+dx])>?

Optimal (type 4, 345leaves, 11 steps):
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b (7a2-15b%) Va+bCos[c+dx] EllipticE[} (c+dx), 22]

a+b

arbCosfc+dx]
433 (az_b2> d a+bCos[c+dx
a+b

5b [ 2RCosledXl EllipticF[2 (c+dx), 22
a+b 2 a+b

4a2d~+/a+bCos[c+dx]

(422 +15 b2) \/@Elliptiwi[z, i (c+dx), “;}

4a3d+/a+bCos[c+dx]
b? (7a?-15b?) Sin[c+dx]

S5bTan[c +dx]
4a* (a?-b?)d/a+bCos[c+dx] 4a2dVa+bCos[c+dx]

Sec[c+dx] Tan[c +d x]
+

2ad+/a+bCos[c+dx]
Result (type 4, 597 leaves):
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2 (4ab-20ab3) |2Lesladxl EllipticF[L (c+dx), 22|
1 a+b 2 a+b

- +

16a* (-a+b) (a+b)d JaibCoscrdx]

a+bCos[c+dx]

e 1 2b
EllipticPi[2, = (c+dx]), ] /
2

a+b a+b

2 (8a4+29a2b2—45b4)\/

a-b

a+b

b-bCos[c+d b+bCos[c+d
(\/a+bCos[c+dx] )- 2i(7a2b2—15b4)\/ [c+dx] \/_ * [c+dX]

a+b

Cos[2<c+dx)] 2a(a-b) EllipticE[i ArcSinh[ |- Va+bCos[c+dx] |,

a+b a-b

} +

o . ) 1 a+b e o
b |2aEllipticF[i ArcSinh| |- Va+bCos[c+dx] |, | -bEllipticPi|
a+b a-b

a+b

b | . 1
, 1 ArcSinh| |- Va+bCos[c+dx] |,
a a+b a-b

]| sinfc+dx] /

a —

1 a2-b2-2a(a+bCos[c+dx])+ (a+bCos[c+dx])?
\/1—Cos[c+dx]2 - ( L+ )
a+b b2

(Zaz—b2—4a (a+bCosf[c+dx]) +2 (a+bCos[c+dx])2) +

2b*Sin[c+dx] 7bTan[c +dx]
a® (a?2-b?) (a+bCos[c+dx]) 433

+

1
“+a+bCos[c+dx]
d

Sec[c+dx] Tan[c +d X]

2 a2

Problem 544: Result unnecessarily involves imaginary or complex numbers.
Sec[c +dx]
J dx
(a+bCos[c+dx])>?

Optimal (type 4, 320leaves, 10 steps):
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2b (7a%-3b?) Va+bCos[c+dx] EllipticE[ (c+dx), 27]

a+b
- +
332 (az_b2>2d a+b Cos[c+d x
a+b
2b [2bCesledXl E1lipticF[L (cedx), 2&] 2 [ @beesledd E1lipticpi[2, L (cedx), 22
a+b 2 a+b a+b 2 a+b
+ +
3a(a2—b2)d\/a+bCos[c+dx] a2d+/a+bCos[c+dx]
2b2Sinfc+dx] 2b? (7a%*-3b?) Sin[c+dx]

+

3a (a?-b?)d (a+bCos[c+dx])3/2 3a% (a?-b?)?d~/a+bCos[c+dx]

Result (type 4, 622 leaves):
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2 (-12a*b+4ab?) | 20Cesledxl EllipticF|2 (c+dx), 22 ]
1 a+b 2 a+b

6a’ (a-b)? (a+b)*d

va+bCos[c+dx]

EllipticPi|2,

a+bCos[c+dx
2 (6a% 19222+ ob¢) | 2r2C0s[crdX]
a+b

N |

(crdx), 22| /

a+b

b-bCos[c+dx b+bCos[c+dx
(\/a+bCos[c+dx}>— 211(—7a2b2+3b4)\/ [c+dx] \/_ i [c+dX]
a+b a-b

Cos[z (c+dx” 2a<a—b> EllipticE[jAr'cSinh[ - o Ja+bCos[c+dx] L aJrE]+
a + a-

b |2aEllipticF|iArcSinh|[ |-

a+b oL
Va+bCos[c+dx] |, | -bEllipticPi]

a+b a-b
a+b . 1 a+b .
, L ArcSinh| |- Va+bCos[c+dx] |, ] Sln[c+dx]/
a a+b a-b
1 a2-b2-2a(a+bCos[c+dx]) + (a+bCos[c+dx])?
a |- \/1—Cos[c+dx}2 - ( L+ )
a+b bZ

(Zaz—b2—4a (a+bCosfc+dx]) +2 <a+bCos[c+dx})2> +

+

1 2b2Sin[c+dx]

=+/a+bCos[c+dx]

d 3a (a?-b?) (a+bCos[c+dx])?
2 (7a%b?sinf[c+dx] -3b*Sin[c+dx])

3a? (az—bz)2 (a+bCos[c+dx])

Problem 545: Result unnecessarily involves imaginary or complex numbers.

J Sec[c+dx]?
(a+bCos[c+dx])®>?

dx

Optimal (type 4, 380 leaves, 11 steps):
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(3a*-26a’b?+15b%) /a+bCos[c+dx] EllipticE|

N |

a+bCos[c+dx
3a3 (az—bz)zd ’ [c+dx] +
a+b

(3a%-5b2) /—f—]—a*bc";;*dx EllipticF[% (c+dx), :f;]

3a% (a?-b?) dVa+bCos[c+dx]

5b | &beesledxl EllipticPi[2, 2 (c+dx), 22
a+b 2 a+b

a3d+/a+bCos[c+dx]
b (3a*-5b?) Sin[c+dx]

+

3a2 (a2-b?)d (a+bCosc+dx])>?
b (3a*-26a2b?+15b*) Sin[c+dx] Tan[c +dx]

(c+dx),

+

3a% (a2-b%)®d+/a+bCos[c+dx] ad(a+bCos[c+dx

Result (type 4, 638 leaves):

])3/2

2b

a+b

1)/

| 279
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1
122 (-a+b)? (a+b)*d

2 (-36a%b+202b?) J@Ellipticﬁi (c+dx), 2]
+ |2 (33a%*-86a’b>+45b*)

va+bCos[c+dx]

b

20 } /(\/a+bCos[c+dx} )—

a+bCos[c+dx] L. 1
EllipticPi[2, = (c+dx),
2

a+b a+b
21 (384 26a%b?15pt) | 2o 2C0slerdX] [ bebCosferdX] ooy e gy
a+b a-b
a+b
2a (a-b) EllipticE[i ArcSinh| |- Va+bCos[c+dx] |, |+
a+b a-b
a+b

Va+bCos[c+dx] |, | -bEllipticPi]

a+b a-b

b |2aEllipticF|i ArcSinh|

a+b] Sinf[c +dx] /

Va+bCos[c+dx] |,
a-b

a+b .
—, 1 Ar‘cSmh[ -

a

a+b

a’-b?-2a(a+bCos[c+dx]) + (a+bCos[c+dx1)2
x/17Cos[c+dx}2 - ;
b

1

a+b

(2a27b274a (a+bCos[c+dx]) +2 (a+bCos[c+dx})2)

2b3Sin[c+dx]

l\/a+bCos[c+dx}
d 3a% (a%-b?) (a+bCos[c+dx])2

4 (5a2b3Sin[c+dx] -3b>Sin[c+dx])

+

3al (aszz)2 (a+bCos[c+dx])

Tan[c +dXx]

a3
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Problem 552: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c+dx]?
V3 +4Cos[c+dx]
Optimal (type 4, 101 leaves, 6 steps):

7\/7EllipticE[i (c+dx), 2] EllipticF[Z (c+dx), %]

+

3d V7 d
. N . 1 8
4 EllipticPi[2, 5 (c+dx), ;] 3+4Cos[c+dx] Tan[c+dXx]
+
347 d 3d
Result (type 4, 158 leaves):
1
3d
6 EllipticPi[2, > (c+dx), % 1
2 7 . . . . .
- + (1 (21 ElllpthE[nAr‘cSmh[\/f—S+4Cos[c+dx} ], 7,} -12
V7 7

EllipticF[i ArcSinh[+/3+4Cos[c+dx] |, 71} -
7

s s 1 . 1 .
8E111pt1cP1[—7, jArc51nh[\/3+4Cos[c+dx] }, 77]] Sin[c+dx]
3

7 /
(3\/7x/$in[c+dx]2

++v3+4Cos[c+dx] Tan[c+dX]

Problem 553: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]?
j dx

\3+4Cos[c+dx]

Optimal (type 4, 137 leaves, 7 steps):

ﬁEllipticE{% (c+dx), %] _ EllipticF[% (c+dx), %] V7 EllipticPil2, % (c+dx), s}

+ —

3d 37 d 3d
/3+4Cos[c+dx] Tan[c+dx] +/3+4Cos[c+dx] Sec[c+dx] Tan[c+dXx]
+
3d 6d

Result (type 4, 195leaves):
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4EllipticF[> (c+dx), 2] 18EllipticPi[2, > (c+dx), J

+ —

V7 V7

[21 [21 EllipticE[i ArcSinh[+/3+4Cos[c+dx] |, -

|oo
[E—

1

6d

]_
]_

1
B f*]] Sin[c +dx]
7

12 EllipticF[i ArcSinh[v/3 +4Cos[c+dx] |, -

0 N |Rr Y|P

/

- (-1+2Cos[c+dx])/3+4Cos[c+dx] Sec[c+dx] Tan[c+dx]

1
8 EllipticPi|- =, i ArcSinh[+/3 +4 Cos[c +dx]
3

(3\/7\/Sin[c+dx]2

Problem 559: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]?
J dx

\v3-4Cos[c+dx]

Optimal (type 4, 104 leaves, 6 steps):
ﬁEllipticE[% (c+m+dx), %] ) EllipticF[% (c+m+dx), 3]

3d V7 d

4 EllipticPi[2, >

(c+n+dx>,§} \/3-4Cos[c+dx] Tan[c +dx]
31/7 d 3d
Result (type 4, 179 leaves):

1 [6+V-3+4Cos[c+dx] EllipticPi[2, > (c+dx), 8]

3d

1
2

V3-4Cos[c+dx]

[]l (21 EllipticE[i ArcSinh[+/3 -4 Cos[c+dx] |, —l] -
7
]_

1
R —f]] Sin[c +dx]
7

12 EllipticF i ArcSinh[+/3-4Cos[c+dx] |, -

1
7
e o 1 .
8 EllipticPi[- =, i ArcSinh[+/3-4Cos[c+dx] |
3

(BW«/Sin[Cerx]z

/

++/3-4Cos[c+dx] Tan[c+dX]

Problem 560: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[c+dx]3
V3 -4Cos[c+dx]

Optimal (type 4, 140leaves, 7 steps):
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V7 EllipticE[ (c+n+dx), 2]

- +

3d
. . 1 8 . . . 1 8
ElllpthF[; (c+m+dx), ;] ) V7 EllipticPil2, " (c+m+dx), ;] )
37 d 3d
/3-4Cos[c+dx] Tan[c+dx] +/3-4Cos[c+dx] Sec[c+dx] Tan[c+dX]
+
3d 6d

Result (type 4, 236 leaves):

4~/-3+4Cos[c+dx] EllipticF[i (c+dx), 8]
- +

\/3-4Cos[c+dx]

1

6d

18+/-3+4Cos[c+dx] EllipticPi[2, i (c+dx), 8]

\/3-4Cos[c+dx]

[21’1 [21 EllipticE[i ArcSinh[v/3-4Cos[c+dx] |, - =] -
]_

R . 1 .
8E111pt1cP1[—7, J'LAr‘c51nh[\/3—4Cos[c+dx] R —f]] Sin[c +dx]
3 7

(BW«/Sin[Cerx]z

12 EllipticF i ArcSinh[+V/3-4Cos[c+dx] |, -

1
;
1
;
| /

+V3-4Cos[c+dx] (1+2Cos[c+dx])Sec[c+dx] Tan[c+dx]

Problem 586: Result more than twice size of optimal antiderivative.

1
J dx
Cos[c+dx]3? (a+bCos[c+dx])

Optimal (type 4, 77 leaves, 5steps):

2E1lipticE[2 (c+dx), 2] 2bEllipticPi[ 2%, > (c+dx), 2]
- - +

ad a(a+b)d ad+/Cos[c+dx]
Result (type 4, 199 leaves):

2Sin[c+dx]
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1 |6bEllipticPi[ 2%, > (c+dx], 2]

+

2ad a+b
2aEllipticPi| 2%, (crdx),2
Za(ZEllipticF[l(c+dx>,2}_ aEllipticPi| *2, 7 (crdx),2]
2 a+b

b

451 d
M+ (2 [—ZabEllipticE[Ar‘cSin[\/Cos[c+dx] ], —1] +

v/ Cos[c+dx]
2a (a+b) EllipticF[ArcSin[~+/Cos[c+dx] |, -1] + (2a%-b?)

b
EllipticPi[—f, —Ar‘cSin[\/ Cos[c+dx] ], —1]] Sin[c +dx]

a

/[ab Sin[c+dx]?

Problem 587: Result more than twice size of optimal antiderivative.

1
JCOS[CerX]S/Z (a+bCos[c+dx])

dx

Optimal (type 4, 128 leaves, 7 steps):
2bEllipticE [% (c+dx), 2] 2EllipticF [% (c+dx), 2]

+ +
a’d 3ad
. . . 2b 1
2b? ElllpthPl[;, 5 (crdx), 2] 2Sin[c +dx] 2bSin[c+dx]
N _
a’ (a+b)d 3adCos[c+dx]*? a24d+/Cos[c+dx]

Result (type 4, 258 leaves):

L (2 (290 ENLipticPi[ 22, ¢ 4x], 2]
6a’d a+b '
2aEllipticPi[2%, L (c+dx), 2
8a 2EllipticF[l<c+dx),2}_ [a+bl;2( )» 2] .
2 a+

(GCOS[Z (c+dx)] [72abEllipticE[ArcSin[x/Cos[c +dx] |, -1 +
2a (a+b) EllipticF [ArcSin[+/Cos[c+dx] |, -1] +
. .. o.r b . .
(2% - b?) EllipticPi[- -, ~ArcSin[+/Cos[c+dx] |, —1]] Sin[c +dx]

a

/

+

(a\/l—Cos[c+dx]2 (—1+2Cos[c+dx12>)

/COS[CerX] (7 2bTan[c+d x] . 2Sec[c+d x] Tan[c+d x] )

a? 3a

d
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Problem 603: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[c+dx}3/2\/a+bCos[c+dx] dx

Optimal (type 4, 438 leaves, 7 steps):

1 bC d b
- (a-b)~/a+b Cot[c+dx] EllipticE[ArcSin| Varbcosic+dx] },_a+ ]
4bd va+b +/Cos[c+dx] a-b
a(l-Sec[c+dx]) a(l+sec[c+dx]) 1
.
a+b a-b 4bd
bC d b
Va+b (a+2b) Cot[c+dx] EllipticF [ArcSin| VarbCos(c+dx] },7a+ ]
Ja+b +/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
+
a+b a-b 4b%d

a
Va+b (a?-4b?) Cot[c+dx] EllipticPi[

a(l-sec[c+dx]) a(l+Sec[c+dx])
+
a+b a-b

ava+bCos[c+dx] Sin[c+dx] +/Cos[c+dx] ~Ja+bCos[c+dx] Sin[c+dx]
+

4bd~/Cos[c+dx] 2d
Result (type 4, 1152 leaves):

b a+bCos[c+dx a+b
, Arcsin| VarbCosfcrdx] ) ax ]

va+b /Cos[c+dx] a-b

vJCos[c+dx] Va+bCos[c+dx] Sin[c+dx]
2d

+

1 2\/(a+b)Cot[i(c+dx)]2\/ (a+b)Cos[c+dx}Csc[§(c+dx>]2
—|-1|12a -

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

1 2
\/ (a+bCos[c+d x]) Csc[; (c+d x)}

a ] B
NEY " “a+b

EllipticF [Ar‘cSin [
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((a+b) v/Cos[c+dx] Va+bCos[c+dx] ) -

\/ (a+b) Cot[i <c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx”2
16ab -

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
J (a+bCos[c+d x]) CSCL— (c+d x)]

2 ], - 2a ]Sin[l(CerxH4

\/7 -a+b 2 /

EllipticF [Ar‘cSin [

(a+b) Cot[% (c+dx)]2

(<a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[i <c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)}

a a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ]s -
b 2 -a+b
Sin[1<c+dx)]4 /(b\/COS[CerX} Va+bCosc+dx] ) .
2
1 Sin[l<c+dx)]
2a||iCos|[~ (c+dx)]~/a+bCos[c+dx] EllipticE[i ArcSinh| 2 ],
2 \Cos[c+dx]
2a

- | secic+dx]
-a-b

/
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+

2

(a+bCos[c+dx]) Sec[c+dx]
a+b

b\/Cos[1 (c+dx>]25ec[c+dx]

1
—2a
b

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CSCL— (c+d x)w

a 2a o1 4
s ],—_a+b]51n[g(c+dx)] /

EllipticF [ArcSin|

(<a+b> vCos[c+dx] va+bCos[c+dx] )7

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

\/(a+bCos[c+dx})Csc[%(c+dx)]2 a
Csc[c+dx] EllipticPi[—E
a

1 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x)}

: |, 22 Jsin| Y (crdx)

V2 -a+b 2 /

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dXx]

(b\/Cos[c+dx] va+bCos[c+dx] ) +

Problem 604: Result more than twice size of optimal antiderivative.

J\/Cos[c+dx} va+bCos[c+dx] dx

Optimal (type 4, 371 leaves, 7 steps):
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1 a+bCosfc+d a+b
-—(a-b)+a+b Cotl[c+dx] EllipticE|ArcSin| Var [c+dx] ], - : ]
ad va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+secfc+dx]) 1
L
a+b a-b d
a+bCos[c+dx a+b
Va+b Cotfc+dx] EllipticF[ArcSin| Var [c+dx] R ]
Ja+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b bd
a+b a +bCos d a+b
av/a+b Cot[c+dx] EllipticPi] : » ArcSin| Var [c+dX] R ]
vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) vJa+bCos[c+dx] Sin[c+dx]
+
a-b d+/Cos[c+dx]

a+b

Result (type 4, 2437 leaves):

rfCos[c +dx] (1+Cos[c+dx])3/25ec[l <c+dx)]2
2

a+bCosfc+dx] L. . 1 -a+b
2 (a+b) EllipticE[ArcSin[Tan[= (c+dx)]], | -
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx>H, —a+b}_
<a+b> <1+COS[C+dX]> 2 a+b
a+bCos[c+dx] L. . 1 -a+b
4a EllipticPi[-1, -ArcSin|[Tan|~ (c+dx>H, |+
(a+b) (1+Cos[c+dx]) 2 a+b

1+ Cos[c+dx] 2 2

bJM sec| 2 (c+ax) ] sin[ 2 (crax)] -

/

1+Cos[c+dx] 2 1+Cos[c+dx] 2

za\/—Cos[c+dx] Tan[l(c+dx)]—b\/—cos[c+dx] Tan[l<c+dx)]

1 3/2 1 2 s
4d b (1+Cos[c+dx])>?sec[~ (c+dx)] Sin[c+dx]
8 (a+bCos[c+dx])*? 2
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a+bCos[c+dx] L. . 1 -a+b
2 (a+b) EllipticE[ArcSin|Tan[ = (c+dx)]], | -
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx)H, —a+b}_
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+blosfc+dx] EllipticPi[-1, —Ar‘cSin[Tan[l(c+dx>H, 7a+b}+
(a+b) (1+Cos[c+dx]) 2 a+b

bJM sec| > (cdx]] sin| > (cax]] «
1+Cos[c+dx] 2 2

2a\/Cos[c+dx] Tan[1<c+dx)]b\/cos[c+dx] Tan[l(c+dx)] -

1+Cos[c+dx] 2 1+Cos[c+dx] 2

1

3+/1+Cos[c+dx] Sec[1 <c+dx)]25in[c+dx]
2

8+/a+bCos[c+dx]

a+bCos[c+dx] L. . 1 -a+b
2 (a+b) EllipticE[ArcSin|Tan[ = (c+dx)]], | -
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+bCos[c+dx] EllipticF[ArcSin[Tan[l(c+dx>H, —a+b}7
(a+b) (1+Cos[c+dx]) 2 a+b
a+bCos[c+dx] L. . 1 -a+b
43 EllipticPi[-1, -ArcSin[Tan[ = (c+dx)]], +
(a+b) (1+Cos[c+dx]) 2 a+b
b\/w Sec[l(c+dx)]$in[§<c+dx)]+
1+Cos[c+dx] 2 2

Za\/—COS[CHjX] Tan[1<c+dx)]b\/—cos[c+dx] Tan[l(c+dx)] +

1+Cos[c+dx] 2 1+Cos[c+dx] 2
! (1+Cos[c+dx})3/25ec[l(c+dx”2Tan[l(c+dx)]
4+/a+bCos[c+dx] 2 2
2 (a+b) a+bCosfc+dx] EllipticE[Ar‘cSin[Tan{l (c+dx)]], —a+b} -
(a+b) <1+COS[C+dX]> 2 a+b

a+bCos[c+dx] L. . 1 -a+b
4a EllipticF[ArcSin|Tan[ = (c+dx)]], |-
(a+b) (1+Cos[c+dx]) 2 a+b
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-a+b

+

a+bCos[c+dx] L . 1
43 EllipticPi[-1, -ArcSin|[Tan|~ (c+dx>H,
(a+b) (1+Cos[c+dx]) 2 a+b

bJCDﬂC+dX]5“[1(c+d@]sm[3(c+dﬂ]+
1+Cos[c+dx] 2 2

1+Cos[c+dx] 2 1+Cos[c+dx] 2

za\/—Cos[c+dx] Tan[l(c+dx)]—b\/—cos[c+dx] Tan[l(c+dx)] +

1

(1+Cos[c+dx1)3/25ec[l (c+dx”2
4-+/a+bCos[c+dx] 2

zb\/M Cos[i (c+dx” Sec[1 (c+dx)] +
2 1+Cos[c+dx] 2 2

JM sec|t (c+dx)]2‘lb\/M sec[~ (crdx)]"s
2

1+Cos[c+dx] 2 2 1+Cos[c+dx]

.. . 1 -a+b bSin[c+dx]
(a+b) EllipticE[ArcSin|[Tan[~ (c+dx)]], ] |- +
2 a+b (a+b) (1+Cos[c+dx])

/ a+bCos[c+dx]
(a+b) (1+Cos[c+dx])
bSin[c+dx]
+
(a+b) (1+Cos[c+dx])

a+bCos[c+dx]
(a+b) (1+Cos[c+dx])
bSin[c+dx]
.
(a+b) <1+COS[C+dX}>

a+bCos[c+dx]
(a+b) (1+COS[C+dX})

(a+bCos[c+dx]) Sin[c+dx]

(a+b) (1+Cos[c+dx1)2

(cvdx]]], 252

|/

(crdx)]], ]

|/

N |

{2 aEllipticF [Ar‘cSin [Tan [
a+b

(a+bCos[c+dx]) Sin[c+dx]

(a+b) (1+Cos[c+dx})2

{2 aEllipticPi[-1, -ArcSin|Tan|

N |

(a+bCos[c+dx]) Sin[c+dx]

+

(a+b) (1+Cos[c+dx])?

1 1 Cos[c+dx] Sin[c+dx] Sin[c +d x]
bSec[~ (c+dXx) | _
_Cos[c+dx] 2 (1+Cos[c+dx])2 1+Cos[c+dx]

1+Cos[c+d x]
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a (Cos[c+dx] Sinfc+dx] _ _Sin[c+dx] ) Tan[l (c+dx) ]
E (1+Cos[c+d x])?2 1+Cos[c+d x] 2
Sin[= (c+dx) ]|+ -
2 Cos[c+dx

1+Cos [c+d X]

b (Cos{c+dxl Sinfc+dx] _ _Sin[c+dx] ) Tan[l (c+dx)]
(1+Cos[c+d x])? 1+Cos[c+d x] 2

+

2 Cos[c+d x
1+Cos[c+d x]

1 Cos[c+dx] 1 3 1
-b | ——— ™ S — d S e d T 1 d .
: Jhcasmm ecl {c+dx)]sin[ (c+dx)] Tan[ > (c+dx)]

2a\/ a+b Cos[c+d x] Sec[l (c+dx)]2
(a+b) (1+Cos[c+dx]) 2
(-a+b) Tanr—(c+dx)r
\/1—Tan[%(c+dx)]2 1- ™
.

{2a\/( a+bCos[c+dx] Sec[l(c+dx”2

a+b) (1+Cos[c+dx]) 2

\/1—Tan[

(a+b)\/< a+bCos[c+dx] Sec[l(c+dx)]2

N

2 a+b

(c+dx)]2 1+Tan[1(c+dx>}2)\/1_<_a+b)Tan[i<c+dX)]2 .

a+b> <1+COS[C+dX]) 2

Problem 607: Result more than twice size of optimal antiderivative.

J\/a+bCos[c+dx}

Cos[c+dx]>/?

dx

Optimal (type 4, 271 leaves, 4 steps):
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bC d b
2 (a-b)b~/a+b Cot[c+dx] EllipticE[ArcSin| Va-bCos(c+dx] })_a+ ]
3a%d va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
N
a+b a-b 3ad
bC d b
2 (a-b)~/a+b Cot[c+dx] EllipticF [ArcSin| Va-bCos(c+dx] },7a+ ]
Ja+b /Cos[c+dx] a-b

+

a+b a-b 3dCos[c+dx]3?

\/a(l—Sec[c+dx1) \/a(l+$ec[c+dx]) 2+va+bCos[c+dx] Sin[c+dx]

Result (type 4, 2854 leaves):

i4a \/Cot[l (C+dx)]2 \/_ <a+b> Cos[c +dx] Csc[i (C+dx)]2

a

(a+bCos[c+dx]) Csc[® (c+dx)]2
2 Csc[c+dx]

a

1 2
J (a+b) Cos[c+dx] Csc[; (c+d x)}

a ]’ 2a

A2 a+b

EllipticF [Ar‘cSin[ ] Sin [

<c+dx)]4 /

N |

(\/Cos[c+dx] va+bCos[c+dx] )7 b\/cOt[1<c+dx>]z
2

\/ (a+b) Cos[c+dx] Csc[i (c+dx>]2 \/ (a+bCos[c+dx]) Csc[i <c+dx)]2

a a

1 2
(a+b) Cos[c+d Xx] Csc{; (c+d x)}

,Ar‘cSin[ 2 }, 2a

a+b \E a+b

Csc[c+dx] EllipticPi[

]

Sin[1<c+dx)]4 /((a+b) \/Cos[c +dx] \/a+bCos[c+dx}) -
2
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b~/Cos[c +dx] (1+Cos[c+dx])3/25ec[1 (c+dx”2

2
2 (a+b) a+bCosfc+dx] EllipticE[Ar‘cSin[Tan[l(c+dx)“, —a+b]_
a+ 1+Cos[c+dx] a+
(a+b) ( dx]) 2 b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx)]], 7a+b]_
a+ +Cos[c+dx a+
(a+b) (1+Cos[c+dx]) 2 b
43 a+bCos(c+dx] EllipticPi[-1, —Ar‘cSin[Tan[l(c+dx)H, —a+b]+
a+ 1+Cos[c+dx] 2 a+
(a+b) | dx]) b

bJCOS[HdXJSec[l(c+dx)}sm[3(c+dx>}+
2 2

1+ Cos[c+dx]

/

+Cos[c+dx] 2 1+Cos[c+dx] 2

Za\/—Cos[c+dx] Tan[l(c+dx”—b\/—cos[c+dxJ Tan[l(c+dx”
1

1 3/2 1 2 .
6ad b (1+Cos[c+dx])**Sec[~ (c+dx)] Sin[c+dx]
8 (a+bCos[c+dx])>? 2

a+bCos[c+dx] L . 1 -a+b
2 (a+b) EllipticE[ArcSin|[Tan|[ = (c+dx)]], | -
a+ +(Cos|C + X a+
(a+b) (1+Cos[c+dx]) 2 b
4a axbCosfcrdx] E1lipticF [Arcsin|Tan[ > (c+dx)]], 2] -
a+ +Cos[c+dx a+
(a+b) (1+Cos[c+dx]) 2 b
a+bCos[c+dx] L. . 1 -a+b
42 EllipticPi[-1, -ArcSin|[Tan| = (c+dx)]], |+
(a+b) (1+Cos[c+dx]) 2 a+b

bJW sec| - (c+dx]] sin[2 (c-dx)] +
1+Cos[c+dx] 2 2

Za\/—Cos[c+dx] Tan[l(c+dx”b\/—cos[c+dx} Tan[l(c+dx)] -

1+Cos[c+dx] 2 1+Cos[c+dx] 2

1

1 2.
3v/1+Cos[c+dx] Sec[= (c+dx)]| Sin[c+dx]
8+va+bCos[c+dx] 2
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a+bCos[c+dx] L . 1 -a+b
2 (a+b) EllipticE[ArcSin|[Tan|[ = (c+dx)]],
(a+b) (1+Cos[c+dx]) 2 a+b
4 a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan{l(c+dx)H, —a+b]7
a+ +Cos[c+dx a+
(a+b) (1+Cos[c+dx]) 2 b
a+bCos[c+dx] L. X 1 -a+b
42 EllipticPi[-1, -ArcSin|[Tan| = (c+dx)]], |+
(a+b) (1+Cos[c+dx]) 2 a+b

bJM ec|  (c+dx]] sin[ > (c-dx)] +
1+Cos[c+dx] 2 2

za\/Cos[c+dx] Tan[:L(CerxHb\/COS[CerXJ Tan[l(c+dx)] +
2

1+Cos[c+dx] 1+Cos[c+dx] 2

= (1+Cos[c+dx])3/25ec[1(c+dx)]2Tan[1(c+dx”
4+/a+bCos[c+dx] 2 2
2 (a+b) a+bCosfcrdx] EllipticE[Ar‘cSin[Tan[l(c+dx)“, —a+b]_
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx)H, 7a+b]_
a+ +Cos[c+dx a+
(a+b) (1+Cos[c+dx]) 2 b
43 arblos(c+dx] EllipticPi[-1, —Ar‘cSin[Tan[l(Cerx)H, —a+b]+
(a+b) (1+Cos[c+dx]) 2 a+b

b\/cos[c“j)q5ec[1(c+dx)]sin[3(C+dXH+
1+Cos[c+dx] 2 2

Za\/—Cos[CerxJ Tan[l(c+dx”—b\/—cos[c+dx} Tan[l(c+dx)] +

1+Cos[c+dx] 2 1+Cos[c+dx] 2

1

(1+Cos[c+dx])3/25ec[l (c+dx)]2
4-~/a+bCos[c+dx] 2

ib\/M Cos[i (c+dx)]Sec[l (c+dx” +
2 1+Cos[c+dx] 2 2

1+Cos[c+dx] 2 +Cos[c+dx] 2

JM sec| X <c+dx>]2—1bJM sec(~ (c-dx)]"+
2 1
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bSin[c+dx]

- +

(a+b) (1+Cos[c+dx])

/ a+bCos[c+dx]
(a+b) (1+Cos[c+dx])

(a+b) EllipticE[ArcSin|[Tan| = (c+dx)]],

1 -a+b
2 a+b

(a+bCos[c+dx]) Sin[c+dx]

(a+b) (1+Cos[c+dx])?

. . 1 -a+b bSin[c +dx]

2 aEllipticF [ArcSin[Tan[ = (c+dx)H, ] |- +
2 a+b (a+b) (1+Cos[c+dx])
(a+bCos[c+dx])Sin[c+dx] / a+bCos[c+dx] )
(a+b) (1+Cos[c+dx])? (a+b) (1+Cos[c+dx])
2aEllipticPi[-1, —Ar‘cSin[Tan[E (c+dx)H, —a+b] - bSin(c+dx] +
2 a+b (a+b) (1+Cos[c+dx])
(a+bCos[c+dx])Sin[c+dx] / a+bCos[c+dx] )
(a+b) (1+Cos[c+dx])2 (a+b) (1+Cos[c+dx])

1 bSec[1<c+dx)] Cos[c+dx]Sin[c+dx]7 Sin[c +dx]
Cos[cidx] 2 (1+Cos[c+dx])? 1+Cos[c+dx]
1+Cos[c+d x]

Cos[cedx] Sinfcrdx] _ _Sin[cedx] 1
Sin{z (C+dX)} + a( OS(1C+C0);[C+1<:X§)ZX a 1+(];25c[c+:x] ) Tan[z (C+dx>} _
2 Cos[c+dx
1+Cos[c+d x]
Cos[c+dx] Sinfcrdx]  _Sin[cedx] 1
b( 05(1C+Co)s(,[cjgx(]:)zx B 1+(1225([:c+:x] ) Tan[z (C+dX>} .
Cos[c+dx

1+Cos [c+d X]

1 Cos[c+dx] 1 3 1
Tp | =L OXT e lZ (cidx)]sin[2 (cedx)] Tan[= (cedx)] -
: Jhcosmm ecl [c+dx)] sin[ (c+dx)] Tan[ 2 (crax]]

Za\/ a+b Cos[c+d x] Sec[l (C+dXH2
(a+b) (1+Cos[c+dx]) 2
1 2 (-a+b) Tan{1 (c+d x) ]z
1—Tan[7(c+dx” 1- 2
2 a+b

’a a+bCos[c+dx] Sec[1<c dx)]z
- +
(a+b) (1+Cos[c+dx]) 2

/

\/ (fa+b>Tan[i(c+dxH2
1-

2 2 a+b

\/1Tan[1 (CerxH2 1+Tan[1 <c+dx)]2]
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(a+b>\/( a+bCos[c+dx] Sec[

a+b) (1+Cos[c+dx])

N |

(c+dx)]”

\/1_<‘a+b)Ta:E;b<C+dX)] / \/1—Tan[i<c+dx)]2 N

2bTan[c +dx]

4
3a

1
g\/Cos[c+dx] va+bCos[c+dx]

2
3

Sec[c +dx]

Tan[c +d X]

Problem 608: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/a+bCos[c+dx}

Cos[c+dx]7/?

Optimal (type 4, 329 leaves, 5 steps):
1

15a3d

2 (a-b)~a+b (9a®-2b?) Cot[c+dx] E1lipticE|[ArcSin| VarbCos(c-dx] _axb

a(l-secfc+dx]) a(l+Sec[c+dx]) 1
a+b a-b 15a%d

]

va+b +/Cos[c+dx] a-b

2 (a-b)\/a+b (9a+2b) Cot[c+dx] ELLipticF [ArcSin]| Va+bCos(crdx] _a+b]

a(1-sec[c+dx]) a(l+Sec[c+dx])
N
a+b a-b

2+va+bCos[c+dx] Sin[c+dx] 2b~a+bCos[c+dx] Sin[c+dx]
+
5dCos[c+dx]>?

a+b +/Cos[c+dx] a-b

15adCos[c+dx]3?
Result (type 4, 1253 leaves):
1
15a%d




Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 297

B 43(2azb_2b3>\/(aﬁ-b)Cot{%(chdtz \/_<a+b>COS[C+dX]CSC[§(c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a },7 2a

V2 -a+b

EllipticF [Ar‘cSin [ ] Sin [

N |

(c+dx)}4/

((a+b) vCos[c+dx] Va+bCos[c+dx] ) ~4a (9a’-2ab?)

-a+b a

\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (CerxH2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CscL— (c+d x)w

a ],_ 2a

NEY ~a+b

EllipticF [ArcSin|

}sm[%(udx)]“/

(a+b) Cot[% (c+dxH2

((a+b) v/Cos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2 \/ (a+bCos[c+dx})Csc[§ (c+dx”2

a a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)w

a ],_ 2a

NEY ~a+b

a
Csclc+dx] EllipticPi[- —, ArcSin]|
b
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Sin[l(c+dxﬂ4 /(b\/Cos[c+dx] vJa+bCos[c+dx] ||+
2

2 (9a’b-2b%) JiCos[l (c+dx)]~+a+bCos[c+dx] EllipticE|
2
Sin[% (c+dx)] 73
i ArcSinh| 2 ) - ] sec[c+dx] /
\/Cos[c +dx] -a-b

+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

1 2
b\/Cos[— (c+dx)] sec[c+dx]

1 a\/ (a+b) Cot[i (C+dXH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx] EllipticF|
a

\/ (a+bCos[c+dx]) Csc[i (c+dx”2

\/ (a+bCos[c+dx])Csc“—(mdx)]2
: =2 sin[ > (crdx)]*| /
V2 ~a+b 2

ArcSin|

((a+b) v/Cos[c+dx] Va+bCos[c+dx] )—

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i <c+dx)]2

-a+b a

3

(a+bCos[c+dx])Csc[§(c+dx”2 o a
Csc[c +dx] E111pt1cP1[-E
a

1 2
J (a+b Cos[c+d x]) Csc[; (c+d x)]

a } 3
V2 ’ -a+b

ArcSin [
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va+bCos[c+dx] Sin[c+dx]

(b\/Cos[c+dx1 va+bCos[c+dx] ) +
b+/Cos[c+dx]

2Sec[c+dx] (9a?Sin[c+dx] -2b2Sin[c+dx])

1
=+/Cos[c+dx] Va+bCos[c+dx]
d

+

15 a?
2bSec[c+dx] Tan[c +d Xx]

15a

+

2
5
Sec[c+dx]?

Tan[c +d X]

Problem 609: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/a+bCos[c+dx}

Cos[c+dx]%/?

Optimal (type 4, 389 leaves, 6 steps):
1

105 a*d

a+bCos[c+dx a+b
2 (a-b) bva+b (19a® + 8 b?) Cot[c +d x] E1lipticE[ArcSin| Var [c+dx] , +
Va+b +/Cos[c+dx] a-b

\/3(15ec[c+dx}) \/a(1+Sec[c+dx]) . 1 2(a—b) a:b

a+b a-b 105 a3d
a+bCos[c+dx a+b
(25a®+6ab+8b%) Cot[c+dx] EllipticF[ArcSin| Var [c+dx] ]s - - ]
Ja+b /Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 2+a+bCos[c+dx] Sin[c+dx]
+ +
a+b a-b 7dCos[c+dx]7/?

2b~/a+bCos[c+dx] Sin[c+dx] 2 (25a*-4b?)+/a+bCos[c+dx] Sin[c+dXx]
+

35adCos[c+dx]°? 105 a2d Cos[c+dx]3/2

Result (type 4, 1304 leaves):

1
105a3d

(a+b) Cot[% (c+dx”2

-|l4aa (25a4—17a2b2—8b4)\/

-a+b
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a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx)]2 \/ (a+bCos[c+dx]) Csc[i (CerxH2

1 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x)]

a },7 2a

NEY ~a+b

Csc[c+dx] EllipticF [Ar‘cSin [

Sin[l(c+dx”4/(<a+b> \/Cos[c+dx] \/a+bCos[c+dX]) -
2

4a (*1933b—8ab3> \/ (a+b) COt[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a
\/ (a+b Cos[c+d x]) Csc{l—(mdx)}2
EllipticF [ArcSin| 2 |, - 22 ]Sin[l (c+dx”4 /
Jz ~a+b 2
(a+b) Cot[% (c+dx)]2
((a+b)\/Cos[c+dx] \/a+bCos[c+dx])— "
—a+

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

1 2
(a+bCos[c+d x]) CSCL— (c+d x)w

L. a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b

NEY ~a+b

Sin| (c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +

1
2
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JiCos[1 (c+dx)]a+bCos[c+dx]

2 (-19a%*b*-8b*)
2

ot _ sin[ (crdx)] 2a
ElllptlcE[Jl Ar‘cSmh[ - ] Sec[c +dX]

VCos[c +dx] * —a-b /

bC d S d
b\/COS[1<c+dx>]zsec[c+dx] \/<a+ os[cC+ X]) ec[c+dx] .

2 a+b

b -a+b a

12a a\/(a+b)Cot[i(c+dx)]2 \/_(a+b)Cos[c+dx}Csc[§<C+dX”z

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+bCos[c+d x]) CscL— (c+d x)]

2 ], - 2a ]Sin[l(c+dx)]4

\/7 -a+b 2 /

EllipticF [Ar‘cSin [

(a+b) Cot[% (c+dx)]2

((a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/ (a+b) Cosfc+dx] Csc[i (C+dXH2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)}

s e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ]s -
b

V2 -a+b

Sin[%(c+dx)]4 /(b\/Cos[c+dx} \/a+bCos[c+dX}> .
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vJa+bCos[c+dx] Sin[c+dx]

b/ Cos[c+dx]

1
+a\/Cos[c+dx] vJa+bCos[c+dx]

2Sec[c+dx]? (25a%Sin[c+dx] -4b?Sin[c+dx])

+

105 a?
2Sec[c+dx] (19a’bSin[c+dx] +8b3Sin[c+dx])
+
105 a3
2bSec[c+dx]2Tan[c+dx]

+

35a
2
7
Sec[c+dx]3

Tan[c +d X]

Problem 610: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[c+dx13/2 (a+bCosfc+dx])>?*dx

Optimal (type 4, 508 leaves, 8 steps):
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1
24abd
a+bCosfc+d a+b
(a-b)a+b (3a®+16b*) Cot[c+dx] EllipticE ArcSin| Jar erdx) ), 2 ]
va+b +/Cos[c+dx] a-b
a(l-sSec[c+dx]) a(l+sec[c+dx]) 1
.
a+b a-b 24bd
a+bCos[c+dx a+b
Va+b (a+2b) (3a+8b) Cot[c+dx] EllipticF[ArcSin| Var [c+dx] , -2 ]
vJa+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
N
a+b a-b 8b%d
b bC d b
ava+b (a®-12b%) Cot[c+dx] EllipticPi[a;, ArcSin| VarbCoscrdx] )7a+ ]
b va+b v/Cos[c+dx] a-b
a(l1-sec[c+dx]) a(l+Sec[c+dx])
+
a+b a-b

(3a2+16b?) Va+bCos[c+dx] Sin[c+dx] a-/Cos[c+dx] a+bCos[c+dx] Sin[c+dx]

+ +
24bd~/Cos[c+dx] 4d
VCos[c+dx] (a+bCos[c+dx])*?Sin[c+dx]

3d

Result (type 4, 1189 leaves):

1 (a+b)Cot[%(c+dx)]2 (a+b)Cos[c+dx1Csc[%(c+dx>]2

— |- ||4a (17a% + 16 b?) -
48 d -a+b a

(a+bCos[c+dx]) Csc[% (c+dx>]2

Csc[c+dx]
a

1 2
J (a+b Cos[c+d x]) Csc[; (c+d x)}

a 2a

NEY “a+b

| sin|

fE—
-
|

N |

(c+dx)]4/

EllipticF [ArcSin|

((a+b)\/Cos[c+dx] va+bCos[c+dx] || -
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-a+b a

. \/(a+b)Cot[2(c+dx>]2\/ (a+b)Cos[c+dx]Csc[%(c:erxH2
208 a“ b -

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

Wj },__jjb]sm[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+bCos[c+d x]) CscL— (c+d x)w

c s s a . a 2a
Csc[c +dx] Elllptlcpl[—g, ArcSin | ]s - ]

NEY ~a+b

Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2

JiCos[1 (c+dx)]~a+bCos[c+dx] EllipticE|

2(3a2+16bﬂ
2

. . Sin[§<c+dx)] 23
i ArcSinh| , - | secic+dx] /
VCos[c+dx] -a-b

+

\/ (a+bCos[c+dx]) Sec[c+dx]

a+b

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2
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1
—2a
b

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ] _
NeY * “a+b

EllipticF [Ar‘csin [

(<a+b> vCos[c+dx] Va+bCos[c+dx] )7

a\/ (a+b) Cot[i (c+dx>]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)}2

-a+b a

a
Csc[c+dx] EllipticPi[- —,

o

a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

\/ (a+b Cos[c+d x]) Csc“—(udxw2
° |, -2 sin[ > (cvax)]*| /
NEY ~a+b 2

(b\/Cos[c+dx] \/a+bCos[c+dx]> +\/a+bCos[c+dx1 Sinfc+dx] +

b+ Cos[c+dx]

7
—aSin[c+dx] +

1
“+/Cos[c+dx] Va+bCos[c+dx]
d 12

1
6
b
Sin[2 (c+dx”

Problem 611: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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J\/Cos[c+dx} <a+bCos[c+dx}>3/2dlx

Optimal (type 4, 433 leaves, 8steps):

_i5 (a-b)~/a+b Cot[c+dx] EllipticE[ArcSin| Va+bCos[c+dx] !, _a+b}

4d va+b +/Cos[c+dx] a-b

a(l-Sec[c+dx]) a(l+sec[c+dx]) 1

+ —

a+b a-b ad
bcC d b
Va+b (5a+2b) Cot[c+dx] ElLipticF [ArcSin| Va-bCos[c+dx] 1, -2
a+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b 4bd
b bC d b
Va+b (3a%+4b?) Cot[c+dXx] EllipticPi[L, ArcSin | VarbCos(c-dx] ,7a+ ]
b va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx])
N
a+b a-b
3a+v/a+bCos[c+dx] Sin[c+dx] (a+bCOS[C+dX})3/ZSin[c+dX}
.
4d+/Cos[c+dXx] 2d+/Cos[c+dx]
Result (type 4, 1165 leaves):
b+/Cos[c+dx] Ja+bCos[c+dx] Sin[c+d x]
.
2d
1 (a+b) Cot[l(c+dx)]2 (a+b) Cos[c+dx] Csc[l(c+dx)]2
— |- ]]28a%b ! - !
8d -a+b a

(a+bCos[c+dx]) Csc[i (c+dx>]2

Csc[c+dx]
a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ]17 2a

NEY ~a+b

EllipticF [Ar‘cSin [ } Sin [

N |

<c+dx)]4/

a+b)+/Cos[c+dx] Va+bCos[c+dx] || -4a (8a%+4b?
[(a+b)
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-a+b a

\/ (a+b) Cot[% (c:erxH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

Wj },__jjb]sm[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+bCos[c+d x]) CscL— (c+d x)w

c s s a . a 2a
Csc[c +dx] Elllptlcpl[—g, ArcSin | ]s - ]

NEY ~a+b

Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2

10ab JiCos[l (c+dx)]~/a+bCos[c+dx] EllipticE|

2

. . Sin[§<c+dx)] 23
i ArcSinh| , - | secic+dx] /
VCos[c+dx] -a-b

+

\/ (a+bCos[c+dx]) Sec[c+dx]

a+b

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2
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1
—2a
b

Problem 613:

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ] _
NeY * “a+b

EllipticF [Ar‘csin [

(<a+b> vCos[c+dx] Va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[i (c+dx>]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)}2

\/(a+bCos[c+dx})Csc[;(c+dx)]2 . a
Csc[c+dx] E111pt1cP1[—f,
a b
\/ (a+b Cos[c+d x]) Csc“—(udxw2
a 2a 1 4
ArcSin| ], - | sin[= (c+dx)] /
2 -a+b 2

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +

Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

J(a+bCos[c+dx])3/2

dx

Cos[c+dx]3/?

Optimal (type 4, 337 leaves, 5 steps):
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1 a+bCos[c+d a+b
=2 (a-b)+/a+b Cot[c+dx] EllipticE[ArcSin| Va- [c+dx] ], - - ]
d Ja+b ~/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b d
a+bCos[c+dx a+b
2 (a-2b)+a+b Cot[c+dx] EllipticF[ArcSin| Var [c+dx] ]s - : ]
a+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+sec[c+dx]) 1
a+b a-b d
a+b a+bCos d a+b
2b+/a+b Cotlc+dx] EllipticPi[ ——, ArcSin| JarbCosfc+dx] ) a- ]
vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])
a+b a-b

Result (type 4, 1162 leaves):

. \/(a+b)Cot[i(c+dx)]2\/ (a+b)Cos[c+dx1Csc[§(c+dx)]2
4a°b -

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx1>Csc{i (c+dx”2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)]

a 2a .1 4
- o -2 sin| - (evdx] ]| /

EllipticF [ArcSin|

((a+b) d+/Cos[c+dx] Ja+bCos[c+dx] ) +

1
43 (a®-p?
Laa (o)

J (a+b) Cot[2 (cdx)]? J (a+b) Cosfcdx] Csc[? (cdx)]?

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx})Csc[i (c+dx)]2
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1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)w

M; },__jfb]suqi(c+dxn4//

EllipticF [ArcSin|

((a+b) v Cos[c+dx] Va+bCos[c+dx] )—

\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx”2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx})Csc[i (c+dx)]2

a

1 2
(a+bCos[c+d x]) CSc[; (c+d x) }

EllipticPi[—i, ArcSin| 2 ], - 2a ]Sin[l(c+dx)]4/

2 -a+b 2

(b\/Cos[c+dx] \/a+bCos[c+dx}) +2a\/a+bC05[c+dx] Sinfcrdx]

d~/Cos[c+dx]
sin[! (c+dx
l2ab jCos[l(c+dx>]\/a+bCos[c+dx] EllipticE[i ArcSinh| [2< )] , - 2a ]
‘ ? JCosicrdx] | -a-b
bC d S d
Sec[c +dx] / b\/cos[l(c+dx)}zsec[c+dx} \/(a+ os[cC+ x]) ec[c+dx] X
2 a+b
1 (a+b)Cot[%(c+dx)]2 (a+b)Cos[c+dx}Csc[§(c+dx>]2
) B
b i -a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a
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(a+b Cos[c+d x]) Csc{l— (c+d x) V
a ] 2a
2 ’ -a+b

EllipticF [ArcSin|

| sin]|

N |

(c+dx)]4 /

(<a+b> vCos[c+dx] Va+bCos[c+dx] )—

a\/ (a+b) Cot[i (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

Csc[c +dx] EllipticPi[—E,
a b
(a+b Cos[c+d x]) CSCB (crdx) }2
. a 2a A 1 4
ArcSin| Nex ], - b]Sln[g(chdx)] /
2 -a+

(b\/Cos[c+dx] \/a+bCos[c+dx]) +\/a+bCos[c+dx} Sinfc+dx]
b+ Cos[c+dx]

Problem 614: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bCos[c+dx])>?
j dx

Cos[c+dx]°/?

Optimal (type 4, 277 leaves, 4 steps):

a+bCos[c+dx a+b
8 (a-b)b+/a+b Cot[c+dx] EllipticE|ArcSin| Var [c+dx] i
va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
+
a+b a-b 3ad

a+bCos[c+dx a+b
2 (a-3b) (a-b)+a+b Cot[c+dx] EllipticF|ArcSin| vas [c+dX] -
a+b +/Cos[c+dx] a-b

a(1-Sec[c+dx]) a(l+Sec[c+dx]) 2a+/a+bCos[c+dx] Sin[c+dXx]
+
a+b a-b 3dCos[c+dx]3/2

3ad

]

]
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Result (type 4, 1183 leaves):

3d

i 4a(az_b2>\/(a+b)Cot[i(c+dx)]2 \/_(a+b)Cos[c+dx}Csc[§(c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
(a+bCos[c+d x]) Csc{; (c+d x)}

s s . a 2a
EllipticF [Ar‘c51n [ ] 5 —

V2 -a+b

}Sin[

<c+dx)]4/

N |

((a+b) vJCos[c+dx] vVa+bCos[c+dx] ) +

, \/(a+b)Cot[;(c+dx)]2\/ (a+b)Cos[c+dx}Csc[§(c+dx)]2
16a“b _

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

: |, 22 ] sin[ > (cedx)]®

\/7 -a+b 2 /

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a a
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1 2
(a+bCos[c+d x]) Csc L— (c+d x)w

L. a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b

NEY ~a+b

Sin[§<c+dx)]4 /(b\/Cos[Cerx} \/a+bCos[c+dx]> -

Sin[% (c+dx)]

8 b2 leos[l<c+dx)]\/a+bCos[c+dx} EllipticE[i ArcSinh| 2 B
’ \Cos[c+dx]
L }Sec[c+dx]/
-a-b
bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] )
2 a+b

12a a\/(a+b)Cot[§(c+dx)]2 \/(a+b)Cos[c+dX}CSC[§(c+dxH2

b -a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CSCL— (c+d x)w

a 2a o1 4
Nes ],—_a+b]51n[g(c+dx)] /

EllipticF [ArcSin|

((a+b> vCos[c+dx] va+bCos[c+dx] )7

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

(a+bCos[c+dx])Csc[§(c+dx)]2 a
Csc[c+dx] EllipticPi[—E
a
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1 2
(a+b Cos[c+d x]) CSCL— (c+d x) w

ArcSin| 2 ]s - 2a ]Sin[l(c+dx)]4/

\/7 -a+b 2

(b\/Cos[c+dx] \/a+bCos[c+dx]) +\/a+bCos[c+dx1 Sinfc+dx]
b+ Cos[c+dx]

1 8
“+/Cos[c+dx] va+bCos[c+dx] |—bTan[c+dx] +
d

3

2
3

a
Sec[c +dx]

Tan[c +d X]

Problem 615: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(a+bCos[c+dx])3/2

Cos[c+dx]7/?

Optimal (type 4, 325leaves, 5steps):

2(a-b)/a+b (3a%+b?) Cot[c+dx] EllipticE[Arcsin| Va+bCos[c+dx] ,_a*b]
5a*d \Va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b 5ad
2(a—b) (3a—b) va+b Cot[c+dx] EllipticF[Ar'cSin[ Va+bCos[c+dx] _a+b]

va+b /Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx])
a+b a-b

2a+/a+bCos[c+dx] Sin[c+dx] 4b~+/a+bCos[c+dx] Sin[c+dx]
+
5dCos[c+dx]°/? 5dCos[c+dx]3?

Result (type 4, 1245 leaves):
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1 | 4a<_a2b+b3)\/(a+b>C°tB(C+dXH2 \/_(a+b)Cos[c+dx]Csc[;(c+dx)]2

_Sad -a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc{% (c+dx)]2

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

a 2a .1 4
- o -2 sin| - (edx] ]| /

EllipticF [ArcSin|

((a+b) vCos[c+dx] Va+bCos[c+dx] ) -4a (3a’+ab?)

J (a+b) Cot[2 (cdx)]? \/ (a+b) Coslc+dx] Csc[2 (c+dx)]?

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

1 2
(a+bCos[c+d x]) Csc[z— (c+d x)w
2a

. ], - I'sin[X (cedx)]

\/? -a+b 2

EllipticF[ArcSin|

™~

(a+b) Cot[i (C+dXH2

((a+b) \/Cos[c+dx] ~/a+bCos[c+dx] )7 \/

-a+b

\/ (a+b) Cos[c+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx1)Csc[i (c+dx”2

a a

1 2
(a+b Cos[c+d x]) CSCL— (c+d x) ]

e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ], -
b

\E -a+b
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Sin[l(c+dxﬂ4 /(b\/Cos[c+dx] vJa+bCos[c+dx] ||+
2

2 (3a’b+b?) JiCos[l (c+dx)]~a+bCos[c+dx] EllipticE|

2
. _ Sin[%(c+dx” )2
i ArcSinh| , - | secc+dx] /
\/Cos[c +dx] -a-b

+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

1 2
b\/Cos[— (c+dx)] sec[c+dx]

1 a\/ (a+b) Cot[i (C+dXH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx] EllipticF|
a

\/ (a+bCos[c+dx]) Csc[i (c+dx”2

\/ (a+bCos[c+dx])Csc“—(mdx)]2
: =2 sin[ > (crdx)]*| /
V2 ~a+b 2

ArcSin|

((a+b) v/Cos[c+dx] Va+bCos[c+dx] )—

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i <c+dx)]2

-a+b a

3

(a+bCos[c+dx])Csc[§(c+dx”2 o a
Csc[c +dx] E111pt1cP1[-E
a

1 2
J (a+b Cos[c+d x]) Csc[; (c+d x)]

a } 3
V2 ’ -a+b

ArcSin [
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(b\/Cos[c+dx1 \/a+bCos[c+dx]) +\/a+bCos[c+dx] Sinfc+dx]
b+/Cos[c+dx]

2Sec[c+dx] (3a*Sin[c+dx] +b?Sin[c+dx])

+

1
=+/Cos[c+dx] Va+bCos[c+dx]
d

5a
4

b
Sec|
c+dx]

2
Tan[c+dx] + —aSec[c+dx]?Tan]
5

c+dx]

Problem 616: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bCos[c+dx])>?
J dx

Cos[c+dx]®%?

Optimal (type 4, 387 leaves, 6 steps):

1
105 a3d
bC d b
4 (a-b)b+a+b (41a®-3b?) Cot[c+dx] E1lipticE[ArcSin| Va+bCos[c+dx] ],_‘“ ]
va+b \/Cos[c+dx] a-b
a(l-Sec[c+dx] a (l+Sec[c+dx] 1
( ) < ) + 2(a—b) a+b
a+b a-b 105 a%d
bC d b
(25a2-57ab-6b?) Cot[c+dx] ELlipticF [ArcSin| Va+bCos[c+dx] a2

va+b /Cos[c+dx] a-b

\/a(l—Sec[c+dx}) \/a<1+Sec[c+dx]) 2a+/a+bCos[c+dx] Sin[c +d x]

+ +
a+b

a-b 7dCos[c+dx]7/?

16b~/a+bCos[c+dx] Sin[c+dx] 2(25a2+3b?)+a+bCos[c+dx] Sin[c+dx]
.
35d Cos[c+dx]>/?

105adCos[c+dx]3/2
Result (type 4, 1302 leaves):
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1 (a+b)CotE(c+dxH2

-||4a (25a*-31a%b*+6b*) J

105 a%d _a+b

\/_ (a+b) Cos[c+dx] Csc{% (c+dx)]2 \/ (a+bCos[c+dx]) Csc[% (c+dx”2

a a

1 2
\/ (a+b Cos [c+d x]) Csc[)— (c+d x)]

a })_ 2a

NPy ~a+b

Csclc+dx] EllipticF[ArcSin|

Sin[l(c+dx”4/(<a+b> v/ Cos[c +dx] \/a+bCos[c+dx]) -
2

(a+b)Cot[l(c+dx)]2\/ (a+b)Cos[c+dx}Csc[l(c+dx)]2
4a(-82a’b+6ab?) \/ 2 - 2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

1 2
(a+b Cos[c+d x]) Csc{z— (c+d x)}
2a

: ls - | sin]|

ﬁ ’ -—a+b

EllipticF [Ar‘csin [

N |

(c+dx”4/

(a+b) Cot[i (C+dx)]2

-a+b

((a+b) vCos[c+dx] Va+bCos[c+dx] )7 \/

\/ (a+b) Cos[c+dx] Csc[i (CerxH2 \/ (a+bCos[c+dx]) Csc[i <c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)}
a 2a

NEY ~a+b

a
Csc[c+dx] EllipticPi [— - Ar‘cSin[
b
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Sin[1<c+dx>]4 /(b\/Cos[c+dx} va+bCos[c+dx] ||+
2

2 (-82ab”+6b*) iCos[l(c+dxH\/a+bCos[c+dx]

2
Sin[ (c+dx)] 2a
EllipticE[i ArcSinh| 2 ] - | sec[c+dx] /
v/Cos[c +dx] -a-b

+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

1 a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

\/ (a+b Cos[c+d x]) Csc{l—(udx)w2
: =2 sin[ > (cxdx)]*| /
V2 ~a+b 2

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

-a+b

((a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

\/ (a+b) Cos[c+dx] Csc[% (c+dxH2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)w
a 2a

NeS ]’_-a+b

a
Csclc+dx] EllipticPi[- —, ArcSin]|
b
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Sin|

N |

(c+dx)]4 /(b\/Cos[c+dx1 Va+bCos[c+dx] ||+

vJa+bCos[c+dx] Sin[c+dx]

b+/Cos[c+dx]

1
+ —+/Cos[c+dx] va+bCos[c+dx]
d

2Sec[c+dx]? (25a?Sin[c+dx] +3b?Sin[c+dx])

+

105 a
4Sec[c+dx] (41a?bSin[c+dx] -3b>Sin[c+dx])

+
105 a?

16
35
b
Sec[c+dx]?
2
Tan[c+dx] + —
7
a
Sec[c+dx]3

Tan[c +dXx]

Problem 617: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bCosc+dx])>?
J dx

Cos[c +dx]/2

Optimal (type 4, 454 leaves, 7 steps):
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1
————2(a-b)Va+b (147a"+33a?b?+8b*) Cot[c+dx]
315 a*d
a+bCos[c+dx a+b a(l-Sec[c+dx
EllipticE[ArcSin| Var [c+dx] . | ( [ 1)
Va+b +/Cos[c+dx] a-b a+b

a(l+secfc+dx])
a-b 315ad

2 (a-b)Va+b (147a°-39a’b-6ab’*-8Db’)

\Ja+bCos[c+dx] a+b]

Cot[c+dx] EllipticF [Arcsin[ ,
va+b v/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 2a+/a+bCos[c+dx] Sin[c+dx]
+

.
a+b a-b 9dCos[c+dx]%?

20b+/a+bCos[c+dx] Sin[c+dx] 2 (49a®+3b2)/a+bCos[c+dx] Sin[c+dXx]

+ +
63dCos[c+dx]7/? 315adCos[c +dx]>?

8b (22a2-b?) \/a+bCos[c+dx] Sin[c+dx]

315a%dCos[c+dx]3/?

Result (type 4, 1368 leaves):

1

-———|-||4a (—39a4b+31a2b3+8b5)
315a%d

(a+b) Cot[i (C+dXH2 (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a

<a+bCos[c+dx]>Csc[% (c+dx)]2

Csc[c+dx]
a

1 2
\/ (a+b Cos[c+d x]) Csc{z— (c+d x)}

a },7 2a

V2 -a+b

EllipticF [ArcSin [ ] Sin [

N |

(c+dx”4/

a+b)+Cos[c+dx] Va+bCos[c+dx] ||-4a (147a°+33a>b%?+8ab*
[(a+b)
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-a+b a

\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i (CerxH2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CscL— (c+d x)w

a 2a o1 4
- o -2 sin| - (evdx] ]| /

EllipticF [ArcSin|

(a+b) Cot[% (c+dxH2

((a+b) v/Cos[c+dx] va+bCos[c+dx] )— \/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2 \/ (a+bCos[c+dx})Csc[§ (c+dx”2

a a

1 2
(a+b Cos[c+d x]) Csc{— (c+d x) w

s e o a . a 2a
Csc[c+dx] EllipticPi|- o’ ArcSin| ls - ]

NEY ~a+b

Sin[%(c+dx”4 /(b\/Cos[c+dx] \/a+bCos[c+dx]) +

J'1Cos[1 (c+dx)]~/a+bCos[c+dx]

2 (147a4b+33a2b3+8b5)
2

N . Si”[i(“dxﬂ 2a
EllipticE[i ArcSinh]| , - | secic+dx] /
v Cos[c+dx] -a-b

+

\/ (a+bCos[c+dx]) Secl[c+dx]

a+b

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2
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1 a\/ (a+b) Cot[% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc{% (c+dx)]2

-a+b a

Csc[c+dx] EllipticF|

\/ (a+bCos[c+dx]) Csc[% (c+dx”2

a

1 2
\/ (a+b Cos[c+d x]) Csc[z— (c+d x)]

a } B
NEY " “a+b

ArcSin [

((a+b) v/Cos[c+dx] vVa+bCos[c+dx] )7

-a+b a

a\/(a+b) Cot[i(urdx)]2 \/(a+b) Cos[c+dx] Csc[§<c+dx)]2

)

(a+chs[c+dx])Csc[i(c+dx”2 . a
Csclc+dx] ElllpthPl}E
a

2a

1 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x)]

a 1 4
ArcSin , - Sin|— (c+dx
[ - - sinl (erax))’) /
(b\/Cos[c+dx1 \/a+bCos[c+dx]> +\/a+bCos[c+dx] Sin[c+dx] +

b+/Cos[c+dx]

2Sec[c+dx]® (49a%Sin[c+dx] +3b?Sin[c+dx])
315a

+

1
=+/Cos[c+dx] Va+bCos[c+dx]
d

8Sec[c+dx]? (22a?bsSin[c+dx] -b*Sin[c+dx])

+
315 a?

1
315 a3
2

Sec|
c+dx]

. . . 20
(147 a*sin[c+dx] +33a’b®>Sin[c+dx] +8b*Sin[c+dx]) + —
63

b
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Sec[c+dx]3
2
Tan[c+dx] + —
9

a

Sec[c+dx]*

Tan[c +dXx]

Problem 618: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/Cos[c+dx] (a+bCos[c+dx])>?dx

Optimal (type 4, 506 leaves, 8 steps):

1
24 ad
a+bCos[c+dx a+b
(a-b) va+b (33a®+16b?) Cot[c+dx] EllipticE [ArcSin| Var [c+dx] ], - - ]
Va+b +/Cos[c+dx] a-b
a(l1-sec[c+dx]) a(1+sSec[c+dx]) 1
N
a+b a-b 24d
bC d b
Va+b (33a+26ab+16b?) Cot[c+dx] ELlipticF |[ArcSin| JarbCosfc+dx] ) a- ]
vJa+b /Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b 8bd
a+b a+bCosc+d a+b
5ava+b (a®+4b?) Cot[c+dx] EllipticPi] . , ArcSin| Var [c+dx] , -2 ]
va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) (33a%+16b?) vJa+bCos[c+dx] Sin[c+dx]
+ +
a+b a-b 24d+/Cos[c+dx]
13ab+/Cos[c+dx] Va+bCos[c+dx] Sin[c+dx]
+
12d
b2 Cos[c+dx]32+/a+bCos[c+dx] Sin[c+dXx]
3d

Result (type 4, 1203 leaves):

1

—— |-||4a (59a2b+16b3)\/

48d

(a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i <c+dx)]2

-a+b a
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

a

1 2
(a+bCos[c+d x]) CSCL— (c+d x)w
2a

2 |, - | sin]

NFY —a+b

EllipticF [ArcSin|

(c+dx)]*| /

N |

((a+b) \/Cos[c+dx] ~/a+bCos[c+dx] ) -4a (48a%+76ab?)

\/ (a+b) Cot[% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[% <c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{z— (c+d x)}

: |, 22 Jsin[ X (cedx)]®

V2 -a+b 2 /

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[i (c+dx”2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
(a+b Cos[c+d x]) Csc [; (c+d x)}

a 2a

NEY “a+b

fE—
-
|

a
Csc[c+dx] EllipticPi[- —, ArcSin|
b

Sin[§<c+dx)]4 /(b\/Cos[c+dx] \/a+bCOs[c+dx]) +
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JiCos[l (c+dx)]Va+bCos[c+dx]

2 (33a°b+16b°)
2

ot _ sin[ (crdx)] 2a
ElllptlcE[Jl Ar‘cSmh[ - ] Sec[c +dX]

VCos[c +dx] * —a-b /

bC d S d
b\/COS[1<c+dx>]zsec[c+dX] \/<a+ os[cC+ X]) ec[c+dx] .

2 a+b

b -a+b a

12a a\/(a+b)Cot[i(c+dx)]2 \/_(a+b)Cos[c+dx}Csc[§(C+dX”z

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+bCos[c+d x]) CSCL— (c+d x)]

: I, 22 Jsin[t (cvdx)]®

\/7 -a+b 2 /

EllipticF [Ar‘cSin [

(<a+b> \/Cos[c+dx] Va+bCos[c+dx] )7

a\/ (a+b) Cot[% (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

(a+bCos[c+dx1)Csc[l(c+dx)]2 a
2 Csclc+dx] EllipticPi[- =,
a b
\/ (a+b Cos[c+d x]) Csc“— (c+dx)w2
a 2a 1 4
ArcSin| ]s - | sin[= (c+dx)] /

\/7 -a+b 2

(b\/Cos[c+dx] \/a+bCos[c+dx]) +\/a+bCos[c+dx} Sinfc+dx] +

b+ Cos[c+dx]
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1 13 ,
=+/Cos[c+dx] Va+bCos[c+dx] |—abSin[c+dx] +
d 12

1

6

bZ

Sin[2 (c+dx) |

Problem 619: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

(a+bCos[c+dx])
j dx

v Cos[c+dx]
Optimal (type 4, 443 leaves, 7 steps):

va+bCos[c+dx] a+b

1
-—9 (a-b)b~a+b Cot[c+dx] EllipticE[ArcSin| B
4d Ja+b +/Cos[c+dx] a-b

a(l1-sec[c+dx]) a(1+sec[c+dx]) 1
a+b a-b 4d

Va+b (8a*+9ab+2b?) Cot[c+dx] EllipticF [ArcSin|

a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b 4d

a+b
Va+b (15a>+4b?) Cot[c+dx] E1lipticPi| :

a(l-sec[c+dx]) a(l+Sec[c+dx])
+
a+b a-b

9ab+a+bCos[c+dx] Sin[c+dx] b2+/Cos[c+dx] Va+bCos[c+dx] Sin[c+dx]
+

4d+/Cos[c+dx] 2d
Result (type 4, 1179 leaves):

]

vJa+bCos[c+dx] a+b}
va+b +/Cos[c+dx] a-b

a+bCos[c+dx a+b
,Ar‘cSin{\/Jr [c+dx] , - +]

vJa+b /Cos[c+dx] a-b

b2+/Cos[c+dx] Ja+bCos[c+dx] Sin[c+d x]
2d

+

L 4a<8a3+1lab2>\/<a+b)C0t[§(C+dxH2 \/_(a+b)Cos[c+dx]Csc[%(c+dx)]2

8d -a+b a
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

a

1 2
(a+bCos[c+d x]) CSCL— (c+d x)w
2a

2 |, - | sin]

NFY —a+b

EllipticF [ArcSin|

(c+dx)]*| /

N |

((a+b) VCos[c+dx] Va+bCos[c+dx] ||-4a(24a’b+4b?)

\/ (a+b) Cot[% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[% <c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{z— (c+d x)}

: |, 22 Jsin[ X (cedx)]®

V2 -a+b 2 /

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[i (c+dx”2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
(a+b Cos[c+d x]) Csc [; (c+d x)}

a 2a

NEY “a+b

fE—
-
|

a
Csc[c+dx] EllipticPi[- —, ArcSin|
b

Sin[§<c+dx)]4 /(b\/Cos[c+dx] \/a+bCOs[c+dx]) +
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18 a b? JiCos[1 (c+dx)]a+bCos[c+dx] EllipticE|

2

. . Sin[§<c+dx)] 2a
11Ar‘c51nh[ - }Sec[c+dx]

J
v Cos[c +dx] -a-b

bC d S d
b\/COS[1<c+dx>]zsec[c+dX] \/<a+ os[cC+ X]) ec[c+dx] .

2 a+b

b -a+b a

12a a\/(a+b)Cot[i(c+dx)]2 \/_(a+b)Cos[c+dx}Csc[§(C+dX”z

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+bCos[c+d x]) CSCL— (c+d x)]

: I, 22 Jsin[t (cvdx)]®

\/7 -a+b 2 /

EllipticF [Ar‘cSin [

(<a+b> \/Cos[c+dx] Va+bCos[c+dx] )7

a\/ (a+b) Cot[% (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

(a+bCos[c+dx1)Csc[l(c+dx)]2 a
2 Csclc+dx] EllipticPi[- =,
a b
\/ (a+b Cos[c+d x]) Csc“— (c+dx)w2
a 2a 1 4
ArcSin| ]s - | sin[= (c+dx)] /

\/7 -a+b 2

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +
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Problem 620: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

]>5/2

dx

J(a+bCos[c+dx

Cos[c+dx]3/?

Optimal (type 4, 445 leaves, 7 steps):

1 bC d b
—(a-b)vVa+b (2a®-b?) Cot[c+dx] EllipticE [ArcSin| VarbCosc:dx] ,7a+ ]
ad va+b y/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+secfc+dx]) 1
a+b a-b d
a+bCos[c+d a+b
Va+b (2a’-6ab-b’) Cot[c+dx] EllipticF[ArcSin| Var [c+dx] , -2 |
Ja+b ~/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b d
a+b a+bCos[c+dx a+b
5ab+/a+b Cot[c+dx] ELlipticPi[ — —, Arcsin| Var [cvdx] , ar ]
Va+b A/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx])
+
a+b a-b

2a2+/a+bCos[c+dx] Sin[c+dx] (2a*-b*)~a+bCos[c+dx] Sin[c+dx]

d+/Cos[c+dx] d+/Cos[c+dx]
Result (type 4, 1185leaves):

2a2+/a+bCos[c+dx] Sin[c+dx]

d+/Cos[c+dx]

+

2d

1 4a<_4a2b_b3)\/(aer)COt[%(c*dX)]z \/_(a+b)Cos[c+dx]Csc[i<c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc[% (c+d x)}2
a a . 1 4
o ],f_a+b]51n[£<c+dx)] /

EllipticF [Ar‘cSin [
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((a+b) \/Cos[c+dx] ~/a+bCos[c+dx] )+4a (2a°-6ab?)

-a+b a

\/ (a+b) Cot[i (c:+dx”2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx)]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a 2a .1 4
- o -2 sin| - (exdx] ]| /

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a a

1 2
(a+bCos[c+d x]) CSCL— (c+d x)w

s s a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ]s -
b

NFY “a+b

Sin[%<c+dx)]4 /(b\/Cos[c+de \/a+bCos[c+dx]> _

2 (2a’b-b?) {J‘1Cos[1 (c+dx)]~/a+bCos[c+dx] EllipticE|
2

. . Sin[i(c+dx)] 2a
i ArcSinh| , - | secfc+dx] /
VCos[c+dx] -a-b

bcC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] N
2 a+b
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1
—2a
b

Problem 622:

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ] _
NeY * “a+b

EllipticF [Ar‘csin [

(<a+b> vCos[c+dx] Va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[i (c+dx>]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)}2

\/(a+bCos[c+dx})Csc[;(c+dx)]2 . a
Csc[c+dx] E111pt1cP1[—f,
a b
\/ (a+b Cos[c+d x]) Csc“—(udxw2
a 2a 1 4
ArcSin| ], - | sin[= (c+dx)] /
2 -a+b 2

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +

Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

J(a+bCos[c+dx])5/2

dx

Cos[c+dx]7/?

Optimal (type 4, 338 leaves, 5steps):
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1
15ad
a+bCos[c+d a+b
2 (a-b)~a+b (9a®+23b%) Cot[c+dx] EllipticE [ArcSin| Vas exdx] 2 ]
vJa+b +/Cos[c+dx] a-b
a(l-Sec[c+dx] a (l+Sec[c+dx] 1
( ) ( ) - 2 (a-b)~/a+b
a+b a-b 15ad
a+bCos[c+dx a+b
(9a%-8ab+15b2) Cot[c+dx] EllipticF[ArcSin| Var [crdx] ,  ar ]
a+b /Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx])
a+b a-b

2a2+/a+bCos[c+dx] Sin[c+dx] 22ab~a+bCos[c+dx] Sin[c+dx]
+
5dCos[c+dx]°? 15d Cos[c +dx]3/2

Result (type 4, 1248 leaves):

= 4a(—8a2b+8b3)\/<a+b> ool J (2+) Costc rdx1 G} fcrdx) [

15d -a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

1 2
(a+b Cos[c+d x]) CscL— (c+d x)w

EllipticF [ArcSin| 2 ]s - 2a ] Sin[1 (c+dx) ]4

\/? -a+b 2 /

((a+b) v/Cos[c+dx] vVa+bCos[c+dx] >+4a (9a®+23ab?)

\/ (a+b) Cot[i (C+dXH2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)]

2 ], - 2a ]Sin[l(cwrdx”4

ﬁ -a+b 2 /

EllipticF [Ar‘cSin [
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(a+b) Cot[% (c+dx)]2

-a+b

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+b Cos[c+d x]) CSCL— (c+d x)w

a a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| |, -
b V2 -a+b
Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> -
2
1
2 (9a*b+23b%) | |iCos|[~ (c+dx)]~/a+bCos[c+dx] EllipticE|
2
Sin[% (c+dx)] 23
i ArcSinh| 2 , - }Sec[c+dx1/
v/Cos[c +dx] -a-b
bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] .
2 a+b
1 (a+b)Cot[i(c+dx)]2 (a+b)Cos[c+dx1Csc[%(c+dx)]2
~2al|a -
b -a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc“—(mdx)}2
: I, 22 ] sin[ > (cedx)]*

\/7 -a+b 2

EllipticF [ArcSin|
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(a+b) Cot[% (c+dx)]2

((a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx)}2 \/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a a

1 2
(a+bCos[c+d x]) Csc[)— (c+d x)w
a ] 2a
V2 ’ -a+b

a
Csclc+dx] EllipticPi[- —, ArcSin]|
b

Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]) +
2

vJa+bCos[c+dx] Sin[c+dx]

1
+ =+/Cos[c+dx] va+bCos[c+dx]
d

b+ Cos[c+dx]

2 2 s 2 s
—Sec[c+dx] (9a*Sin[c+dx] +23b*Sin[c+dx]) +
15

E

15

a

b

Sec[c +dXx]

2
Tan[c+dXx] + —

5
a2
Sec[c+dx]?

Tan[c +dXx]

Problem 623: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bCos[c+dx])>?
J dx

Cos[c+dx]%/?

Optimal (type 4, 387 leaves, 6 steps):
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1
21a%d

a+bCos[c+dx] ]
va+b \/Cos[c+dx] ’ a-b

\/a(l—Sec[c+dx1) \/a(1+Sec[c+dx]) Lt 2 (a-b)varb

a+b a-b 21ad

2 (a-b)b+/a+b (29a?+3b?) Cot[c+dx] EllipticE|ArcSin|

vJa+bCos[c+dx] a+b]

(5a*>-24ab+3b%) Cot[c+dx] EllipticF[ArcSin| )
vJa+b /Cos[c+dx] a-b

+

a-b 7dCos[c+dx]7/?

\/a(lSec[Cerx}) \/a(1+Sec[c+dx]) 2a2+/a+bCos[c+dx] Sin[c+dx]
+
a+b

6ab+/a+bCos[c+dx] Sin[c+dx] 2 (5a2+9b?)+/a+bCos[c+dx] Sin[c+dx]
+

7dCos[c+dx]®? 21dCos[c+dx]3?

Result (type 4, 1302 leaves):

1 <a+b>Cot[§(c+dxH2

21ad

- 4a(5a4—2a2b2—3b4)\/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx]) Csc[i (c+dx”2

1 2
\/ (a+b Cos[c+d x]) Csc[z— (c+d x)]

a })_ 2a

NEY ~a+b

Csc[c+dx] E1lipticF [ArcSin|

Sin[l(c+dx”4/(<a+b> \/Cos[c +dXx] \/a+bCos[c+dx]) -
2

a

4a<729a3b—3ab3> \/(aer)co-t[i(chdX)]z \/(a+b>COS[C+dX}CSC[§<c+dx>]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a
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1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

vzi },__jfb]s,in[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) v Cos[c+dx] Va+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

1 2
(a+b Cos[c+d x]) CSCL— (c+d x)w

s s s a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b

NEY ~a+b

Sin[1<c+dx>]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2

JiCos[1 (c+dx)]~a+bCos[c+dx]

2 (-29 a? b2-3b4)
2

Sin[2 (c+dx)] 23
EllipticE i ArcSinh| 2 , - b] Sec[c +dx] /
_a_

\Cos[c+dx]

bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] X
2

a+b

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2
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1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)w
2

: J, - =] sin]

V2 “a+b

EllipticF [ArcSin|

N |

(c+dx)]4 /

(a+b) Cot[% (c+dx)]2

((a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a a
\/ (a+bCos[c+d x]) Csc“— (c+dx)wZ
a a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| |, -
b V2 -a+b
1
Sin[f(c+dx)]4 /(b\/Cos[c+dx1 va+bCos[c+dx] ) +
2

vJa+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

1
+ =+/Cos[c+dx] va+bCos[c+dx]
d

2 . .
—Sec[c+dx]? (5a®Sin[c+dx] +9b*Sin[c+dx]) +
21

2Sec[c+dx] (29a’bSin[c+dx] +3b?Sin[c+dx])

+

21 a

Sec[c+dx]3

Tan[c +dXx]

Problem 624: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

5/2

J<a+bCos[c+dx])

Cos[c+dx]1/2

Optimal (type 4, 454 leaves, 7 steps):

1
———2(a-b)Va+b (147a*+279a’b* - 10b*) Cot[c +d x]
315a%d
a+bCos[c+dx a+b a (1-Sec[c+dx]
EllipticE[Ar‘cSin[ Var [c+ } 5 - : } ( )
\a+b +/Cos[c+dx] a-b a+b
a(l+sec[c+dx]) 1
- 2 (a-b)vVa+b (147a’-114a*b+165ab’+ 10 b’
a-b 315a%d
o . va+bCos[c+dx] a+b
Cot[c+dx] EllipticF[ArcSin| , - ]
vJa+b +/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 2a2+/a+bCos[c+dx] Sin[c+dx]
+
a+b a-b 9dCos[c+dx]??

+

38ab+/a+bCos[c+dx] Sin[c+dx] 2 (49a%+75b2)/a+bCos[c+dx] Sin[c+dx]

+ +

63dCos[c+dx]’/? 315d Cos[c+dx]>/2

2b (163a%+5b2) \Ja+bCos[c+dx] Sin[c+dXx]

315adCos[c+dx]3?

Result (type 4, 1368 leaves):

1
-——— |-||4a (-114a*b + 1243 b*> - 10 b°)
315a%d

(a+b) Cot[% (c+dx”2 (a+b) Cos[c+dx] Csc{% (c+dx)]2

-a+b a

(a+bCos[c+dx})Csc[% (c+dx)]2

Csc[c+dx]
a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)]

a a o1 4
= },—_a+b]51n[;(c+dx” /

EllipticF [ArcSin|
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a+b)+Cos[c+dx] Va+bCos[c+dx] ||-4a (147a°+279ab?>-10ab*
((a+b)

\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx”2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[% (c+dx”2

1 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x)}

. I, 22 Jsin[t(crdx) ]

\E -a+b 2 /

EllipticF [Ar‘cSin [

(a+b) Cot[i (CerxH2

((a+b) v/Cos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx})Csc[i (CerxH2

a a

1 2
(a+b Cos[c+d x]) Csch— (c+d x) ]

e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ], -
b

2 -a+b

Sin[l(c+dx”4/(b\/Cos[c+dx] va+bCos[c+dx]
2

2 (147 a*b + 279 a2 b* - 10 b°) ]'1Cos[1 (c+dx)]~/a+bCos[c+dx]

2
N _sin[ (erdx)] 2a
E111pt1cE[1Ar'c51nh[ y - }Sec[c+dx]/
A/ Cos[c +dx] -a-b
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2

a+b

bC +d S d
b\/Cos[l(c+dx)]25ec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] .

—2a

-a+b

\/ (a+bCos[c+dx]) Csc[% (c+dx”2

a

1 2
\/ (a+b Cos[c+d x]) Csc[?— (c+d x)]

2a

a\/ (a+b) Cot[i (C+dXH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

a

Csc[c+dx] EllipticF|

ArcSin|

V2

a I, -

}Sin[l (c+dx”4 /

-a+b 2

((a+b) v/Cos[c+dx] Va+bCos[c+dx] )—

a\/ (a+b) Cot[i (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i <c+dx)]2

-a+b

\/ (a+bCos[c+dx]) Csc[i (c+dx”2

a

1 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x)]

Csc[c+dx] EllipticPi|-

a

a
b

ArcSin [

V2

a I, -

va+bCos[c+dx] Sin[c+dx]

(b\/Cos[c+dx} va+bCos[c+dx] ) +

2
——Sec[c+dx]?3
315
(49a*sin[c+dx] +75b?Sin[c+dx]) +

2Sec[c+dx]? (163a2bsSin[c+dx] +5b*Sin[c+dx])

1
=+/Cos[c+dx] Va+bCos[c+dx]
d

315a
1

315 a2

+

b+/Cos[c+dx]
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Sec[c +dx]

4 cs 22 c4 4 c3 38
(147 a*sin[c+dx] +279a*b*Sin[c+dx] -1@0b*Sin[c+dx]) + —
63

a

b
Sec[c+dx]3
2
Tan[c+dx] + —
9
aZ
Sec[c+dx]*

Tan[c +dXx]

Problem 625: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J(a+bCos[c+dx])5/2

Cos[c+dx]t3/?

Optimal (type 4, 522 leaves, 8 steps):

" 2(a—b)bx/a+b (741a4+51a2b2+8b4)
693 a*d

L. . Ja+bCos[c+dx] a+b
Cot[c+dx] E1lipticE [ArcSin]| - ]

va+b v/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+sec[c+dx]) 1
.
a+b a-b 693 a3d

2 (a-b)vVa+b (135a*-606a’b+57a’b*+6ab’+8b*) Cot[c+dx]

EllipticF[Ar‘cSin[ 5 -
va+b \/Cos[c+dx] a-b

\/a+bCos[c+dx] a+b}\/a(1—5ec[c+dx])

a+b

+

a(l+secfc+dx]) 2a2+/a+bCos[c+dx] Sin[c+dx]
+
a-b 11d Cos[c +dx]*/?

46ab~/a+bCos[c+dx] Sin[c+dx] 2 (81a?+113b%)~/a+bCos[c+dx] Sin[c+dx]
99dCos[c+dx]°%? : 693dCos[c+dx]7/? :
2b (229a%+3b2) \Ja+bCos[c+dx] Sin[c+dx]
693 adCos[c+dx]>?
2 (135a*+205a2b2 -4 b*) \/a+bCos[c+dx] Sin[c+dx]

693 a2 d Cos[c +dx]3?

+

Result (type 4, 1431 leaves):
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1

oo || |42 (135a°-783a"b? -49a%b® - 8b°)
693 a°d

-a+b a

\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx>]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+bCos[c+d x]) Csc[z— (c+d x)w

: I, 22 Jsin[t(crdx)®

\E -a+b 2 /

EllipticF [Ar‘cSin [

((a+b) \/Cos[c+dx] Va+bCos[c+dx] ) -4a(-741a°b-51a’b*-8ab?)

-a+b a

\/ (a+b) Cot{% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[% <c+dx)]2

Csc[c+dXx]

\/ (a+bCos[c+dx]) Csc{% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a 2a .1 4
- o -2 sin| - (edx] || /

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[i (c+dx”2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a a
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1 2
(a+bCos[c+d x]) Csc [7— (c+d x)w

L. a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b

NEY ~a+b

Sin[§<c+dx)]4 /(b\/Cos[Cerx} \/a+bCos[c+dx]> +

JiCos[l (c+dx)]~/a+bCos[c+dx]

2 (-741a%*b*>-51a%b* - 8b%)
2

o sin[g(crdx)] 2a
EllipticE i ArcSinh]| ], - | secic+dx] /
\/Cos[c +dx] -a-b

bC d S +d
b\/COS[l<c+dx>]ZSeC[C+dX] \/(a+ os[c+dx]) Sec[c+dx] .
2 a+b

-a+b a

1. a\/(a+b)Cot[;(c+dx)]2 \/(a+b)Cos[c+dx}Csc[i(C+dx>}z

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc{l—(udx)w2
: =2 sin[ > (cxax)]*|/
V2 ~a+b 2

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

(<a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dxH2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a a
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1 2
\/ (a+bCos[c+d x]) Csc[)— (c+d x)w

a

2
PE—

NPy ~a+b

Csclc+dx] EllipticPi[- —, ArcSin]|

ol

Sin[

N |

(c+dx)]4 /(b\/Cos[c+dx} \/a+bCos[c+dx]) +

vJa+bCos[c+dx] Sin[c+dx]
b+ Cos[c+dX]

1
+=+/Cos[c+dx] Va+bCos[c+dx]
d

2 4 2 cs 2 cs
Sec[c+dx]* (81a*Sin[c+dx] +113b*Sin[c+dx]) +
693

2Sec[c+dx]3(229a’bSin[c+dx] +3b>Sin[c+dx])

+

693 a
1

693 a2
2Sec[c+dx]?

(135a*sin[c+dx] +205a’b*Sin[c+dx] -4b*Sin[c+dx]) +
693 a3
2Sec[c+dx] (741a*bsSin[c+dx] +51a’b>Sin[c+dx] +8b>Sin[c+dx]) +

46
—abSec[c+dx]*Tan[c+dx] +
99

2
— a?Sec[c+dx]°Tan[c +dX]
11

Problem 626: Result unnecessarily involves imaginary or complex numbers.

dx

J Cos[c+dx]3/?
va+bCos[c+dx]

Optimal (type 4, 379 leaves, 8steps):
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1 a+bCos[c+dx a+b
- (a-b)~/a+b Cotl[c+dx] EllipticE[ArcSin| Var [c+dx] !, -
abd va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+secfc+dx]) 1
L
a+b a-b bd

bC d b
Va+b Cotfc+dx] EllipticF[ArcSin| VarbCosfc+dx] , 2 ]
Ja+b +/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
+
a+b a-b b2 d

a+bCos[c+dx a+b
» ArcSin| Vas [c+dx] _ar ]

vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) vJa+bCos[c+dx] Sin[c+dx]
+
a+b a-b bd+/Cos[c+dx]

a+b
aa+b Cot[c+dx] EllipticPi[ —

Result (type 4, 479 Ieaves) :

\/ab JM— va+bCos[c+dx]

1+Cos[c+d X

COS[C dX] i (a b) a+bCOS[C+dX]
+ 21 -
<a b> <1+COS[C+dX]>

EllipticE|i ArcSinh|

a+b) (1+Cos[c+dx])

(c+dx)H —a+b}—4ia\/ a+bCos[c+dx]
’ (

EllipticF|i ArcSinh|

b 1 a+b ) a+bCos[c+dx]
Tan[ = (c+dx)]], - |+4ia
2 (a+b) (1+Cos[c+dx])

. . o.ra+b o .
EllipticPi| , i ArcSinh|
a-b a+b

a-b Cos[c +dx] 1 .

b\/ \/ Sec[ = (c+dx) | sin|
a+b 1+Cos[c+dx] 2 a+b

\/ Cos[c+dx] Tan[l(c+dx>]b\/ab\/ Cos[c+dx] Tan[l(c+dx)]
1+Cos[c+dx] 2 a+b 1+Cos[c+dx] 2

Problem 629: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Q
|
o

N w

(c+dx)]+2a
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1
J dx
Cos|

c+dx]32+/a+bCos[c+dx]

Optimal (type 4, 224 leaves, 3 steps):

1 bC d b
——2(a-b)a+b Cot[c+dx] EllipticE [ArcSin| VarbCos[c+dx] et ]

a’d va+b /Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b ad

a+bCos[c+dx a+b
2+/a+b Cot[c+dx] EllipticF[ArcSin| Var Lcrdxi , - ]
vJa+b /Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])
a+b a-b

Result (type 4, 894 leaves):

1, \/ (a+b) Cot[% (c+dx)]® \/ (a+b) Cosfc+dx] Csc{i (crdx)]®

-a+b a

\/ (a+bCos[c+dx1)Csc{% (c+dx)]2

Csc[c+dx]
a

\/ (a+b Cos[c+d x]) Csc{l—(mdx)}2
: |, -2 sin[ > (c-ax]]*| /
V2 ~a+b 2

EllipticF [ArcSin|

((a+b) vCos[c+dx] Va+bCos[c+dx] )—

\/ (a+b) Cot[i (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[i (C+dXH2

-a+b a

\/ (a+bCos[c+dx})Csc[i (c+dx)]2

Csc[c+dx]
a

1 2
(a+b Cos[c+d x]) Csch— (c+d x) }

| sin[= (c+dx)]

a a 2a 1 4
EllipticPi[- —, ArcSin| ], - i /
b 2 -a+b 2
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(b\/Cos[c+dx] vJa+bCos[c+dx] || +

2+a+bCos[c+dx] Sin[c+dx]

ad\/COS[CerX] \/ \/M \/a+bCos[c+dx]
a+b

1+Cos[c+d X]

VCos[c+dx]
”i (a—b)\/ ( a+bCos[c+dx]

a+b) (1+Cos[c+dx])

a-b
EllipticE i ArcSinh| | Tan|
a+b
, a+bCos[c+dx] L ) X a-b 1 a+b
41ia EllipticF[i ArcSinh| Tan[ = (c+dx)]], - |+
(a+b) (1+Cos[c+dx]) a+b 2 a-b
, a+bCos[c+dx]
41a
(a+b) <1+Cos[c+dx])

. .. o.ratb .
EllipticPi|——, i ArcSinh|
a-b a+b 2 a-b

a-b Cos[c+dx] 1 .
b Sec[~ (c+dx) ]| sin]
a+b 1+ Cos[c+dx] 2
Za\/a_b\/ Cosfc+dx] Tan[l(c+dx>]—
a+b 1+Cosfc+dx] 2
b\/ab\/ Cos[c+dx] Tan[l(c+dx”
a+b 1+Cos[c+dx] 2

Problem 630: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+b
a-b

levax)]], -222) -

N | R

(C+dx>] +

N W

1
J dx
Cos[c+dx]5%2+/a+bCos[c+dx]

Optimal (type 4, 274 leaves, 4 steps):
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1 a+bCos[c+d a+b
- 4 (a-b)b+a+b Cot[c+dx] EllipticE[ArcSin| Var [c+dX] ], - :
3a%d Ja+b ~/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+secfc+dx]) 1
N
a+b a-b 3a%d
a+bCos[c+dx a+b
2+va+b (a+2b) Cot[c+dx] EllipticF|ArcSin| Var [c+dx] ]s - : ]
a+b +/Cos[c+dx] a-b

+
a-b 3adCos[c+dx]3/2

\/a(l—Sec[c+dx1) \/a(l+$ec[c+dx]) 2+va+bCos[c+dx] Sin[c+dx]

a+b

Result (type 4, 1191 leaves):

3aZd -a+b a

1 ) 4a<a2+2b2)\/<a+b)Cot[§<c+dx>]2 \/_(a*’b)COS[Cﬁ-dX]CSC{%(c+dxH2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ]’7 2a

V2 -a+b

EllipticF [Ar‘cSin [ } Sin [

<c+dx)]4/

N |

((a+b) v/Cos[c+dx] vVa+bCos[c+dx] ) -

. \/(a+b)CotB(c+dxH2\/ (a+b)Cos[c+dx]Csc:[i(c+dx)]2
8a‘b _

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

a 2a o1 4
- o -2 sin| - (edx] ]| /

EllipticF [ArcSin|
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(a+b) Cot[% (c+dx)]2

-a+b

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+b Cos[c+d x]) CSCL— (c+d x)w

s s s a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| |, -
b V2 -a+b
Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2
1 sin[% (c+dx)]
4b? | |iCos|[= (c+dx)]~a+bCos[c+dx] EllipticE[i ArcSinh| 2 B
2 v/Cos[c+dx]
2a
- }Sec[c+dx]/
-a-b
bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+ X]) ec[c+dx] .
2 a+b

-a+b a

1o, aJ(a+b)c°t[;<c*dx)]2 J(a+b)COS[C+dXJCSC[;(C+dX)]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CSCL— (c+d XW

2a

EllipticF [ArcSin|

NEY ~a+b

((a+b> vCos[c+dx] Va+bCos[c+dx] )—

: ], - ]Sin[%(c+dx)]4/



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”~m (c+d cos)”n.nb | 351

a\/ (a+b) Cot[% (c+dx>]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

(a+bCos[c+dx]) Csc[® (c+dx)]2
2 Csc[c+dx] EllipticPi|-

a

ol
.

1 2
(a+bCos[c+d x]) Csc{; (c+d x) }

ArcSin| 2 ]s - 2a

NPy ~a+b

]Sin[% (c+dx)]4 /

(b\/Cos[c+dx] \/a+bCos[c+dx]) +\/a+bCos[c+dx} Sinfc+dx] +

b+ Cos[c+dXx]

\/COS[C+dX] \/a+bCos[c+dx] (_4bTa;1[§+dx1 + 25ec[c+dx3] Tan[c+d x] )
a a

d

Problem 631: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]°/?
J( dx

a+bCos[c+dx])>?

Optimal (type 4, 465 leaves, 7 steps):
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1 a+bCos[c+d a+b
-——————(3a*-b*) Cot[c+dx] EllipticE [ArcSin| Var [c+dX] ], - - ]
ab2+/a+b d va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+secfc+dx]) 1

.
a+b a-b b2~/ a+b d
o ) va+bCos[c+dx] a+b
(3a+b) Cot[c+dx] EllipticF |ArcSin| , - ]
va+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b b3d
a+b a+bCos d a+b
3a+/a+b Cot[c+dx] EllipticPi[;, ArcSin| Var [c+dX] R ]
vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

a+b a-b

2a2+/Cos[c+dx] Sin[c+dx] (3a27b2) VJa+bCos[c+dx] Sin[c+dx]

+

b (a?-b2) dva+bCos[c+dx] b? (a?-b?) d~/Cos[c+dx]

Result (type 4, 1201 leaves):
2a%+/Cos[c+dx] Sin[c+dx]

b (-a2+b2) dvVa+bCos[c+dx]

+

1 laa ooy (a+b)Cot[i(c+dx”2
2(a-b)b(a+b)d —a+b

(a+b) Cos[c+dx] Csc[i (c+dx)]2 (a+bCos[c+dx})Csc[% (c:erxH2

a a

" 2
\/ (a+b Cos[c+d x]) Csc[; (c+d x>]

a },7 2a

\/? -a+b

Csc[c+dx] EllipticF [ArcSin]

Sin[l(c+dx”4/(<a+b> \/Cos[c +dx] \/a+bCos[c+dX]) -
2
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-a+b a

. \/(a+b)CotB(c+dxH2\/ (a+b)Cos[c+dx]Csc:[i((:erx)]2
8a‘b _

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

Wj },__jjb]sm[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+bCos[c+d x]) CscL— (c+d x)w

c s s a . a 2a
Csc[c +dx] Elllptlcpl[—g, ArcSin | ]s - ]

NEY ~a+b

Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2

2 (3a%-b?) JiCos[l (c+dx)]~/a+bCos[c+dx] EllipticE|
2
sin[% (c+dx)] 23
i ArcSinh| 2 , - | secic+dx] /
VCos[c+dx] -a-b

+

\/ (a+bCos[c+dx]) Sec[c+dx]

a+b

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2
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1
—2a
b

Problem 632:

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ] _
NeY * “a+b

EllipticF [Ar‘csin [

(<a+b> vCos[c+dx] Va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[i (c+dx>]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)}2

\/(a+bCos[c+dx})Csc[;(c+dx)]2 . a
Csc[c+dx] E111pt1cP1[—f,
a b
\/ (a+b Cos[c+d x]) Csc“—(udxw2
a 2a 1 4
ArcSin| ], - | sin[= (c+dx)] /
2 -a+b 2

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +

Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

j Cos[c+dx]3/?
(

a+bCos[c+dx

dx
]>3/2

Optimal (type 4, 387 leaves, 6 steps):
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L ) va+bCos[c+dx] a+b
2Cot[c+dx] EllipticE [ArcSin| , - ]
bva+b d va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b b/a+b d
L . va+bCos[c+dx] a+b
2Cot[c+dx] EllipticF [ArcSin| , - ]
\Ja+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b b2 d
a+b a +bCos d a+b
2+/a+b Cot[c+dx] EllipticPi] : » ArcSin| Var [c+dX] R ]
vJa+b +/Cos[c+dx] a-b
a(1-Sec[c+dx]) a(1+secfc+dx]) 2a2sinfc+dx]
a+b a-b b (a®-b?) d~/Cos[c+dx] Va+bCos[c+dx]

Result (type 4, 985leaves):

2a\/Cos[c+dx] Sin[c+dx]
(a?-b%) d~+/a+bCos[c+dx]

: _4ab J(hb)cc’t[%(“dxﬂz J_(a+b)C°S[C+dXJCSC[§(C+dXHZ

a

Csc[c+dx]

\/ (a+bCos[c+dx})Csc{% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{z— (c+d x)}

: |, 22 ] sin[® (cedx)]®

V2 -a+b 2 /

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[i (c+dx”2 \/ (a+bCos[c+dx]) Csc[i <c+dx)]2

a a
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1 2
(a+bCos[c+d x]) Csc L— (c+d x)w

© s s a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b V2 -a+b

Sin[1<c+dx>]4 /(b\/Cos[Cerx} \/a+bCos[c+dx]> +

2

1 Sin[2 (c+dx)]

2a||iCos|[~ (c+dx)]~/a+bCos[c+dx] EllipticE[i ArcSinh| 2 B
2 \Cos[c+dx]
2a
- }Sec[c+dx]/
-a-b
bC d S d
b\/Cos[1<c+dX>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] .
2 a+b

12a a\/(a+b)Cot[§(c+dx)]2 \/(a+b)Cos[c+dX}CSC[§(c+dxH2

b -a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CSCL— (c+d x)w

a 2a . l tdx 4
= ] -2 sin[ (e dx) ]

EllipticF [ArcSin|

((a+b> vCos[c+dx] va+bCos[c+dx] )7

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

(a+bCos[c+dx])Csc[§(c+dx)]2 a
Csc[c+dx] EllipticPi[—E
a
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1 2
(a+b Cos[c+d x]) CSCL— (c+d x) w

ArcSin| 2 ]s - 2a | sin]|

NEY ~a+b

N |

(c+dx)]4 /

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +

Problem 634: Result more than twice size of optimal antiderivative.
1

J\/Cos[c+dx] (a+bCos[c+dx])?>?

dx

Optimal (type 4, 267 leaves, 4 steps):

o ] va+bCos[c+dx] a+b
——————2bCot[c+dx] EllipticE[ArcSin| , - ]
a2+/a+b d va+b +/Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) 1
N
a+b a-b ava+b d
bC d b a(l1-Sec[c+dx
2Cot[c+dx] ElLipticF [ArcSin| Jarbosc-dx] ) ar ] ( [ )
va+b +/Cos[c+dx] a-b a+b
a(1+Sec[c+dx]) 2bSin[c+dx]
a-b (a?-b%) d~/Cos[c+dx] ~a+bCos[c+dx]

Result (type 4, 2867 leaves):

1 1 2
W4a \/Cot[z(c+dx”

\/ (a+b) Cos[c+dx] Csc[% (c+dx)]2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a a

1 2
\/ (a+b) Cos[c+d x] Csc[; (c+d x)]

a }, 2a

V2 a+b

Csc[c+dx] EllipticF [ArcSin|

]
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Sin| (c+dx)]4/(\/Cos[c+dx} va+bCos[c+dx] | -

1
2

b\/cot{l(chdXHz \/_ <a+b) Cos[c+dx] Csc{% (C+dx”2

a

\/ (a+bCos[c+dx]>Csc[§ (c+dx)]2

a

Csc[c+dx]

1 2
(a+b) Cos[c+d x] Csc[; (c+d x)}

, ArcSin [ 2 } R

a+b \/? a+b

EllipticPi]|

((a+b) vJCos[c+dx] Va+bCos[c+dx] ) +

2b%+/Cos[c+dx] Sin[c+dx]

a(a®-b%) d~/a+bCos[c+dx]

b+/Cos[c+dx] (1+Cos[c+dx])3/2

Sec[1<c+dx)]2
2
2 (a+b) a+bCosfc+dx] EllipticE[Ar‘cSin[Tan[l(c+dx)“, —a+b]_
a+ +Cos[c+dx a+
(a+b) (1+Cos[c+dx]) 2 b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx)]], 7a+b]_
(a+b) (1+Cos[c+dx]) 2 a+b
43 a+bCos(c+dx] EllipticPi[-1, —Ar‘cSin[Tan[l(c+dx)H, —a+b]+
(a+b) (1+Cos[c+dx]) 2 a+b

bJCOS[HdXJSec[l(c+dx)}sm[3(c+dx>}+
1+Cos[c+dx] 2 2

/

Za\/—Cos[c+dx] Tan[l(c+dx”—b\/—cos[c+dxJ Tan[l(c+dx”
1

+Cos[c+dx] 2 1+Cos[c+dx] 2
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2a(a*-b*)d ! b<1+Cos[c+dx1)3/ZSec{l(c+dxHZSin[c+dx1
8 (a+bCos[c+dx])>? 2
2 (a+b) a+bCosfc+dx] EllipticE[Ar‘cSin[Tan[l(c+dx)H, —a+b]_
(a+b) (1+Cos[c+dx]) 2 a+b
4a a+bCosfcrdx] EllipticF [Arcsin|Tan[ > (c+dx)]], 2] -
(a+b) (1+Cos[c+dx]) 2 a+b
a+bCos[c+dx] L. . 1 -a+b
42 EllipticPi[-1, -ArcSin|[Tan|[ = (c+dx)]], ]+
(a+b) (1+Cos[c+dx]) 2 a+b

b\/COS[CJ'dXJSec[l(c+dx)]sin[3(C+dXH+
1+Cos[c+dx] 2 2

Za\/—Cos[c+dx] Tan[l(c+dx”b\/—cos[c+dx} Tan[l(c+dx)] -

1+Cos[c+dx] 2 1+Cos[c+dx] 2

1 1 2
3+\/1+Cos[c+dx] Sec[= (c+dx)]| Sin[c+dx]
8+va+bCos[c+dx] 2
2 (a+b) arblosfc+dx] EllipticE[Ar‘cSin[Tan[i(c+dx)“, —a+b]_
(a+b) (1+COS[C+dX]) 2 a+b
4a a+bCos[c+dx] EllipticF[Ar‘cSin[Tan[l(c+dx)H, —a+b]_
(a+b) (1+COS[C+dX]> 2 a+b
a+bCos[c+dx] L. . 1 -a+b
4a EllipticPi[-1, -ArcSin|[Tan|~ (c+dx) 11s +
(a+b) (1+Cos[c+dx]) 2 a+b

Cos[c+dx] 1 E
b |————— S — (c+d S — (c+d +
\/1+Cos[c+dx] ec[z(c ] ln[z(c )]

1+Cos[c+dx] 2 1+Cos[c+dx] 2

Za\/—Cos[c+de Tan{l(c+dx”—b\/—cos[c+dxJ Tan{l(c+dx)] +

1

(1+Cos[c+dx])3/25ec[1 (c+dx)]2Tan[1 (c+dx)]
4+/a+bCos[c+dx] 2 2

a+bCos[c+dx] L. . 1 -a+b
2 (a+b) EllipticE[ArcSin[Tan[ = (c+dx)]], ]
(a+b) (1+Cos[c+dx]) 2 a+b
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a+bCosfc+dx] L. . 1 -a+b
43 EllipticF[ArcSin[Tan|[ = (c+dx)]], ] -
(a+b) (1+Cos[c+dx]) 2 a+b
a+bCos[c+dx] L. . 1 -a+b
4a EllipticPi[-1, -ArcSin|[Tan[ = (c+dx)H, +
a+ +Cos[c+dx] a+
(a+b) (1+C dx]) 2 b

b\/M sec| > cdx]] sin[ > (cdx]] +
1+ Cos[c+dx] 2 2

Za\/—Cos[c+dx} Tan{l(c+dx”—b\/—cos[c+dxJ Tan{l(c+dx)] +

1+Cos[c+dx] 2 1+Cos[c+dx] 2

1

(1+Cos[c+dx])3/25ec[1 (c+dx)]2
4-~/a+bCos[c+dx] 2

3b\/Cm[c+dx1 Cos[i (c+dx)]$ec{l (c+dx” +
2 1+Cos[c+dx] 2 2

1+Cos[c+dx] 2 2 1+Cos[c+dx] 2

a\/COS[C-%—dX] Sec[l(c+dx)]2—1b\/COS[c+dX] Sec[l (C+dX>}2+

bSin[c+dx]

- +

(a+b) (1+Cos[c+dx])

/ a+bCos[c+dx]
(a+b) (1+Cos[c+dx])
bSin[c+dXx]
(a+b) (1+Cos[c+dx])

a+bCos[c+dx]
(a+b) (1+Cos[c+dx])

-a+b
]

[ (a+b) EllipticE[ArcSin [Tan[% (c+dx)]],

a+b

(a+bCos[c+dx]) Sin[c+dx]

(a+b) (1+Cos[c+dx])?

2 aEllipticF [ArcSin[Tan| 1 (c+dx)]], -2 +bb ]
2 a+

/

(a+bCos[c+dx])Sin[c+dx]

(a+b) (1+Cos[c+dx])2

e . 1 -a+b bSin[c +dx]
2aEllipticPi[-1, -ArcSin|[Tan| = (c+dx)H, ] |- +
2 a+b (a+b) (1+Cos[c+dx])
(a+bCos[c+dx])Sin[c+dx] / a+bCos[c+dx]
+
(a+b) (1+Cos[c+dx])2 (a+b) (1+Cos[c+dx])
1 bSec[1<c+dx)] Cos[c+dx]Sin[c+dx]7 Sin[c +dx]
_Cos[c+dx] 2 (1+Cos[c+dx}>2 1+Cos[c+dx]

1+Cos[c+d x]
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a (Cos[c+dx] Sinfc+dx] _ _Sin[c+dx] ) Tan[l (c+dx>]
.13 (1+Cos [c+d x])?2 1+Cos[c+d x] 2
Sin[= (c+dx) ]+ -
2 Cos[c+d x

1+Cos [c+d x]

b (Cos[c+dx] Sinfc+dx] _ _Sinfc+dx] ) Tan[l (c+dx>]
(1+Cos[c+d x])? 1+Cos[c+d x] 2
4
_Cosfc+dx]

1+Cos [c+d x]

1 Cos[c+dx] 1 3 1
-b |——— S — d S 2 d T 1 d )
2 leosmm ec|~ (c=dx]] sin[ > (cxdx)] Tan| ~ (c+dx)]

2a\/ a+b Cos[c+d x] Sec[l (C+dXH2
(a+b) (1+Cos[c+dx]) 2
1 2 (-a+b) TanP(udx)]z
1—Tanb(c+dx” 1- "

’a a+bCos[c+dx] Sec[l(c dx)]z
- +
(a+b) (1+Cos[c+dx]) 2

/

(-a+b) Tan[% (c+dx”2

\/1—Tan[i(c+dx”2 1+Tan[i<c+dx)]2]\/1— b +

a+b) (1+COS[C+dX}) 2

\/1—Tan[

Problem 635: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

<a+b>\/( a+bCos[c+dx] Sec[l(c+dx)}2

2

<C+dx)]

(-a+b) Tan[i (c+dx)]2
\/1_ a+b /

N |

1

dx
JCOS[C+dX]3/2 (a+bCos[c+dx])>?

Optimal (type 4, 285 leaves, 4 steps):
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1 , , o ) Ja+bCos[c+dx] a+b
————2(a’-2b?) Cot[c+dx] EllipticE [ArcSin| , -
a’v/a+b d Ja+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) 1

a+b a-b a?+/a+b d
L . va+bCos[c+dx] a+b
2 (a+2b) Cot[c+dx] EllipticF |[ArcSin| , - ]
Ja+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(1+Sec[c+dx]) 2b2Sin[c +dx]
+
a+b a-b a(az—bz)d\/Cos[c+dx} va+bCos[c+dx]

Result (type 4, 1233 leaves):
1

a’ (-a+b) (a+b)d

_ 4a<2a2b2b3>\/(a+b)Cot[;(c+dX)]2 \/(a+b)Cos[c+dx}Csc[;(c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

a

\/(a+bCos[c+dx])Csc“(c+dx)r
a ]’ B 2a }Sin[

NFY —a+b

EllipticF [ArcSin|

N |

(c+dx)]4/

((a+b) v/Cos[c+dx] va+bCos[c+dx] ) -4a(a*-2ab?)

-a+b a

\/ (a+b) Cot[% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a
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1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

vzi },__jfb]s,in[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) v Cos[c+dx] Va+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

1 2
(a+b Cos[c+d x]) CSCL— (c+d x)w

L. a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b 2 -a+b
Sin[1<c+dx>]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2
2 (a®b-2b%) {iCos[l(c+dx)]\/a+bCos[c+dx} EllipticE|
2
Sin[% (c+dx)] 23
i ArcSinh| 2 , - }Sec[c+dx1/
v/Cos[c +dx] -a-b
bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] .
2 a+b

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2
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\/ (a+b Cos[c+d x]) Csc“—(udxwz
a ], B 2a ]Sin[

NEY ~a+b

EllipticF [ArcSin|

N |

(c+dx)]4 /

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx)}2 \/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a a

1 2
(a+bCos[c+d x]) Csc [7— (c+d x)w

AR a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| |, -
b N2 -a+b
Sin[1<c+dx>]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]) +
2

vJa+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

1
+ —/Cos[c+dx]
d

2b3Sin[c+dx]

- +

a’? (a®-b?) (a+bCos[c+dx])

va+bCos[c+dx]

2Tan[c +dx]
2

a

Problem 636: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
JCOS[CerX]S/Z (a+bCos[c+dx])>?

dx

Optimal (type 4, 357 leaves, 5steps):
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1 a+bCos[c+dx a+b
2b (5a*-8b?) Cot[c+dx] E1lipticE|[ArcSin| Va- [c+dx] , -t ]

3a*+/a+b d Ja+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+secfc+dx]) 1
.
a+b a-b 3a®+Va+b d

2 (a+2b) (a+4b) Cot[c+dx] EllipticF[ArcSin| VarbCosic+dx] ,fa+b}

\Ja+b +/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx])
+
a+b a-b

2b2Sinfc +dx] 2 (a*-4b%) v/a+bCos[c+dx] Sin[c+dx]

+

a(a®-b%) dCos[c+dx]*2+a+bCos[c+dx] 3a? (a?-b?) dCos[c+dx]3?

Result (type 4, 1269 leaves):
1

3a’ (a-b) (a+b)d

(a+b) Cot[i (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-|laa (a4+7a2b2—8b4)\/

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ]’7 2a

V2 -a+b

EllipticF [Ar‘cSin [ } Sin [

N |

<c+dx)]4/

((a+b) v/Cos[c+dx] vVa+bCos[c+dx] ) -4a(5a’b-8ab’)

\/ (a+b) Cot[i (c:+dx”2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx1)Csc{i (c+dx)]2

a
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1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

vzi },__jfb]s,in[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) v Cos[c+dx] Va+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

1 2
(a+b Cos[c+d x]) CSCL— (c+d x)w

a a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b 2 -a+b
Sin[1<c+dx>]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2
2 (5a*b®-8b*) iCos[l(c+dx>}\/a+bCos[c+dx] EllipticE|
2
Sin[% (c+dx)] 23
i ArcSinh| 2 , - }Sec[c+dx1/
v/Cos[c +dx] -a-b
bC d S d
b\/Cos[l(c+dx>]ZSec[c+dx] \/(a+ os[c+dx]) Secfc+dx] +
2 a+b

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2
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\/ (a+b Cos[c+d x]) Csc“—(udxwz
a ], B 2a ]Sin[

NEY ~a+b

EllipticF [ArcSin|

N |

(c+dx)]4 /

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/_ (a+b) Cos[c+dx] Csc[% (c+dx)}2 \/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a a

1 2
(a+bCos[c+d x]) Csc [7— (c+d x)w

AR a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| |, -
b N2 -a+b
Sin[1<c+dx>]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]) +
2

vJa+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

1
+ —/Cos[c+dx]
d

2b*Sin[c +dx]

va+bCos[c+dx]
a® (a?-b?) (a+bCos[c+dx])

10bTan[c +dXx]

3 a3
2Sec[c+dXx] Tan[c+dx])

3 a2

+

Problem 637: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx
jCos[c+dx]7/2 (a+bCosc+dx])>?

Optimal (type 4, 433 leaves, 6 steps):
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1
5a°>+a+b d
a+bCos[c+dx a+b
2 (3a%+8a2b?- 16 b%) Cot[c +dx] E1lipticE[Arcsin| Var [cvdx] , ax
va+b +/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) 1
a+b a-b 5a*+a+b d
bC d b
2 (3a+4b) (a?+4b?) Cot[c+dx] EllipticF [ArcSin| Jarblosc-dx] ) a- ]
va+b \/Cos[c+dx] a-b
a(1-Sec[c+dx]) a(1+sec[c+dx]) 2b2Sinfc +dx]
+
a+b a-b a(a®-b?)dCos[c+dx]*2+a+bCos[c+dx]

2 (a®-6b*) Va+bCos[c+dx] Sin[c+dx] 2b (3a2-8b?)/a+bCos[c+dx] Sin[c+dXx]

5a? (a?-b?) dCos[c+dx]®? 5a’ (a2 -b?) dCos[c+dx]3?

Result (type 4, 1314 leaves):
1

5a* (-a+b) (a+b)d

(a>+4b?)

_ 4a(4a2b4b3)\/<a*b>C°tE(C+dxH2 \/(a+b)Cos[c+dx]CscE(c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc{%(udx)]z
: -2 sin[> (crax)]*|/
NEY ~a+b 2

EllipticF [ArcSin|

a+b)/Cos[c+dx] Va+bCos[c+dx] ~4a(3a3-4ab?
((a+b)

\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 369

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i <c+dx”2

a

\/(a+bCos[c+dx])Csc“(c+dx)r
° |, -2 sin[ > (cvax)]*| /
NEY —a+b 2

EllipticF[ArcSin|

(a+b) Cot[i (C+dXH2

((a+b) \/Cos[c+dx] ~/a+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cosc+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx1)Csc{i (c:+dx”2

1 2
(a+b Cos[c+d x]) CSCL— (c+d x) w

s e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ], -
b

V2 -a+b

Sin[l(c+dx)}4/(b\/Cos[c+dx] va+bCos[c+dx]
2

2 (3a’b-4b°) JiCos[l (c+dx) | va+bCos[c+dx] EllipticE|

2
. _ Sin[i(c+dx” Ja
i ArcSinh| , - | sec[c+dx] /
v Cos[c +dx] -a-b

+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

b\/Cos[1 (c+dx)]25ec[c+dx]

1 a\/ (a+b) Cot[i (CerxH2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a
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\/ (a+bCos[c+dx]) Csc[i (c+dx)}2

a

Csc[c+dx] EllipticF [

\/ (a+bCos[c+dx])Csc[%(mdx)]2
a }, ~ 2a ]Sin[

V2 ~a+b

ArcSin|

(c+dx)]*| /

N |

((a+b) \/Cos[c+dx] Va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% <c+dx)]2

(a+bCos[c+dx])Csc[l(c+dx”2 a
2 Csclc+dx] EllipticPi[- —
a b
\/ (a+b Cos[c+d x]) Csc[i— (c+dx)]2
. a 2a X 1 4
ArcSin| |s - | sin[= (c+dX) | /
NS “a+b 2

va+bCos[c+dx] Sin[c+dx]
N

b+/Cos[c+dx]

(b\/Cos[c+dx} va+bCos[c+dx] )

2b>Sin[c+dx]
a* (a®-b?) (a+bCos[c+dx])
2Sec[c+dx] (3a?Sin[c+dx] +11b2Sin[c+dx])

+

1
“+/Cos[c+dx] Va+bCos[c+dx]
d

5a%
6bSec[c+dx] Tan[c +d X]

.
5 a3

2Sec[c+dx]?Tan[c +dXx]

5 a?

Problem 638: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
5/2

J Cos[c+dx]°/?
(a+bCos[c+dx])

Optimal (type 4, 497 leaves, 7 steps):
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va+bCos[c+dx] a+b
va+b +/Cos[c+dx] a-b

Ja(lsec[“dxl) Ja(l*sec[“dm /(B(a_b)bz(a+b)3/2d)_

2 (3a*-7b?) Cot[c+dx] E1lipticE |ArcSin|

]

a+b a-b

va+bCos[c+dx] a+b
va+b +/Cos[c+dx] a-b

2 (3a*+ab-6b%) Cot[c+dx] EllipticF [ArcSin|

a(l-sec[c+dx]) a(l+Sec[c+dx]) /(B(a—b)bz (a+b)3/2d)—i

a+b a-b b3d
2+/a+b Cotlc+dx] EllipticPi[ 22, Arcsin] VarbCosfcrdx] o _2xhy
Va+b /Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx])
a+b a-b

2a%+/Cos[c+dx] Sin[c+dx] 2a? (3a*-7b?) Sin[c+dx]

3b(a?-b2)d(a+bCos[c+dx])>? 3p2 (aszz)zd\/Cos[c+dx} va+bCos[c+dx]

Result (type 4, 1282 leaves):

1
=+/Cos[c+dx] Va+bCos[c+dx]
d

[ 2a%Sin[c +dx] 2 (3a’sin[c+dx] -7ab?Sin[c+dx])
N _
3b (-a%+b?) (a+bCos[c+dx})2 3b (—a2+b2)2 (a+bCos[c+dx])
1

3(a-b)’b (a+b)?d

-a+b a

. 4a<a3abz)\/(a+b)€ot[2(C+dx)]2 \/<a+b)C05[C+dX]CSC[§(C+dXH2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a

J (a+bCos[c+dx])Csc“—(udxw2
° |, -2 sin[ > (crax]]*|/
V2 ~a+b 2

EllipticF [ArcSin|
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a+b)+/Cos[c+dx] Va+bCos[c+dx] ||-4a(-a’b-3b3
[(a+b)

\/ (a+b) Cot[i (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
J (a+bCos[c+d x]) CSCL— (c+d x)]

2 ], - 2a ]Sin[l(CerxH4

\/7 -a+b 2 /

EllipticF [Ar‘cSin [

(a+b) Cot[% (c+dx)]2

(<a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[i <c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)}

e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ]s -
b

V2 -a+b

Sin[§<c+dx)]4 /(b\/COS[CerX} \/a+bCos[c+dx]) .

2 (3a%*-7ab?) JiCos[E (c+dx)]~/a+bCos[c+dx] EllipticE]|

2
. . Sin[§<c+dx)] 2a
nAr'cSmh[ 5 — }Sec[c+dx} /
v Cos[c +dx] -a-b
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+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

—2a

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) CscL— (c+d x)w

a 2a .1 4
\/7 ],—_a+b]51n[£(c+dx)] /

EllipticF [ArcSin|

(<a+b> vCos[c+dx] Va+bCos[c+dx] )—

a\/ (a+b) Cot[i (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

-a+b a

<a+bCos[c+dx})CscE(c+dx)]2 a
Csc[c +dx] EllipticPi[—E
a

1 2
(a+bCos[c+d x]) CSC{Z— (c+d x) ]

ArcSin| 2 ]s - 2a ]Sin[l(c+dx)]4

\E -a+b 2 /

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

+

(b\/Cos[c+dx] va+bCos[c+dx]

Problem 639: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

J Cos[c+dx]3/?
(a+bCos[c+dx])

Optimal (type 4, 342 leaves, 5steps):
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va+bCos[c+dx] a+b
va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) s
J o J o /(33 (a-b) (arb)*2d)

8b Cot[c+dx] EllipticE[ArcSin|

]

vJa+bCos[c+dx] a+b

2 (a-3b) Cot[c+dx] EllipticF [ArcSin| )
Ja+b ~/Cos[c+dx] a-b

Jamecmdxn Jamsewdx]) /(22 (a-b) 22b)2d)
a+b a-b

2a/Cos[c+dx] Sin[c+dX] 8abSin[c+dx]

3 (az—bz) d (a+bCos[c+dx])3/2 3 (aszz)zd\/Cos[Cerx] va+bCos[c+dx]

Result (type 4, 1237 leaves):

1
Z+/Cos[c+dx] Va+bCos[c+dx]
d

+

3 (a%-b?) (a+bCos[c+dx])2 3 (aszz)z (a+bCos[c+dx])

+

[ 2aSin[c+dx] 8b2Sin[c+dx]

1 (a+b)Cot[§<c+dx)]2

3(a-b)?(as+b)?d | 4a<a2_b2>J “asb

\/_ (a+b) Cos[c+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx})Csc[§ (c+dx”2

a a

1 2
\/ (a+b Cos[c+d x]) Csc[)— (c+d x)]

a })_ 2a

NEY ~a+b

Csc[c+dx] E1lipticF [ArcSin|

Sin[i(c+dx”4 /(<a+b> v/ Cos[c +dx] \/a+bCos[c+dx]) +
2

-a+b a

, \/(a+b)Cot[%(c+dx)]2\/ (a+b)Cos[c+dx}Csc[§(c+dx)]2
16a“b -
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc“—(udx)}2
: =2 sin[> (crax)]*| /
NEY ~a+b 2

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vfCos[c+dx] ~a+bCos[c+dx] )— \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

1 2
(a+bCos[c+d x]) Csc[z— (c+d x)w

. e e a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ], -
b

V2 -a+b

Sin[%<c+dx)]4 /(b\/Cos[c+dx} \/a+bCos[c+dx]) -

1 Sin[% (c+dx)]
8b? | |iCos[~ (c+dx)]|a+bCos[c+dx] EllipticE[iArcSinh| 2 B
’ \/Cos[c+dx]
2a
- }Sec[c+dx]/
-a-b
bC dx]) s d
b\/cos[1<c+dx>]25ec[c+dx] \/(a+ os[c+dx]) Sec[c+dx] .
2 a+b

12a a (a+b>c°t[i<c+dx)]2 _(a+b)Cos[c+dx}Csc[§(c+dx”2
b -a+b a
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc“—(mdx)}2
a ] B 2a ]Sin[

\E ’ -a+b

EllipticF [ArcSin|

N |

(c+ax)]*| /

((a+b> vCos[c+dx] va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[% (c+dx>]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

<a+bCos[c+dx})Csc[l(c+dx)]2 a
2 Csclc+dx] EllipticPi[- —
a b
\/ (a+b Cos[c+d x]) (:sc[i—(mdx)}2
a 2a 1 4
ArcSin| ]s - | sin[ = (c+dx)] /
Jz ~a+b 2

va+bCos[c+dx] Sin[c+dx]
N

b+ Cos[c+dX]

(b\/Cos[c+dx] vJa+bCos[c+dx] )

Problem 640: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J \Cos[c+dx]
(

a+bCos[c+dx])®>?

dx

Optimal (type 4, 359 leaves, 5steps):
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va+bCos[c+dx] a+b

- |2 (3a%*+b?) Cot[c+dx] EllipticE [ArcSin|

)
va+b /Cos[c+dx] a-b

a(l-sec[c+dx]) a(l1+seclc+dx]) s
J — J — / (397 (a-b) (a=b)*2q)

vJa+bCos[c+dx] a+b

2 (3a-b) Cot[c+dx] EllipticF [ArcSin| )
Ja+b ~/Cos[c+dx] a-b

1-S +d 1+S +d
\/a( ec[c x}) \/a( ec[c X]) /(Ba(a—b) (a+b)3/2d)—
a+b a-b

2b~/Cos[c+dx] Sin[c+dx] 2 (3a%+b?) sin[c+dx]
N

3 (az—bz) d (a+bCos[c+dx])3/2 3 (aszz)zd\/Cos[Cerx] va+bCos[c+dx]

Result (type 4, 1273 leaves):

1
Z+/Cos[c+dx] Va+bCos[c+dx]
d

2bsinfc +dx] 2 (3a%bsin[c+dx] +b>Sin[c+dx])
- - +
3 (a?-b?) (a+bCos[c+dx])2 3a (aszz)z (a+bCos[c+dx])
1

3a (a—b)2 (a+b)2d

B 4a<_a2b+b3)\/(a+b)C°t[%(c+dx)]2 \/_(a+b)Cos[c+dx]Csc[§<c+dx>]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx>]2

1 2
\/ (a+bCos[c+d x]) Csc{; (c+d x)}

a ]’7 2a

V2 -a+b

EllipticF [Ar‘cSin [

}Sin[

N |

<c+dx)]4/

a+b)/Cos[c+dx] Va+bCos[c+dx] || -4a(3a%+ab?
((a+b)
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-a+b a

\/ (a+b) Cot[% (c:erxH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc{i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{— (c+d x)}

Wj },__jjb]sm[i(udx)}“/

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% <c+dx)]2

a a

1 2
(a+bCos[c+d x]) CscL— (c+d x)w

c s s a . a 2a
Csc[c +dx] Elllptlcpl[—g, ArcSin | ]s - ]

NEY ~a+b

Sin[l(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx]> +
2

2 (3a%b+b?) {J‘LCOS[l (c+dx)]~/a+bCos[c+dx] EllipticE|
2

. . Sin[§<c+dx)] 23
i ArcSinh| , - | secic+dx] /
VCos[c+dx] -a-b

+

\/ (a+bCos[c+dx]) Sec[c+dx]

a+b

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2
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1
—2a
b

a\/ (a+b) Cot[% (c+dx)]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

a ] _
NeY * “a+b

EllipticF [Ar‘csin [

(<a+b> vCos[c+dx] Va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[i (c+dx>]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)}2

\/(a+bCos[c+dx})Csc[;(c+dx)]2 . a
Csc[c+dx] E111pt1cP1[—f,
a b
\/ (a+b Cos[c+d x]) Csc“—(udxw2
a 2a 1 4
ArcSin| ], - | sin[= (c+dx)] /
2 -a+b 2

va+bCos[c+dx] Sin[c+dx]

b+ Cos[c+dx]

(b\/Cos[c+dx] vJa+bCos[c+dx] ) +

Problem 641: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

J\/Cos[c+dx] (a+bCos[c+dx])°>?

dx

Optimal (type 4, 381 leaves, 5steps):
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va+bCos[c+dx] a+b
, -
va+b +/Cos[c+dx] a-b

Jamecwdxn Jameﬂ““” /(32 (3-0) (av0)q] -

a+b a-b

]

4b (3a’-b?) Cot[c+dx] E1lipticE[ArcSin|

va+bCos[c+dx] a+b

]

2 (3a*>-3ab-2b?) Cot[c+dx] EllipticF|ArcSin| )
va+b +/Cos[c+dx] a-b

a+b

a -Sec[c+dx a +Sec[c+dx 3/2
J (1 sec| nJ pesecler®Xl] | /3 (a-b) (avn) 2]

2b2~/Cos[c+dx] Sin[c+dx] 4b (3a%-b?) Sinfc+dx]

3a(a®-b%)d (a+bCos[c+dx])3/2 3a (aszz)zd\/Cos[c+dx] vJa+bCos[c+dx]

Result (type 4, 1296 leaves):

1
Z+/Cos[c+dx] Va+bCos[c+dx]
d

+ +

[ 2b2sin[c +dx] 4 (3a2b?sin[c+dx] -b*Sin[c+dx])
3a (a?-b?) (a+bCos[c+dx])2 3a? (aszz)2 (a+bCos[c+dx])

1 (a+b)Cot[§<c+dx)]2

3a% (a-b)? (a+b)*d

-|l4a (3a4—5a2b2+2b4)\/

-a+b

\/ (a+b) Cos[c+dx] Csc[i (c+dx)]2 \/ (a+bCos[c+dx})Csc[§ (c+dx”2

a a

1 2
\/ (a+b Cos[c+d x]) Csc[)— (c+d x)]

a })_ 2a

NEY ~a+b

Csc[c+dx] E1lipticF [ArcSin|

Sin[i(c+dx”4 /(<a+b> v/ Cos[c +dx] \/a+bCos[c+dx]) -
2

-a+b a

4a (—6a3b+2ab3) \/ <a+b) COt[i (C+dXH2 \/_ <a+b) Cos[c+dx] Csc[i (C+dx)]2
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc“—(udx)}2
: =2 sin[> (crax)]*| /
NEY ~a+b 2

EllipticF [ArcSin|

(a+b) Cot[i (c+dx)]2

((a+b) vfCos[c+dx] ~a+bCos[c+dx] )7 \/

-a+b

a a

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

1 2
(a+bCos[c+d x]) Csc[z— (c+d x)w

. e e a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ], -
b

V2 -a+b

Sin[%<c+dx)]4 /(b\/Cos[c+dx} \/a+bCos[c+dx]) +

2 (-6a%b+2b*) JiCos[l(c+dx)]\/a+bCos[c+dx1

2
sin[2 (c+dx)] 2a
EllipticE[jl Ar‘cSinh[ 2 5 — ] Sec[c +dx] /
v Cos[c +dx] -a-b

+

2

(a+bCos[c+dx]) Sec[c+dx]
a+b

b\/Cos[1 (c+dx>]25ec[c+dx]

1 a\/ (a+b) Cot[i <c+dx)]2 \/ (a+b) Cos[c+dx] Csc[i (c+dx”2

-a+b a
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Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc“—(mdx)}2
a ] B 2a ]Sin[

\E ’ -a+b

EllipticF [ArcSin|

N |

(c+ax)]*| /

((a+b> vCos[c+dx] va+bCos[c+dx] )7

-a+b a

a\/ (a+b) Cot[% (c+dx>]2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx”2

<a+bCos[c+dx})Csc[l(c+dx)]2 a
2 Csclc+dx] EllipticPi[- —
a b
\/ (a+b Cos[c+d x]) (:sc[i—(mdx)}2
a 2a 1 4
ArcSin| ]s - | sin[ = (c+dx)] /
Jz ~a+b 2

va+bCos[c+dx] Sin[c+dx]
N

b+ Cos[c+dX]

(b\/Cos[c+dx] vJa+bCos[c+dx] )

Problem 642: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

JCOS[C+dX]3/2 (a+bCos[c+dx])>?

Optimal (type 4, 398 leaves, 5steps):
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va+bCos[c+dx] a+b

2 (3a*-15a’b? + 8b*) Cot[c +dx] E1lipticE[ArcSin|

)
va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) s
J J e

vJa+bCos[c+dx] a+b

2 (3a®+9a’b-6ab”>-8b%) Cot[c+dx] EllipticF [ArcSin|

]

vJa+b +/Cos[c+dx] a-b

JamSecmdxn Jameﬂ“”” /(39 (a-b) (a+b)??d] +
a+b a-b

2b%Sinfc+dx]
3a (a2-b?) d+/Cos[c+dx] (a+bCos[c+dx])>?
8b? (2a%-b?) Sin[c +dx]

+

3a2 (az—bz)zd\/Cos[c+dx] vJa+bCos[c+dx]

Result (type 4, 1321 leaves):

- 1 - 4a(9a4b-17a2b3+8b5)
3 a3 (afb)2 (a+b)2d

\/ (a+b) Cot[i (CerxH2 \/ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]

\/ <a+bCos[c+dx1)Csc{% (c+dx)]2

a

1 2
\/ (a+b Cos[c+d x]) Csc{; (c+d x)}

EllipticF [ArcSin| 2 ls - 2a ]Sin[l (c+dx”4/

ﬁ -a+b 2

((a+b) vCos[c+dx] Va+bCos[c+dx] ) -4a(3a°-15a’b’ + 8ab*)
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\/ (a+b) Cot[i (c+dx)]2

-a+b

a

\/ (a+b) Cos[c+dx] Csc[i (CerxH2

\/ (a+bCos[c+dx]) Csc[% (c+dx)]2

EllipticF [ArcSin|

Csc[c+dx]
a

1 2
\/ (a+b Cos[c+d x]) CscL— (c+d x)w

a

2a

],_—a+b 2

V2

sin[> (c-ax)]"| /

((a+b) v/Cos[c+dx] va+bCos[c+dx] )— \/

(a+b) Cot[% (c+dxH2

-a+b

(a+bCos[c+dx})Csc[§ (c+dx”2

) (a+b) Cos[c+dx] Csc[% (c+dx)]2
a a

a
Csc[c+dx] EllipticPi[- —, ArcSin|
b

Sin[l (c:+dx”4

2

2 (3a4b-15a2b3+8b5)

EllipticE[i ArcSinh]| 2 , -

1 2
(a+b Cos[c+d x]) Csc{— (c+d x) w

a

2a

V2

/(b\/Cos[c+dx] \/a+bCos[c+dx]) +

JiCos[1 (c+dx)]~a+bCosc+dx]
2

Sin[% (c+dx)]

| secic+dx]

/

-a-b

v Cos[c+dx]

], -

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

2

\/ (a+bCos[c+dx]) Secl[c+dx]

a+b

]

-a+b

+
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1 a\/ (a+b) Cot[% (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[% (c+dx)]2

-a+b a

Csc[c+dx] EllipticF|
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)}2

1 2
\/ (a+b Cos[c+d x]) Csc[z— (c+d x)]

a } B
NEY " “a+b

Ar‘cSin[

((a+b) v/Cos[c+dx] vVa+bCos[c+dx] >7

a\/(a+b) Cot[i(c+dx)]2 \/(a+b) Cos[c+dx] Csc[i(c+dx)]2

-a+b a

)

(a+bCos[c+dx])Csc[§(c+dx”2 . a
Csclc+dx] E111pt1cP1[fE
a

\/ (a+bCos[c+dx])Csc“—(mdx)]2
: |, =2 sin[ > (crax)]’| /
NEY ~a+b 2

(b\/Cos[c+dx1 \/a+bCos[c+dx]) +\/a+bCos[c+dx] Sin[c+dx] +

b+/Cos[c+dx]

1 2 b3 Si d
=+/Cos[c+dx] va+bCos[c+dx] |- nfcrdx] -
d

3a% (a%-b?) <a+bCos[c+dx1)2
2 (9a*b*sin[c+dx] -5b°Sin[c+dx])

+
3al (aszz)z (a+bCos[c+dx])

2Tan[c +dx]

a3

Problem 643: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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1

dx
JCos[c+dx]5/2 (a+bCos[c+dx])>?

Optimal (type 4, 473 leaves, 6 steps):

bC d b
| |8b (2a*-7a2b?+ 4b%) Cot[c +dx] E1lipticE[ArcSin| Va-bCos(crdx] R
Ja+b +/Cos[c+dx] a-b

a(1-sec[c+dx]) a(l+Sec[c+dx]) 2
J . J . / (32° (a-b) (a=b)*2q)

a+bCos[c+dx
2 (a*+9a’b+16a2b>-12ab’ - 16 b*) Cot[c + d x] E1lipticF [ArcSin| Vas [c+dx] ],

va+b v/Cos[c+dx]
a+b] a(1-sec[c+dx]) a(l+sec[c+dx]) /
a-b a+b a-b

2 .
(3a4(a—b) (a+b)3/2d)+ 2b7sin[c +dx]
3a (a?-b2) dCos[c+dx]>2? (a+bCos[c+dx])*?
4b% (5a?-3b?) Sin[c+dx]

+

+

3a? (az—bz)deos[c+dx]3/2\/a+bCos[c+dx]

2 (a*-13a2b*+8b*) Ja+bCos[c+dx] Sin[c+dx]

3a’ (az—bZ)ZdCos[Cerx]E‘/2

Result (type 4, 1351 leaves):

1

4a (a5+15a4b2—32a2b4+16b6)
334 (a—b)2 (a+b)2d

\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[% (c+dx>]2

a

1 2
(a+b Cos[c+d x]) Csc [; (c+d x)}

EllipticF[ArcSin| 2 ]s - 2a }Sin[1 <c+dx)]4 /

\/? -a+b 2
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((a+b) v/Cos[c+dx] Va+bCos[c+dx] ) -4a(8a°b-28a°b’+16ab®)

\/ (a+b) Cot[i (c+dx”2 \/_ (a+b) Cos[c+dx] Csc[i (c+dx)]2

-a+b a

Csc[c+dx]
a

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

1 2
J (a+bCos[c+d x]) CSCL— (c+d x)]

a 2a o1 a
s },f_aer]Sln[;(CerxH /

EllipticF [Ar‘cSin [

(a+b) Cot[% (c+dx)]2

(<a+b) vCos[c+dx] Va+bCos[c+dx] )— \/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dx”2 \/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc[; (c+d x)}

e . a . a 2a
Csc[c+dx] EllipticPi[- —, ArcSin| ]s -
b

V2 -a+b

Sin[§<c+dx)]4 /(b\/COS[CerX} \/a+bCos[c+dx]) .

2 (8a*b?-28ab* + 16 b°) JiCos[1 (c+dx)]~/a+bCos[c+dx]

2
N sin[3 (crdx) ] 2a
ElllpthE[]lAr‘CSIHh[ y — ]Sec[c+dx]/
VCos[c+dx] -a-b
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+

2 a+b

\/ (a+bCos[c+dx]) Sec[c+dx]

1 2
b\/Cos[— (c+dx) ] sec[c+dx]

—2a

a\/ (a+b) Cot[i (c+dx)]2 \/ (a+b) Cos[c+dx] Csc[% (c+dx>]2

-a+b a

Csc[c+dx]

\/ (a+bCos[c+dx]) Csc[i (c+dx)]2

a

\/ (a+b Cos[c+d x]) Csc{l—(udx)wz
: =2 sin[ (crdx)]*|/
V2 ~a+b 2

EllipticF [ArcSin|

(a+b) Cot[% (c+dx)]2

((a+b> vCos[c+dx] Va+bCos[c+dx] )— a\/

-a+b

\/ (a+b) Cos[c+dx] Csc[% (c+dxH2 \/ (a+bCos[c+dx]) Csc[% (c+dx)]2

a a

1 2
(a+bCos[c+d x]) Csc [?— (c+d x)w

L. a . a 2a
Csclc+dx] EllipticPi[- —, ArcSin]| ], -
b

V2 ~a+b

Sin[%(c+dx)]4 /(b\/Cos[c+dx1 \/a+bCos[c+dx1) +

vJa+bCos[c+dx] Sin[c+dx] 1
+ —vCos[c+dx]
b+ Cos[c+dx] d

2b*Sin[c+dx]
vJa+bCos[c+dx] +

3a% (a®-b?) (a+bCos[c+dx])?

8 (3a?b*Sin[c+dx] -2b°Sin[c+dx])

3a% (az—bz)2 (a+bCos[c+dx])



Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 389

16 bTan[c +d x]
3a%
2Sec[c+dx] Tan[c +d X]

3a3

+

Problem 644: Result more than twice size of optimal antiderivative.

1

dx

J\/Cos[c+dx] v2+3Cos[c+dx]

Optimal (type 4, 32leaves, 1step):

2 EllipticF [ArcSin| :%Sc%:}g] P ﬂ

V5 d
Result (type 4, 131 leaves):

N |

2+/Cos[c+dx] V/2+3Cos[c+dx] \/Cot[ (CerxH2 Csclc+dx]

(cvax)]” ], -4]

/

N |

2
q -2-3Cos[c+dx] Cos[c+dx]
-1+Cos[c+dx] -1+Cos[c+dx]

Problem 645: Result more than twice size of optimal antiderivative.

1
EllipticF[Ar‘cSin[\/ (2+3Cos[c+dx]) Csc|

1

dx

J\/Cos[c+dx] N =2+3Cos[c+dx]

Optimal (type 4, 25leaves, 1step):

2 E1liptick [Arcsin[ Siredx ], ]

d

Result (type 4, 156 leaves):
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2 2

4\/Cot[1<c+dx)]2 \/Cos[c+dx]Csc[1<c+dx)]2 \/—(—2+3Cos[c+dx])Csc[l(c+dx”2

1 1 2 4
Csc[c +dx] EllipticF[Ar‘cSin[;\/—(—2+3Cos[c+dx]) Csc[; (c+dx)]" ], g}

Sin[1 (c+dx”4

/(\Ed\/Cos[c+dx] v -2+3Cos[c+dx] )
2

Problem 646: Result more than twice size of optimal antiderivative.
1

dx

J\/23Cos[c+dx} v/ Cos[c+dx]

Optimal (type 4, 56 leaves, 2 steps):
2+/-Cos[c+dx] EllipticF|ArcSin[ Sinlcrdxl_] 1]

1-Cos[c+d x] 5

\/?d\/Cos[c+dx]
Result (type 4, 143 leaves):

4\/Cot[1(c+dx)]2\/(23Cos[c+dx])Csc[l(c+dx)]2 \/Cos[c+dx]Csc[l(c+dx)]2

2 2 2

1
Csc[c+dx] EllipticF [ArcSin| — \/Cos [c+dx] Csc|
2

N |

(c+dx>]2 |, -4] Sin[% ((:erx”4 /

(d\/273Cos[c+dx} v/ Cos[c+dx] )

Problem 647: Result more than twice size of optimal antiderivative.
1

dx

J\/23Cos[c+dx] v/Cos|[c+dx]

Optimal (type 4, 49leaves, 2 steps):
2+/-Cos[c+dx] EllipticF[ArcSin|2itlcdxl_] 5]

1-Cos[c+d x]
d+/Cos[c+dx]
Result (type 4, 153 leaves):
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4\/Cot[%<c+dx)]2 \/—Cos[c+dx]Csc[£(c+dxH2\/(2+3Cos[c+dx})Csc[l(c+dx)]2

2 2

Csc[c+dx] EllipticF [ArcSin| /E \/ Cosfc+dx] | 4—] Sin[1 (c+dx)]4
2

-1+Cos[c+dx] 5 2

(\/?d\/—Z—BCos[c+dx] v/Cos|[c+dx] )

Problem 648: Result more than twice size of optimal antiderivative.
J 1
vCos[c+dx] V3 +2Cos[c+dx]

dx

Optimal (type 4, 58 leaves, 1 step):

\/3+2Cos[c+dx]
\/5 /Cos[c+dx]

1
=2Cot[c+dx] EllipticF[ArcSin| |, -5]+/-Tan[c+dx]?
d

Result (type 4, 140leaves):

4~/Cos[c+dx] V3 +2Cos[c+dx] \/Cot[l <c+dx)]2
2

\/(3+2Cos[c+dx]) Csc[i (c+dx”2
Csc[c+dx] EllipticF [ArcSin| |, 6] /
g

[d\/Cos[c+dx} Csc[1 (c+dx”2 \/(3+2Cos[c+dx]) Csc[l (c+dx”2
2

2

Problem 649: Result more than twice size of optimal antiderivative.
J 1
v3-2Cos[c+dx] /Cos[c+dx]

dx

Optimal (type 4, 60leaves, 1 step):

L. . \/3-2Cos[c+dx] 1 "
2 Cot[c+dx] ElllpthF[Ar'cSm[ ],—f} -Tan[c +dx]

\/5 d v/ Cos[c+dx] 5
Result (type 4, 144 leaves):
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4\/Cot[

N =

2 2

(c+dx)]2 \/(3—2Cos[c+dx]) Csc[1 (c+dx)]2 \/—Cos[c+dx] Csc:[1 (c+dx)]2

Cos[c+d x
-1+Cos[c+d X] 1 4
Csc[c+dx] EllipticF[ArcSin| —————], 6] Sin[ =~ (c+dx]] /
V3 2

(d\/B—ZCos[Cerx} v/Cos[c +dx] )

Problem 652: Result more than twice size of optimal antiderivative.
1

dx

J\/Cos[c+dx] \/2+3Cos[c+dx]

Optimal (type 4, 54 leaves, 2 steps):
2+/Cos[c+dx] EllipticF[ArcSin[Stledxl|, %]

1+Cos[c+d x]

\/?d\/—COS[C+dX]
Result (type 4, 150 leaves):

2 2

4\/Cot[1 <c+dx)]2 \/Cos[c+dx} Csc[l (CerxH2

1 2
\/(2+3Cos[c+dx}>€sc[—(c+dx)] Csc[c +dx]
2

EllipticF[Ar‘cSin[l\/ (2+3Cos[c+dx]) (:sc[1 (c+dx)]2 |, -4] Sin[1 (c+dx”4 /
2 2 2

(d\/—Cos[c+dx] J2+3Cos[c+dx] )J

Problem 653: Result more than twice size of optimal antiderivative.

1

dx

J\/—Cos[c+dx] vV-2+3Cos[c+dx]

Optimal (type 4, 47 leaves, 2 steps):
2+/Cos[c+dx] EllipticF[ArcSin|[-Sinlcdxl ] 5]

1+Cos[c+d x]

d+/-Cos[c+dx]




Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb | 393

Result (type 4, 158 leaves):

4\/Cot[

. ! 1 2, 4
Csc[c +dx] ElllpthF[APCSln[—\/(2+3Cos[c+dx])CSC[—(C+dXH 1> =]

(CerxH2

N |
N |

<c+dx)]2 \/Cos[c+dx] Csc[1 <c+dx)]2 \/(2+3Cos[c+dx]) Csc|
2

2 2 5

Sin[1 (CerxH4

/(\/?d\/—Cos[Cerx] v-2+3Cos[c+dx] )
2

Problem 654: Result more than twice size of optimal antiderivative.
J 1
v2-3Cos[c+dx] v -Cos[c+dx]

dx

Optimal (type 4, 34 leaves, 1step):

2 EllipticF[ArcSin| %] , %]

V5 d
Result (type 4, 145leaves):

4\/Cot[1<c+dx)]2\/(23Cos[c+dx])Csc[l(c+dx)]2 \/Cos[c+dx]Csc[l(c+dx)]2

2 2 2

Csclc+dx] EllipticF[Ar‘cSin[l\/Cos[c+dx] Csc[1 (c+dx)]2 |, -4] Sin[l (c:erxH4 /
2 2 2

(d\/273Cos[c+dx} v/ -Cos[c+dx] )

Problem 655: Result more than twice size of optimal antiderivative.
1

dx

J\/23Cos[c+dx] \/-Cos[c +dx]

Optimal (type 4, 27 leaves, 1 step):

2 E11iptick [Arcsin[ Siniedxl |, 5]

d

Result (type 4, 155leaves):
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2 2

/

4\/Cot[1<c+dx)]2 \/—Cos[c+dx]Csc[£(c+dxH2\/(2+3Cos[c+dx})Csc[l(c+dx)]2

-1+Cos[c+dx] 5 2

Csc[c+dx] EllipticF [ArcSin| /E \/ Cosfc+dx] | 4—] Sin[1 (c+dx)]4
2

(\/?d\/—Z—BCos[c+dx] \/-Cos[c +dx] )

Problem 658: Result more than twice size of optimal antiderivative.

1

dx

JV—Cos[c+dx1 v-3+2Cos[c+dx]

Optimal (type 4, 62leaves, 1 step):

L . /-3+2Cos[c+dx] 1
2Cot[c+dx] EllipticF [Ar‘cSm[

7\/?d \/-Cos[c+dx] 5
Result (type 4, 160 leaves):

2 2

1 2 1 2
4\/Cot[—(c+dx” Cot[c+dx]\/Cos[c+dx}Csc[—(c+dx”

—3+2Cos[c+d x

1 ) -1+Cos[c+d x] 6
- (-3+2Cos[c+dx]) Csc[ = (c+dx)|" EllipticF|ArcSin|—————], —|
5

2 Y5

Sin| (c+dx”4/(\/?d(—Cos[c+dx})3/2\/—3+2Cos[c+dx])

N |

Problem 659: Result more than twice size of optimal antiderivative.

1

dx

J\/32Cos[c+dx] \/-Cos[c+dx]
Optimal (type 4, 60leaves, 1 step):

/-3 -2Cos[c+dx]

\/?\/—Cos[c+dx}

1
- ~2Cot[c+dx] EllipticF[ArcSin| |, -5]+/-Tan[c+dx]?
d

Result (type 4, 155leaves):
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2 2 2

/

4\/Cot[1<c+dx)]2 \/—Cos[c+dx]Csc[£(c+dxH2\/(3+2Cos[c+dx})€sc[l(c+dx)]2

-1+Cos[c+dx] 5 2

Csc[c+dx] EllipticF [ArcSin| /E \/ Cosfc+dx] | E] Sin[1 (c+dx)]4
3

(\/?d\/—3—2(:os[c+dx] \/-Cos[c +dx] )

Problem 660: Result more than twice size of optimal antiderivative.
J \Cos[c+dx]

v2+3Cos[c+dx]

dx

Optimal (type 4, 77 leaves, 1step):

1
-—4Cot[c+dx]
3d

5 2+3Cos[c+dx
EllipticPi[ >, Ar‘cSin[\/ r2rtosferdx]

3 \/5 +/Cos[c +dx]
Result (type 4, 175leaves):

|, 5] V-1-Secfc+dx] /1-Sec[c+dx]

2+/Cos[c+dx] V/2+3Cos[c+dx] \/Cot[l (C+dXH2 Csclc+dx]
2

[BEllipticF[Ar‘cSin[l\/ (2+3Cos[c+dx]) Csc[l (c+dx>]2 |, -4] -
2 2

/

2 2
3d -2-3Cos[c+dXx] Cos[c+dx]
-1+Cos[c+dx] -1+Cos[c+dx]

Problem 662: Result more than twice size of optimal antiderivative.
J VCos[c+dx]

\/2-3Cos[c+dx]

5EllipticPi[7£, Ar‘cSin[l\/ (2+3Cos[c+dx]) Csc[1 <c+dx)]2 |, -4]
3

dx

Optimal (type 4, 99 leaves, 2 steps):
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\/2-3Cos[c+dx]
\/-Cos[c+dX]

/(.aﬁdm)

1
~||4Cos[c+dx]*2Csclc+dx] EllipticPi| =, ArcSin|
3

]

1
5

]

v-1+Sec[c+dx] \/1+Sec[c+dx]

Result (type 4, 201 leaves):

4\/Cot[

Csc[c+dx]

<c+dx)]2 \/Cos[c+dx] Csc[1 <c+dx)]2 \/(2+3Cos[c+dx]) Csc|
2

N |
N |

3EllipticF[Ar‘cSin[1\/ (2-3Cos[c+dx]) Csc[l (c+dx”2 B 4*} -
2 2 5

EllipticPi[E, Arcsin[l\/ (2-3Cos[c+dx]) Csc[1 (c+dx)]2 ] 4]]
3 2 2 5

Sin[1 (c+dx”4

/(3\/?d\/2—3Cos[c+dx] v/Cos[c+dx] )
2

Problem 664: Result more than twice size of optimal antiderivative.
j v Cos[c+dx]

\/3+2Cos[c+dx]

dx

Optimal (type 4, 73 leaves, 1 step):

1
-—3Cot[c+dx]
d

/3 +2Cos[c+dx]

\/?\/Cos[c +d X]
Result (type 4, 184 leaves):

5
EllipticPi| =, ArcSin| |, -5] V1-Secic+dx] +/1+Sec[c+dx]
2

(c+dx”2
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<c+dx>]2

N =

2+/Cos[c+dx] 3+2Cos[c+dx] \/—Cot[

(3+2Cos[c+dx})Csc[% (c+dx)]2
Csc[c+dx] 2EllipticF[Ar‘cSin[ }, 6] -

Ve

(3+2Cos[c+dx])Csc[? (c+dx”2
3 2
5EllipticPi[- =, ArcSin| |, 6] /
2

Ve

d | -Cos[c+dx] Csc 1 c+dx 2 3+2Cos[c+dx]) Csc 1 c+dx 2
2

2

Problem 665: Result more than twice size of optimal antiderivative.

J v Cos[c+dx]
V3 -2Cos[c+dx]

dx

Optimal (type 4, 75leaves, 1step):

. .1 . .v/3-2Cos[c+dx] 1
3Cot[c+dx] EllipticPi[- —, ArcSin| 1, -=]
5

\/5 d 2 v/Cos[c +dx]
v1-Sec[c+dx] v/1+Sec[c+dx]

Result (type 4, 185leaves):
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-3+2Cos[c+dx] 1 2
v/Cos[c+dx] ~Cot[~ (c+dx) |
-1+ Cos[c+dx] 2
-3+2 Cos[c+d x -3+2Cos[c+d x
-1+Cos[c+d X] 6 3 -1+Cos [c+d X] 6
2 EllipticF[ArcSin| ————]|, —| + EllipticPi| =, ArcSin[ ——————], —]
\3 5 2 \3 5

Tan[

N |

(c+dXH / \Ed\/BZCos[chdx}\/ Cos[c+dx]

-1+ Cos[c+dXx]

Problem 666: Result unnecessarily involves imaginary or complex numbers.
J v/ Cos[c+dx]

v-3+2Cos[c+dx]

dx

Optimal (type 4, 99 leaves, 2 steps):

1 -3+2Cos[c+dx
3Cos[c+dx]3%Csc[c+dx] EllipticPi[——,Ar‘cSin[\/ : [c+dX]

2 v/ -Cos[c+dx]
/(\/?d\/—Cos[c+dx] )

1
P

J1-Sec[c+dx] \/1+Sec[c+dx]

Result (type 4, 135leaves):

~l2i+/-3+2Cos[c+dx]

Cos[c+dx]
5+5Cos[c+dx]

1
2EllipticPi| =, i ArcSinh[+/5 Tan|
5

(eeax)]], - ] -

5
(evax)]], - 21|/

EllipticF[i ArcSinh[+/5 Tan|

N |

N |

\/32Cos[c+dx]
d+/Cos[c+dx]

1+Cos[c+dx]
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Problem 670: Result more than twice size of optimal antiderivative.
J v/ -Cos[c+dx]

v2-3Cos[c+dx]

dx

Optimal (type 4, 77 leaves, 1step):

4 Cot[c+dx]

34/5 d

1
EllipticPi| ~, ArcSin|
3

v2-3Cos[c+dx] ] 1
\/-Cos[c+dx] "5
Result (type 4, 203 leaves):

| V-1+Sec[c+dx] V/1+Sec[c+dx]

2

1 2
4\/C0t[— (c+dx)]” Cot[c+dx]

2

\/Cos[c+dx] Csc{l (c+dx)]2 \/—(—2+3Cos[c+dx}) Csc[l (c+dx)]
2 2

[BEllipticF[Ar‘cSin[l\/ (2-3Cos[c+dx]) Csc[1 (c+dx>]2 B i] -
2 2 5

(cvax)]’ ], 2]

5

N |

2 1
EllipticPi| ;, ArcSin| N \/ (2-3Cos[c+dx]) Csc [

Sin[l(c+dx)}4/(3\/?d\/2—3Cos[c+dx] (—Cos[c+dx])3/2)
2

Problem 671: Result more than twice size of optimal antiderivative.
J \-Cos[c+dx]

v-2-3Cos[c+dx]

dx

Optimal (type 4, 79leaves, 1step):

1
-—4Cot[c+dx]
3d

v -2-3Cos[c+dx]
\/?\/—Cos[c+dx]
Result (type 4, 194 leaves):

5
EllipticPi[ =, ArcSin| |, 5] V-1-Sec[c+dx] /1-Sec[c+dx]
3
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2 2 2

4\/Cot[1<c+dx)]2 \/—Cos[c+dx}Csc[£(c+dxH2\/(2+3Cos[c+dx})Csc[1(c+dx)]2

Csc[c+dx]

3E11ipticF[ArcSin[1\/ (2+3Cos[c+dx]) Csc[l (CerxH2 ], -4] -
2 2

ool 2 .l 1 :
5E111pt1cP1[—;, Ar‘cSm[;\/(2+3Cos[c+dx])Csc[;<c+dx)] |, -4]

Sin| (CerxH4

N |

/(3d\/7273Cos[c+dx} \/-Cos[c +dx] )

Problem 672: Result more than twice size of optimal antiderivative.
J v/ -Cos[c+dx]

V3 +2Cos[c+dx]

dx

Optimal (type 4, 95leaves, 2 steps):

1
-=3+/-Cos[c+dx] /Cos[c+dx] Csc[c+dx]
d

.. .5 . v3+2Cos[c+dx]
Elllptlcpl[*, Ar‘cSm[

2 \/5 +/Cos[c +dx]
Result (type 4, 198 leaves):

|, -5] V1i-Sec[c+dx] 1+Sec[c+dx]
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2\/—Cot[i(c+dx”2 \/—Cos[c+dx]Csc[i(c+dx>]2\/(3+2Cos[c+dx])Csc[;(c+dx)}2

\/(3+2Cos[c+dx}) Csc[i (c+dx)]2

Ve

Csc[c+dx] |2EllipticF[ArcSin|

I, 6] -

(3+2Cos[c+dx])Csc[? (c+dx”2
3 2
5EllipticPi[- =, ArcSin| |, 6]
2

Ve

Sin[%(c+dx”4/(d\/—Cos[c+dx] \/3+2Cos[c+dx])

Problem 673: Result more than twice size of optimal antiderivative.

J V-Cos[c+dx]
v3-2Cos[c+dx]

dx

Optimal (type 4, 97 leaves, 2 steps):

1
34/ -Cos[c+dx] /Cos[c+dx] Csc[c+dX]
V5 d
1 3-2C d 1
EllipticPi[-—, Ar‘cSin[\/ oslc+dx] ], -=] Vi-Seclc+dx] V1+Sec[c+dx]
2 v/Cos[c+dx] 5

Result (type 4, 202 leaves):
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2\/—Cot[

\/(3+2Cos[c+dx]) Csc[1 <c+dx)]2 Csc[c+dx]
2

N |

<C+dx>]2

(c:+dx”2 \/—Cos[c+dx] Csc|

N =

-3+2Cos[c+d x

-3+2Cos[c+d x
-1+Cos[c+d x]

3 -1+Cos[c+d x]
|, =] +EllipticPi[ =, ArcSin[—————],

Y5 s 2 73

6
2 EllipticF[ArcSin| -
5

]

Sin|

N |

(c+dx”4/(\/?d\/B—ZCos[c+dx] v/ -Cos[c +dx]

Problem 674: Result unnecessarily involves imaginary or complex numbers.
J \-Cos[c+dx]
v-3+2Cos[c+dx]

dx

Optimal (type 4, 77 leaves, 1 step):

1 N | . +V/-3+2Cos[c+dx] 1
—3Cot[c+dXx] E111pt1cP1[—f, Ar‘cSm[ ], f*]

\/5 d 2 \/-Cos[c+dx] >
v1-Sec[c+dx] v/1+Sec[c+dx]

Result (type 4, 140 leaves):

Cos[c+dx
21 _Cosfcrdx] v -3+2Cos[c+dx] EllipticF[jAr'cSinh[\/S Tan[
1+Cos[c+dx]

1
2EllipticPi| =, i ArcSinh[+/5 Tan|
5

N |

(e-ax)]], 21| |/

3-2C d
V5 d+-Cos[c+dx] osfc+dx]
1+ Cos[c+dXx]
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Problem 675: Result more than twice size of optimal antiderivative.
J \-Cos[c+dx]

v-3-2Cos[c+dx]

dx

Optimal (type 4, 75leaves, 1step):

1
- —3Cot[c+dx]
d

5 -3-2Cos[c+dx
EllipticPi[ >, Ar‘cSin[\/ —

2 \/5 /-Cos[c+dx]
Result (type 4, 198 leaves):

], —5] vJ1-Sec[c+dx] v/1+Sec[c+dx]

2\/—Cot[£(c+dx”2 \/—Cos[c+dx]Csc[l(c+dx>]2\/(3+2Cos[c+dx])Csc[l(c+dx”2

2 2 2

\/(3+2Cos[c+dx])€sc[i (c+dx)]2

Ve

Csc[c+dx] |2EllipticF[ArcSin|

. 6] -

(3+2Cos[c+dx]) Csc|> (c+dx)}2
3 2
5EllipticPi|- >’ ArcSin| |, 6]

Ve

Sin[

N |-

(c+dx”4/(d\/73—2Cos[c+dx] \/7Cos[c+dx])

Problem 676: Result more than twice size of optimal antiderivative.

Cos[c+dx]?/3
J dx

a+bCos[c+dx]

Optimal (type 6, 176 leaves, 5 steps):
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/

b2 Sin[c+dx]?
—#] Cos[c+dx]?3Sin[c +dx]

1 1 3 . 5
- bAppellFl[f, -—, 1, —, Sin[c+dx]*,
23 2 a? - b?

((az—bz) d (Cos[c+dx}2>1/3)J +

/

1 1 3 b%2Sin[c+dx]?
(aAppellFl[—, ~,1, =, Sin[c+dx]?, -#] (Cos[c+dx]2)"®sin[c+dx]
2 6 2 a2 - b2

((a*-b?) dCos[c+dx]'?)

Result (type 6, 4685 leaves):

[9 (a* - b?) sin[c +dx]

/

a2Tan[c+dx]?
#] \/1+Tan[c+dx}2

1 1 3 2
- | |aAppellF1[ =, =, 1, =, -Tan[c+dx]?, -
273777 2 a? - b2
1 1 3 a’Tan[c+dx]?
[9 (a®-b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?, —#} +
2 2 aZ-b?
3 1 5 a’Tan[c+dx]?
2 {3 a?AppellFl[ =, =, 2, =, -Tan[c+dx]?, —#} + (a®-b?)
2 3 2 a% - b?
3 4 , @a’Tan[c+dx]? 5
AppellFl[ =, —, 1, =, -Tan[c+dx]?, -————————| | Tan[c+dx]?| | +
2 3 2 a?-b?
1 5 3 , a*Tan[c+dx]?
bAppellF1[~, =, 1, =, -Tan[c+dx]?, - ———————| /
2 6 2 a?-b?
1 5 3 a’Tan[c+dx]?
{9 (a®-b?) AppellFi[—, =, 1, =, -Tan[c+dx]?, 7#} +
2 6 2 a?-b?
5 3 5 5 , a‘Tan[c+dx]? Sy
6a?AppellF1[ =, =, 2, =, -Tan[c+dx]?, - ————————] +5 (a- b?)
2 6 2 aZ-b?
3 11 5 , a’Tan[c+dx]? 5
AppellF1|[ =, ——, 1, =, -Tan[c+dx]?, - ———————| | Tan[c + d x] /
2 6 2 a? - b?

dCos[c+dx]*? (a+bCos[c+dx]) (1+Tan[c+dx]2)5/6

(-b*>+a* (1+Tan[c+dx]?))
1
2+a? (1+Tan[c+dx]?))

18a* (a*-b?) Sec[c+dx]?Tan[c +d x]?

/

2

( (1+Tan[c+dx]2)*® (-b

<

2 2
3 a’Tanfc+dx]” }\/1+Tan[c+dx]2
2

1 1
[ [(aAppellFl[—, =,1, =, -Tan[c+dx]?, -
2 3 a’-b?
1 1 3 a’?Tan[c+dx]?
[—9 (a*-b*) AppellF1[—, =, 1, =, -Tan[c+dx]?, —#] +2
2 2 a%-b?
3 1 5 a’Tan[c+dx]?
(3 a?AppellF1[ =, =, 2, =, -Tan[c+dx]?, 7#] + (a®-b?)
23 2 aZ-b?
3 4 5 , a‘Tan[c+dx]? 5
AppellFl| =, —, 1, =, -Tan[c+dx]?, -—————— || Tan[c + d X] +
2 3 2 aZ - p?
1 5 3 , @a’Tan[c+dx]?
bAppellFl|[~, =, 1, =, -Tan[c+dx]?, - ——— | /
2 6 2 a? - b?
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a’Tan[c+dx]?

1 5 3
[9 (a*-b%) AppellF1[—, =, 1, =, -Tan[c+dx]?, - ——— | +
26 2 a? - b?
3 5 5 a’?Tan[c +dx]?
[Ga AppellFl[ =, =, 2, =, -Tan[c+dx]?, —#} +5 (a% - b?)
2 6 2 az-b?
3 11 5 , @a’Tan[c+dx]? 5
AppellFl[ =, ——, 1, =, -Tan[c+dx]?, - ————————] | Tan[c + d x]
2 6 2 a? - b?
1
15 (a®-b®) Sec[c+dx]*Tan[c+dx]?

(1+Tan[c+dx]2)n/6 (-b?+a? (1+Tan[c+dx]2))

1 1 3 5 azTan[c+dx
- aAppellFl[—, -1, —, -Tan[c+dx]°, - —————— x/1+Tan[c+dx} /
2 3 2 2_p?
1 1 3 a’?Tan[c +dx]?
(—9 (a® - b?) AppellF1[~, =, 1, =, -Tan[c+dx]?, —#} +
23 2 a2-b?
3 1 5 a’?Tan[c +dx]?
2 {3 a’AppellF1[ =, =, 2, =, -Tan[c+dx]?, -#] + (a®-b?)
23 2 a?-p?
3 4 5 , a‘Tan[c+dx]? ,
AppellFl][ =, —, 1, =, -Tan[c+dx]?, -————————| | Tan[c + d X]
2 3 2 aZ-b?

3 , a*Tan[c+dx]?
,1, =, -Tan[c+dx]?, - ———————| /
2 a%-b?

a?Tan[c +dx]?

N R
o |wn

[b AppellF1[—,

1 5 3
[9 (a®-b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?, - ——— | +
2 6 2 a? - b?
3 5 5 a?Tan[c +dx]?
(Ga AppellFl[=, =, 2, =, -Tan[c+dx]?, —#] +5 (a% - b?)
2 6 a’-b?
3 11 5 , a‘Tan[c+dx]? 5
AppellFl[f —, 1, —, -Tan[c+dx]*, ——} Tan[c +dXx]
2 6 2 a? - b?
1
9 (a®-b?) sec[c+dx]?

(1+Tan[c+dx]2)5/6 (-b?+a? (1+Tan[c+dx]?))

1 1 3 , a’Tan[c+dx]?
- aAppellFl[f, -, 1, —, -Tan[c+dx]*, - —————— \/1 Tan[c+dx]? /
2 3 2 a? - b?
1 1 3 a’?Tan[c+dx]?2
(—9 (a>-b?) AppellF1[—, =, 1, =, -Tan[c+dx]?, —#} +
2 3 2 a? - b?
3 1 5 a’Tan[c+dx]?
2 [3 a?AppellF1[ =, =, 2, =, -Tan[c+dx]?, —#] + (a*-b%)
23 2 a? - b?
3 4 5 , @a’Tan[c+dx]? 5
AppellFl[ =, —, 1, =, -Tan[c+dx]?, - ———————| | Tan[c + d x]
2 3 2 a% - b?
1 5 3 , a‘Tan[c+dx]?
bAppellF1[=, =, 1, =, -Tan[c+dx]?, - ———————] /
2 6 2 a? - b?

a?Tan[c +dx]?
aZz-b?

a?Tan[c +dx]?

aTanfer 7 s (22 w2

~Tan[c+dx]?, - |+

[—9 (a® - b?) Appe11F1[3, E, 1, i,
2 6 2

| 405

3 5 05 ,
6 a2 AppellFl| =, =, 2, =, -Tan[c+dx]?, -
2 6 2 a? - b?
3 11 5 , a‘Tan[c+dx]? 5
AppellFl][ =, ——, 1, =, -Tan[c+dx]?, - ————————| | Tan[c +d x]
2 6 2 a2 - b?

+

+
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1

e 9 (a®-b?) Tan[c +dx]
(1+Tan[c+dx]?)>® (-b?+a? (1+Tan[c+dx]?))
aZTan[c+dx]2]

11 3 ,
- ||aAppellF1[ =, =, 1, =, -Tan[c+dx]?, -
2 3 2 aZ - b?

/[\/1+Tan[c+dx]2 [‘9 <az_b2)

Sec[c+dx]?Tan[c +dx]

1 1 3 , @a’Tan[c+dx]? 5
AppellFl|~, =, 1, =, -Tan[c+dx]?, - ———————| +2 |3a’ AppellF1]

2 a%-b?

3 1 5 a’Tan[c+dx]?

=, 5,2, =, -Tan[c +d x]?, —#] + (a® - b?) AppellF1]

2 3 2 a2 -b?

3 4 5 , a’Tan[c+dx]? 5

-, —» 1, —, -Tan[c +d x] ,——] Tan[c +dXx] -

2 3 2 a? - b?

azTan[c+dx]2]

1 ) 3 1 5 )
a|l-———2a AppellFl[f, —5 2, —, -Tan[c+dx]°, -
3 (a? - b? 23 2 a’ - b?

> 2
, 1, —, -Tan[c+dx]*,
2
|+

|+ (a7

) 2 3
Sec[c+dx]“Tan[c +dXx] —prpellFl[f,
9 2

w | b

azTan[c+dx]2]

\/1+Tan[c+dx}2
a? - b?

Sec[c+dx]2Tan[c +dX]

) 2 1 3 , @a’Tan[c+dx]?

-9 (a —b)AppellFl{ , —» 1, —, -Tan[c+dx]*, - ————
3 2 a’-b?

5 , a‘Tan[c+dx]?

, 2, —, -Tan[c+dx]*, - ————
2 a’-b?

wWiR R

3
2 [3 a% AppellF1| -,
2

3 4 , a’Tan[c+dx]? ,
AppellF1l[ =, —, 1, =, -Tan[c+dx]?, - ————————| | Tan[c+dx]?| +
2 3 2 a%-b?
1 5 3 5 5 , a’Tan[c+dx]?
b|-—————2a*AppellF1[~, =, 2, =, -Tan[c+dx]?, - —— ]
3 (a?-b?) 26 2 a’ - b?
, 5 3 11 _ 5
Sec[c+dx]“Tan[c+dXx] - prpellFl[f, —> 1, -,
9 2 6 2

a’Tan[c+dx]?

— 2 —
Tan[c+dx]~-, 2 b

]Sec[c+dx]2Tan[c+dx]}

/

a’?Tan[c +dx]?
a? - b? -

2 2
a Tan[c +dXx] ]+5 (aszz)

1 5 3
{—9 (a% - b?) AppellFl{;, o’ 1, S’ ~Tan[c+dx]?, -

| W
| u

2 5 2
6 a2 AppellFl| =, =, 2, =, -Tan[c+dx]?,
2 a%-b?

5 , a‘Tan[c+dx]?

, » 1, —, -Tan[c +d x] ,——}
2 a? - b?

a’Tan[c+dx]?
a%-b?

a’Tan[c+dx]?

a?-b? ]+

5 , a‘Tan[c+dx]?
,1, =, -Tan[c+dx]?, - —————]
2 a? - b?

+

N Wy
=
I

N |w O

AppellF1| ) Tan[c +dx]?

1
, =, 1, =, -Tan[c+dx]?, - }\/1+Tan[c+dx}2

a AppellFi|
3

N |

> 2
—, —Tan[c+dx]*, -

2 31
4 |3a%AppellFl|—, —, 2,
273

(a® - b?) AppellF1|

)

2
4
3

N W
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2 2 2 2 3 1 >
Sec[c+dx]?Tan[c+dx] -9 (a*-b?) |- 2a% AppellFl| =, =, 2, =,
3 (a?-b? 2 3 2
, a’Tan[c+dx]? 5 2
~Tan[c+dx]?, -———————] Sec[c+dx]?Tan[c+dx] - — AppellF1]
a? - b? 9
3 4 5 , a‘Tan[c+dx]? 5
=, =1, =, -Tan[c+dx])?, - ———————] Sec[c+dx]?Tan[c+dx] | +
2 3 2 a2 - b?

1 X 5 1 7 X
lea AppellFl[g, g, 3, g, —Tan[c+dx} >
a“ —

2Tan[c +dx]?% |3a? [

a’Tan[c+dx]? 5 2 4
-—————— ] sec[c+dx]?Tan[c+dx] - — AppellF1[ =, —, 2,
a? - b? 5 2 3
7 , @a’Tan[c+dx]? 5
—, -Tan[c+dx]?, -————————] Sec[c+dx]?Tan[c +dx] | +
2 a? - b?
5 4 7
(a*-b?) |- —————6a’AppellF1[~, —, 2, —, -Tan[c+dx]?,
5 (a% - b?) 23 2
a?Tan[c +dx]? 5 8 5 7 7
——} Sec[c +dx] Tan[c+dx]—7Appe11F1[7, -1, —,
aZ-p? 5 2 3 2
, @a’Tan[c+dx]? 5
-Tan[c+dx]?, -————————| Sec[c+dx]?Tan[c +dX] /
aszz
1 1 3 a’?Tan[c+dx]?
{—9 (a>-b%) AppellF1[—, =, 1, =, -Tan[c+dx]?, —#} +
2”377 2 a? - b2
3 1 5 a’?Tan[c+dx]?
2 (3 a?AppellF1[ =, =, 2, =, -Tan[c+dx]?, —#] + (a®-b?)
2 3 2 a? - b?
3 4 , @a*Tan[c+dx]? ,)2
AppellFl| =, —, 1, =, -Tan[c+dx]?, -—————— || Tan[c+dx]?| -
2 3 2 aZz-b?
1 5 3 , a‘Tan[c+dx]?
bAppellF1[~, =, 1, =, -Tan[c+dx]?, - ——— |
2 6 2 a?-p?
) 3 5 5 , @a’Tan[c+dx]?
2 [6a*AppellFl[~, =, 2, =, -Tan[c+dx]?, - ————————] +
2 6 2 a?-b?
3 11 a?Tan[c+dx]?
5 (a®-b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?, #}J
2 6 2 az-p?
2 2 2 2 3 > >
Sec[c+dx]?Tan[c+dx] -9 (a*-b?) |- 2a% AppellFl| =, =, 2, =,
3 (a?-b? 2 6 2
, a’Tan[c+dx]? 5 5
~Tan[c+dx]?, —ﬁ]Sec[c+dx} Tan[c+dx] - — AppellF1]
a‘-b 9

a’?Tan[c+dx]? 5
———————| Sec[c+dx]?Tan[c+dx] | +

2 —_
3
a2 - b2

3 11 5
- —, 1, —, -Tan[c +d X]
2 6 2
7 2
, 3, —, -Tan[c+dx]*,
2

1 5 5
—————12a’ AppellF1[~,
5 (a% - b?) 2

a’Tan[c+dx]? 5
- ———————] sec[c+dx]?Tan[c+dx] - AppellF1| =, —, 2,
2 6

a? - b?

o |

Tan[c+dx]? |6a2

3

7
2
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azTan[c+dx}2]
+

a2 - b2

~Tan[c+dx]?, - Sec[c+dx]2Tan[c+dx]

5 11 7
5 (a% - b?) ; 6 a2 AppellFl[;, =,2, —, -Tan[c +dx]?,

5(a?2-b 6 2
a?Tan[c +dx]? 5 11 5 17
-——————— ] sec[c+dx]?Tan[c+dx] - — AppellF1[—, —, 1,

a’-b? 5 2 6

a?Tan[c +dx]?

7
—, -Tan[c +d x]?, | secic+dx]?Tan[c+dx]

|/

2 a2 _ b2
1 5 3 a’Tan[c+dx]?
-9 (a? - b?) AppellF1[=, =, 1, =, -Tan[c+dx]?, 7#} .
2" 6 2 a? _ b2
) 3 5 5 , @a’Tan[c+dx]?
6aAppellF1[ =, =, 2, =, -Tan[c+dx]?, - ————————] +
2 6 2 a2 - b2

. 3 11 5 ,
5 (a®-b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?,
2 6 2

Problem 677: Result more than twice size of optimal antiderivative.

2 N 2 2
_a’Tan[c+dx]” ]}Tan[c+dx}2)

a2 -b?

dx

J Cos[c+dx]/3
a+bCosfc+dx]

Optimal (type 6, 176 leaves, 5steps):
7bZSin[c+dx]2

a2_b2 /

| Cos[c+dx]*3sinfc+dx]

1 1 R X
- bAppellFl[f, -—, 1, —, Sin[c+dx]"%,
2 6 2

((az—bz) d (Cos[c+dx}2>1/6)J +

b2Sin[c+dx]?

a27b2 /

] (Cos[c+dx]?)"?sin[c+dx]

1 1 3
(a AppellFl[—, =, 1, =, Sin[c+dx]?, -
2 3 2
((a*>-b?) dCos[c+dx]*?)
Result (type 6, 4613 leaves):
[9 (a*>-b®) sin[c+dx]

a’Tan[c+dx]? 5
—] Sec[c+dx]

/

3 2
, 1, —, -Tan[c+dx]~, -
2 a? - b?

N |-
|-

3

[[a AppellF1|

1 1 3 a?Tan[c+dx]?
9 (az—bz) AppellFl[f, =,1, =, -Tan[c+dx]?, —#] +
2 6 2 a? - b?
aZTan[c+dx]2}
Qe r@r gy,

, 31 5 ,
-6a’AppellFl[ =, =, 2, =, -Tan[c+dx]?, -
2 6 2 a?-b?
5 a’Tan[c+dx]?
, 1, =, -Tan[c+dx])?, - ——— ]
2 a’-b?

)

(-a? +b?) AppellF1] J Tan[c +dx]?

N | W
o | N

+
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1 2 3 , a’Tan[c+dx]?
bAppellFl|[~, =, 1, =, -Tan[c+dx]?, - ——— | /
23 2 a? - b?

aZTan[c+dx12}
- | +

2 3 )
, —» 1, —, -Tan[c+dx]*%, -
2 a? - b?

[—9 (a® - b?) AppellF1]|
a’Tan[c+dx]?

E 2 2 2
,2,2,—Tan[C+dx},— R ] +2 (a%-b?)

azTan[c+dx]2]

W IN N R

3
2 [3 a® AppellF1[ =,
2

]Tan[c+dx}2)

)/

3 5 5 )
AppellFl[f, -5 1, —, -Tan[c+dx]°, -
2 3 2 a? - b?

dCos[c+dx]?? (a+bCos[c+dx]) (Sec[c+dx}2)2/3 (-b*+a®sec[c+dx]?)

1
( — 29(a2—b2) (Sec[c+dx}2)1/3
-b%+a“Sec[c+dx]

a’Tan[c+dx]?

1 1 3
([aAppellFl[—, =, 1, =, -Tan[c+dx]?, -———————] /Sec[c+dx]? /
2 6 2 a?-b?
1 1 3 a’Tan[c+dx]?
{9 (a>-b*) AppellF1[—, =, 1, =, -Tan[c+dx]?, —#] +
2 6 2 a?-b?
3 1 5 a’Tan[c+dx]?
{GazAppellFl[—, =,2, =, -Tan[c+dx]2, 7#} + (-a?+b?)
2 6 2 aZ-b?
3 7 5 , a’Tan[c+dx]? ,
AppellFl][ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c +dx]?| +
2 6 2 aZ-b?

1 2 3 , a’Tan[c+dx]?
bAppellFl|[~, —, 1, =, -Tan[c+dx]?, - ——— | /
23 2 a?-b?

2 3 , a‘Tan[c+dx]?
, — 1, =, -Tan[c+dx]?2, ——} +

[9 (a® - b?) AppellF1] R
3 2 a‘-b

> 2
, 2, —, -Tan[c+dx]*,
2 a? - b?

aZTan[c+dx}2]

2 2
2 Tan[c +dx] }+2 (az—bz)

W IN N R

3
2 {3 a® AppellF1| —,
2

JTan[c+dx]2

3 5 5 )
AppellFl[f, - 1, —, -Tan[c+dx]°, -
2 3 2 a? - b?

(b2 2 1 ; 2)21832 (az—b2> (SEC[C+dX}2>1/3Tan[c+dx]2
-b“+a“Sec[c+dx]

a’?Tan[c+dx]? 2
———————] /Sec[c+dx]

/

3 2
, 1, —, -Tan[c+dx]*°, -
2 a2 -b?

)

[0

1
([a AppellFl[f
2
11 3 a’?Tan[c +dx]?
{9 (a®-b%) AppellF1[—, —, 1, =, -Tan[c+dx]?, —#] +
2 6

2 a? - b?
3 1 5 a?Tan[c+dx]?
{6azAppe11F1[, =,2, =, -Tan[c+dx]?, —#} + (—a2+b2)
2 6 2 a? - b?

a’?Tan[c +dx]?

a? - b?

+

]] Tan[c +d x]?

5
AppellF1| ,1, =, -Tan[c+dx]?, -

)

N W
w I

1 2 , a‘Tan[c+dx]?
bAppellFl[f, —, 1, —, -Tan[c+dx]*, ——} /
2 3 2 a? - b?
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2 3 , a’Tan[c+dx]?
—, 1, =, -Tan[c+dx]?2, 7—} +
3

(9 (a® - b?) AppellFi[—, —
2 a‘-b

w N N|I—‘

3 5 a?Tan[c +dx]?
[Sa AppellFl[ =, =, 2, =, -Tan[c+dx]?, —#} +2 (a%-b?)
2 2 a? - b?
3 5 5 , @a’Tan[c+dx]? 5
AppellF1[ =, =, 1, =, -Tan[c+dx]?, -————————|| Tan[c + d X] -
23 2 a?-b?
1 2 2 2
12 (a®-b%) Tan[c +d x]
(Sec[c+dx]2>2/3(—b2+a25ec[c+dx}2)
1 1 3 , @a’Tan[c+dx]? 2
aAppellFl|[ =, =, 1, =, -Tan[c+dx]?, - ————————| /Sec[c+dx] /
26 2 a?-b?

3 , a’Tan[c+dx]?2
, 1, =, -Tan[c+dx])?, - ———————] +

[9 (a® - b?) AppellFl[i i " 2
a —

3 1 5 a’?Tan[c+dx]?
(—GazAppellFl[—, =,2, =, -Tan[c+dx]2, —#} + (-a? +b?)
2 6 2 a? - b?
3 7 5 , a’Tan[c+dx]? ,
AppellFl][ =, =, 1, =, -Tan[c+dx]?, -———————— || Tan[c +dx]?| +
2 6 2 aZ-b?
1 2 3 , a’Tan[c+dx]
bAppellF1|[~, —, 1, =, -Tan[c+dx]?, - ——— | /
2 3 2 a? - b?
1 2 3 a?Tan[c +dx]?
[9 (a® - b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?, —#} +
2 2 a2-b?
3 2 5 a?Tan[c +dx]?
2 {Ba AppellFl| =, =, 2, =, -Tan[c+dx]?, —#} +2 (a*-b?)
2 3 2 a? - b?
3 5 5 , @a’Tan[c+dx]? 5
AppellFl[f, -, 1, —, -Tan[c+dx]*, ——] Tan[c +dXx] +
2 3 2 a?-b?

! 9 (a®-b?) Tan[c +dx]

(Sec[c+dx]2)?? (-b2+a?Sec[c+dx]2)

1 1 3

, @a’Tan[c+dx]? 2
aAppellFl|~, =, 1, =, -Tan[c+dx]?, - ————————| +/Sec[c+dx]? Tan[

26 2 a%-b?

azTan[c+dx]2]
- | +

) ) 1 1 3 )
c+dx] / 9 (a*-b?) AppellF1[—, —, 1, =, -Tan[c+dx]?, -
2 6 2 a? - b?

3 1 5 a’?Tan[c+dx]?
{GazAppellFl[—, =,2, =, -Tan[c+dx]2, 7#} + (-a?+b?)
2 6 2 aZ - b?
3 7 5 , @a’Tan[c+dx]? ,
AppellFl][ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c +dx]?| +
2 6 2 a? - b?
; 1 , 31 5 ,
a\/Sec[c+dx] -——2a AppellFl[fJ —, 2, —, -Tan[c+dXx]*,
3 (a%-b?) 2 6 2
a’Tan[c+dx]? 5 1 3 7
- ——————— ] sec[c+dx]?Tan[c+dx] - — AppellF1[ =, —, 1,
a?-b? 9 2 6
5 , @a’Tan[c+dx]? 5
=, -Tan[c+dx]?, -—————— | Sec[c+dx]?Tan[c + d X] /
2 a’-b?
1 1 3 a’Tan[c+dx]?
[9 (a® - b%) AppellF1[~, ~, 1, =, -Tan[c+dx]?, —#] +
2 6 2 a? - b?
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3 1 5 a’Tan[c+dx]?
{GazAppellFl[—, =,2, =, -Tan[c+dx]2, 7#} + (-a?+b?)
2 6

2 a?-b?

5 , a’Tan[c+dx]?
,1, =, -Tan[c+dx]?, - ———————]

AppellFl[ 5 b2

o |

)

N W

]Tan[c+dx]2) +

azTan[c+dx]2]

1 ) 3 2 5 )
b|l-—2a AppellFl[f, —5 2, —, -Tan[c+dx]°, -
3 (a? - b? 23 2 a’ - b?

)

) 4 3 5 5
Sec[c+dx]“Tan[c+dXx] - prpellFl[f, - 1, —
9 2 3 2

a’Tan[c+dx]?

~Tan[c+dx]?, -
a27b2

/

a?Tan[c +dx]?
a2_b2 }

a’Tan[c+dx]?

]Sec[c+dx]2Tan[c+dx]}

2 3
[—9 (a® - b?) AppellFl][~, =, 1, =, -Tan[c+dx]?, - +
3 2

> 2
, 2, —, -Tan[c+dx]*, -
2 a? - b?

aZTan[c+dx}2]

W IN N R

2 {3 aZAppellFl[i, | +2 (a%-b?)
2

3 5
AppellFl[;, ,1, =, -Tan[c+dx]?, - ] Tan[c+dx]?| -

3 2 a? - b?
1 1 3 , @a’Tan[c+dx]? 2
aAppellFl[~, =, 1, =, -Tan[c+dx]?, - ———————| /Sec[c+dx]
2 6 a’-b?

5 , a’Tan[c+dx]?
; 2, —, -Tan[c+dx]?%, - ——m—
a27b2

} +

a’Tan[c+dx]?

3

N jw N

2 (—6 a® AppellF1|

| =

)

2

2, 2 7 5 2
(-a?+b?) AppellF1[ =, —, 1, —, -Tan[c+dx]?, -
6

N w

[—
~

2 a? - b?
2 2 2 2 3 1 >
Sec[c+dx]*Tan[c+dx] +9 (a®-b) |- 2a?AppellFl| =, =, 2, =,
3 (a%-b?) 2 6 2
, @a’Tan[c+dx]? 5 1
~Tan[c+dx]?, -———————] Sec[c+dx]?Tan[c+dx] - — AppellF1]|
a?-b? 9
3 7 5 , @a’Tan[c+dx]? 5
-y —» 1, —, -Tan[c+dx]*, ——] Sec[c+dx]“Tan[c+dx]| +
2 6 2 a’-b?
) ) 1 ) 5 1 7 )
Tan[c+dx]“|-6a |-——12a AppellFl[f, —, 3, —, -Tan[c+dx]*,
5 (a2 - b?) 2 6 2
a’Tan[c+dx]? , 1 5 7
- ————————] sec[c+dx]?Tan[c+dx] - — AppellFi[~, —, 2,
a? - b? 5 2 6
7 , a’Tan[c+dx]? 5
—, -Tan[c +dx] ,——}Sec[c+dx] Tan[c+dx] | +
2 a? - b?
1 5 7 7
(-a?+b?) |- —————6a’AppellF1[ =, —, 2, —, -Tan[c+dx]?,
5 (a? - b?) 2" 6 2
a’Tan[c+dx]? 5 7 5 13 7
-————————] Sec[c+dx]*Tan[c+dx] - — AppellF1][ =, ~—, 1, —,
a’-b? 5 2 6 2

aZTan[c+dx12]

A Sec[c+dx]%?Tan[c+dXx]
a‘-b

~Tan[c+dx]?,

1%
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aZTan[c+dx]2]

o mpperarn [, a2 -
9 (a ) Appe F1[ =, =, 1, =, -Tan[c+dx]?,
2 6 2 a? - b?

+

2 2
a‘Tan[c +dx] ]+ (—a2+b2)

, 31 _ 5 ,
-6a%AppellFl[~, =, 2, =, -Tan[c+dx]?, -
2 6 2 a%-b?
3 7 5 , a?Tan[c+dx]? ,)2
AppellFl[ =, =, 1, =, -Tan[c+dx]?, -———————| | Tan[c+dx]?| -
2 6 2 a?-p?
1 2 3 , a‘Tan[c+dx]?
bAppellFl[=, =, 1, =, ~Tan[c+dx]2, - — ]
23 2 a?-p?
5 3 2 5 , a’Tan[c+dx]?
4 |3a%AppellF1[ =, =, 2, =, -Tan[c+dx])?, - ———————] +
2 3 2 aZ-b?
3 5 5 a’Tan[c+dx]?
2 (a®-b?) AppellF1[ =, =, 1, =, -Tan[c+dx]?, —#]]
2 3 2 a? - b?
2 2 2 2 3 2 >
Sec[c+dx]*Tan[c+dx] -9 (a*-b?) |- 2a? AppellFl| =, —, 2, —,
3 (a?-b?) 2 3 2
, a’Tan[c+dx]? 5 4
-Tan[c+dx]*, —#]Sec[cmx] Tan[c +dx] —prpellFl[
ac-b 9

+

3 5 5 , a‘Tan[c+dx]? 5
-y —» 1, —, -Tan[c +d X] ,——]Sec[c+dx] Tan[c +dXx]
2" 3 2 a2 _ b2
X 5 2 7 X
12 a® AppellFl[ =, —, 3, —, -Tan[c+dx]?,
2 3 2

2Tan[c+dx]?|3a? |-—
5 (a? - b?)
a’Tan[c +dx]? 5 4 5 5
- ————————] Sec[c+dx]?*Tan[c+dx] - — AppellF1[~, =, 2,
5 2 3

a27b2
7 , a‘Tan[c+dx]? 5
—, -Tan[c+dx]?, -————————] Sec[c+dx]?Tan[c+dx] | +
2 a? - b?
2 K2 2 E E Z _ 2
2 (a* - b?) 6a?AppellFl][ =, =, 2, —, -Tan[c+dx]?,
5 (a? - b? 2 3 2
a’Tan[c+dx]? 7
2

) a? - b?
, @a’Tan[c+dx]? 5

~-Tan[c +dx] ,—f]Sec[c+dx} Tan[c +d x] /
a‘-b

1 2 3 a?Tan[c+dx]?
-9 (a*-b?) AppellFl][ =, =, 1, =, -Tan[c+dx]?, —#}
2 3 2 a? - b?
a2Tan[c+dx]?
aTanlerdXT) L (2w

2 i 3 5 _ 2
2 |3a?AppellFl| =, —, 2, =, -Tan[c+dx]?,
2 3 2 aZ - b?

+

a’Tan[c +dx]? 5
-—————— ]| Tan[c+dx]

2
B
a? - b?

w

5 5
- —» 1, —, -Tan[c +d X]

AppellF1|
2

N

Problem 678: Result more than twice size of optimal antiderivative.

1
J dx
Cos[c+dx]¥? (a+bCos[c+dx])
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Optimal (type 6, 176 leaves, 5steps):

1 1 3 b2Sin[c+dx]?
—([bAppellFl[, =,1, =, Sin[c+dx]2, -#} (Cos[c+dx]?)®sin[c+dx] /
2 6 2 aZ-b?

((a*>-b*) dCos[c+dx]*3) | +
b2Sin[c+dx]2 2/3

_ b2

Sin[c +dx]

/

1 2 3
[aAppellFl[, =,1, =, Sin[c+dx]?, - ] (Cos[c+dx]?)
2 3 2

((a*>-b?) dCos[c+dx]*?)
Result (type 6, 4676 leaves):

[9 (a®>-b%) sin[c+dx]

1 3 , a’Tan[c+dx]?
ST,1, 2, cTanfcrdx)?, - ST BRI 1 Tan e+ d x) 2

/

1
( ( [a AppellFi[—,
2

6 2 aZ-b?
1 1 3 a’Tan[c+dx]?
{—9 (a* - b?) AppellF1|—, - —, 1, —, -Tan[c+dx]?, —#] +
2 6 2 a?-b?
3 1 5 a’Tan[c+dx]?
(sa AppellFl[ =, - =, 2, =, -Tan[c+dx]? —#} + (-a?+b?)
26 2 a? - b?
3 5 5 , a’Tan[c+dx]? ,
AppellFl][ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c +dx]?| | +
2 6 2 a?-b?
11 3 , a’Tan[c+dx]?
bAppellFl|[~, =, 1, =, -Tan[c+dx]?, - ——— | /
2 3 2 a? - b?

1 3 , a‘Tan[c+dx]?
—, 1, =, -Tan[c+dx]?, ——} +
3 2 a? - b?

5 , @a’Tan[c+dx]?
, 2, —, —Tan[c+dx]*, ——} + (a
2 a? - b?

[9 (a® - b?) AppellF1[—,

—b2>

w |- N\l—l

3
2 [3 a® AppellF1[ -,
2

5 , a’Tan[c+dx]? 5
,1, =, -Tan[c+dx]?, - ———————] | Tan[c + d x]
2 a? - b?

)/

3
AppellF1 [ -,
2

w s

{dCos[c+dx]4/3 (a+bCos[c+dx]) (1+Tan[c+dx]2)1/3

(-b*+a* (1+Tan[c+dx]?))

1
(— 18a* (a®-b®) Sec[c+dx]*Tan[c+dx]?
(1+Tan[c+dx]2)1/3 (-b?+a? <1+Tan[c+dx]2))2

1 1 3 , a’Tan[c+dx]?
- aAppellFl[f, -— 1, —, -Tan[c+dx]%, - ————— \/1+Tan[c+dx] /
2 6 2 aZ-b?
1 1 3 a’Tan[c+dx]?
[—9<a2—b2)AppellF1[— -=,1, —,—Tan[c+dx12,-—[ +ax] ]+
26 2 a?-b?
3 1 5 a’Tan[c+dx]?
[63 AppellFl[ =, - =, 2, =, -Tan[c+dXx]?, —#] + (-a?+b?)
2 6 2 a?-b?
3 5 5 , a’Tan[c+dx]? 5
AppellFl[ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c +d X] +
2 6 2 a? - b?
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1 1 3 , a’Tan[c+dx]

bAppellFl[—, —» 1, =, -Tan[c+dx]~, *—] /

2" 3 2 a? - b?

1 1 3 aZTan[c+dx]?2

[_9 (a? - b?) AppellF1[~, =, 1, =, -Tan[c+dx]?, —#] +
23 2 a? - b?

1

3

5 a’Tan[c+dx]?
, 2, =, -Tan[c +dx]?, —#] + (a®-b?)

3
2 (3 a% AppellF1| -, s
2 2 a? - b?

]

5 , a‘Tan[c+dx]?
,1, =, -Tan[c+dx]?, - —————

, - }JTan[Cerx]z
2 a‘-b

AppellFl[

w | b

3
2
1 2 2 2 2

6 (a®-b?) Sec[c+dx]*Tan[c+dx]

(1+Tan[c+dx])2)*? (-b2+a? (1+Tan[c+dx]?))

1 1 3 , a‘Tan[c+dx]?
- aAppellFl[f, -—5 1, —, -Tan[c+dx]%, - —————— \/1+Tan[c+dx] /
2 6 2 a2 - b?
1 1 3 a’Tan[c+dx]?
{—9 (a®-b?) AppellF1[—, - =, 1, =, -Tan[c+dx]?, _aTanfexdx]® ]+
26 2 a?-b?
3 1 5 a?Tan[c +dx]?
(Ga AppellFl[ =, - =, 2, =, -Tan[c+dx]?, —#} + (-a*+b?)
2 6 2 a? - b?
3 5 5 , @a’Tan[c+dx]? 5
AppellF1|[ =, =, 1, =, -Tan[c+dx]?, -———————— || Tan[c + d X] +
2 6 2 a? - b?
11 3 5 2Tan[c +dx]
bAppellF1[~, =, 1, =, -Tan[c+dx]?, - ——— | /
23 2 a? - b?
1 1 3 a’?Tan[c+dx]?2
{—9 (a®-b%) AppellF1[—, =, 1, =, -Tan[c+dx]?, @ Tanfc+dx]” ]+
2 2 a’-b?
3 1 5 a’Tan[c+dx]?
2 [3 a?AppellF1[ =, =, 2, =, -Tan[c+dx]?, —#} + (a*-b%)
23 2 a? - b?
3 4 5 , @a’Tan[c+dx]? 5
AppellFl[ =, —, 1, =, -Tan[c+dx]?, - ———————| | Tan[c + d x] +
2 3 2 a% - b?
1 2 2 2
9 (a®-b*) Sec[c+dx]
(1+Tan[c+dx]2)Y? (-b2+a? (1+Tan[c+dx]?))
1 1 3 , @a’Tan[c+dx]?
- aAppellFl[—,——, 1, —, -Tan[c +d X] ,—— \/1+Tan[c+dx] /
2 6 2 a’-b?

1 1 3 a?Tan[c+dx]?2

-9 (a° - AppellFl|—, - —, 1, —, -Tan[c+dXx]?, _a’Tanfc+dxj?® +
2-b? 11 dx12 [

2" 6 2 a2 _ b2

1 5 a2Tan[c+dx]?

-=,2, =, -Tan[c+dx]?, —#} 4 (—a2+b2)
a? - b?

5 5 , @a’Tan[c+dx]? 5

=, 1, =, -Tan[c+dx]?, -——————— ] | Tan[c +d X]

6 2 aszz

3 , a*Tan[c+dx]?
, 1, =, -Tan[c+dx]?, - ——————] /
2 a? - b?

(6 a% AppellfFi[ =,

+

AppellF1]| =,

N|WN|uJ
o
N}

w |

[b AppellF1| —,

N\I—‘

1 3 , a’Tan[c+dx]?
—~,1, =, -Tan[c+dx]?2, 7#} +
3 2 a‘-b

5 a’Tan[c+dx]?
, 2, —, -Tan[c+dx]?, ——}
2 a? - b?

(9 (a® - b?) AppellFi[—,

+ (a*-b?)

w | N|I—‘

3
2 [3 a® AppellF1[ =,
2
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5 , @a’Tan[c+dx]?
,1, =, -Tan[c+dx]?%, -——M—

Tan[c+dx]?
2 a? - b?

]

+

3 4
AppellF1| =, —
2 3

1

9 (a®-b?) Tan[c+dx]
(1+Tan[c+dx])2)*? (-b?+a2 (1+Tan[c+dx]?))

a’Tan[c+dx]?
a%-b? }

/[\/1+Tan[c+dx]2 [‘9 <az_b2)

1 1 3 ,
- ||aAppellF1|[ =, - =, 1, =, -Tan[c+dx]?, -
2 6 2

Sec[c+dx]?Tan[c +dx]

1 3 , @a’Tan[c+dx]? 5
AppellF1l|~, - =, 1, =, -Tan[c+dx]?, - ————————| + |6 a* AppellF1|

2 6 2 a? - b?

3 1 a?Tan[c +dx]?

=, -=,2, >, -Tan[c +dx]?, —#} + (-a® + b?) AppellF1]|

2 6 2 a?-b?

3 5 5 , a’Tan[c+dx]? 5

-5 —» 1, —, -Tan[c +d x] ,——] Tan[c +dX] -

2 6 2 a%-b?

5 , a‘Tan[c+dx]?
,2, =, -Tan[c+dx])?, - ————————]

a —¥2a2AppellFl[E -
3 (a?-b?) 2’ 2 a? - b?

| =

5 5 )
-, 1, —, -Tan[c+dx]*,
6 2

]+

)

1
Sec[c+dx]2Tan[c+dx] + — AppellF1]|
9

N W

Sec[c+dx]?Tan[c +dXx]

a’?Tan[c+dx]? 2
7] J1+Tan[c+dx}

a2 -b?

| =

3 , @a’Tan[c+dx]?
,1, =, -Tan[c+dx]?, - ——M—

1
-9 (a% - b?) AppellF1l =
( ( ) PP { * 6 2 a% - b?

2
3 1 5 a’?Tan[c+dx]?
{6 a?AppellF1[ =, - =, 2, =, -Tan[c+dx]?, 7#} + (-a? +b?)
26 2 aZ - b?
3 5 5 , a’Tan[c+dx]? ,
AppellF1[ =, =, 1, =, -Tan[c+dx]?, - ———————| | Tan[c+dx]?| +
2 6 2 a? - b?

azTan[c+dx]2]

1 R 31 5 ,
b|-——2a AppellFl[f, —5 2, —, -Tan[c+dx]°, -
3 (a? - b? 23 2 a’ - b?

Jl)

)

2 3
Sec[c+dx]?Tan[c+dx] - — AppellF1|~,
9 2

w | b

>
2
a’Tan[c+dx]?

~Tan[c+dx]?%, - ]Sec[c+dx]2Tan[c+dx]}

/

a?-b?
1 1 3 a?Tan[c +dx]?
{—9 (a® - b?) AppellF1[—, —, 1, =, -Tan[c+dx]?, —#} +
2 3 2 a? - p?
3 1 5 a?Tan[c+dx]?
2 {3 a’AppellF1[ =, =, 2, =, -Tan[c+dx]?, 7#} + (a®-b?)
2 3 2 a? - b?

, a’Tan[c+dx]?
,1, =, -Tan[c+dx]?, - ———————]

3
AppellF1l| —
[ 2’ 2 a? - b?

w |

]Tan[c+dx]2) +

a2Tan[c+dx]?
#] \/1+Tan[c+dx]2

101 3 ,
aAppellFl|~, - =, 1, =, -Tan[c+dx]?, -
2 6 2 a? - b?

a?Tan[c+dx]?

} +

2 i 71 E _ 2
2 |6a?AppellF1]| -, ,2, =, -Tan[c +dx]?,
2 6 2 a’-b?
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2 2 3 5 5 , a?Tan[c+dx]?2
(-a?+b?) AppellF1][~, =, 1, =, -Tan[c+dx]?, - ————————
2 6 2 aZ-b?
X . 31 5
Sec[c+dx]?Tan[c+dx] -9 (a®-b?) |- 2a AppellFl| =, - =, 2, =,
3 (a?-b? 2" 6 2

a?Tan[c +dx]?

a% - b?

1
~-Tan[c+dx]?%, - | secic+dx]?Tan[c+dx] + — AppellF1|
9

a’Tan[c+dx]?

N W

5 5 ,
s, —» 1, —, -Tan[c+dx]*4, -
6

- | secic+dx]?Tan[c+dx]
2 a‘-b

+

Tan[c +dx]?

) 1 ) 5 1 7 )
6a° |-——12a AppellFl[f, -—, 3, —, -Tan[c+dx]%,
5 (a% - b?) 2 6 2

a?Tan[c+dx]?

1 5 5
| secic+dx]?Tan[c+dx] + — AppellF1[ =, =, 2,
- b? 5 26
, a’Tan[c+dx]? 5
—, -Tan[c+dx]?, -———————| Sec[c+dx]?Tan[c+dx] | +
2 a? - b?
5 5 7
(-a?+b?) 6 a? AppellF1|[~, =, 2, —, -Tan[c+dx]?,
5 (a2 - b? 26 2
a’Tan[c+dx]? 5 5 11 7
- | secic+dx]?Tan[c+dx] - AppellF1[ =, —, 1, —,
a? - b? 6 2

a?Tan[c +dx]?

a2 - b2

~Tan[c+dx]?, - | sec[c+dx]?Tan[c +dX]

)/

) o 1 1 3 , @a’Tan[c+dx]?
-9 (a —b)AppellFl[—, -—, 1, —, -Tan[c+dx]*, - —————
2 a%-b?

|+

3 1 5 , @a’Tan[c+dx]? y
6a?AppellFl][ =, - =, 2, =, -Tan[c+dx]?, -————————| + (-a’+ b?)
2 6 2 aZ-b?
3 5 , @a*Tan[c+dx]? ,)2
AppellFl[ =, =, 1, =, -Tan[c+dx]?, -———————| | Tan[c+dx]?| -
2 6 2 a? - b?
1 1 3 , @a’Tan[c+dx]?
bAppellFl[~, =, 1, =, -Tan[c+dx]?, - ———————|
2 3 2 a? - b?
) 3 1 , @a’Tan[c+dx]?
4 |3a*AppellF1[ =, =, 2, =, -Tan[c+dx]?, - ———————| +
2 3

a27|32

5 , a‘Tan[c+dx]?
,1, —, -Tan[c+dx]*, - —————

2 a2 - b2

3
2
(a® - b?) AppellFi[ -, 4
3

N\UJ

3 1
Sec[c+dx]*Tan[c+dx] -9 (a®-b?) |- 2a? AppellFl| =, =, 2, =,
3 (a%-b?) 2" 3 2
a’Tan[c+dx]?

a% - b?

2
~-Tan[c+dx]?%, - | sec[c+dx]?Tan[c+dx] - — AppellF1|
9

a’Tan[c +dx]?

| secic+dx]?Tan[c+dx] | +

2 a? - b?

, 1 , 5 1 _ 7 ,
3a |- —————12a’AppellF1| =, =, 3, —, -Tan[c+dx]?,
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a’Tan[c+dx]? , 2 5 4
- ————————] Sec[c+dx]?Tan[c+dx] - — AppellFi[ =, —, 2,
a? - b? 5 2 3
7 , a‘Tan[c+dx]? 5
—, -Tan[c+dx]~, ——} Sec[c+dx]“Tan[c+dx] | +
2 a? - b?
1 5 4 7
(a®-b?) |- —————6a*AppellF1| =, —, 2, —, -Tan[c+dx]?,
5 (a2 - b?) 2 3 2
a’?Tan[c +dx]? 5 8 5 7 7
- ————————] Sec[c+dx]*Tan[c+dx] - — AppellF1[~, —, 1, —,
a’-b? 5 2 2

a?Tan[c +dx]?

— 2 —
Tan[c+dx]*, 2 _p?

| secic+dx]?Tan[c+dx]

a’Tan[c+dx]?

|+

+ (a® - b?)

1 1 3
{9 (a®-b?) AppellF1[—, =, 1, =, -Tan[c+dx]?,
2 3 2 a? - b?

5 3 1 5 , a’Tan[c+dx]?
2 |3a?AppellFl][ =, =, 2, =, -Tan[c+dx]?, - ——————]|
2 3 2 a2 - p?

5 , a‘Tan[c+dx]?
,1, =, -Tan[c+dx])?, - ————————]

AppellFl[ N 2 b2

)

N W
w | b

JTan[c+dx]2

Problem 679: Result more than twice size of optimal antiderivative.

1
J dx
Cos[c+dx]?3? (a+bCos[c+dx])

Optimal (type 6, 176 leaves, 5steps):
b2Sin[c+dx]?

a?-b?

11 3
([bAppellFl[—, =,1, =, Sin[c+dx]?, - | (Cos[c+dx]?)*?sin[c+dx]
203 2

/

((a*>-b*) dCos[c+dx]*7?) | +

b%2Sin[c+dx]?

a? - b?

5/6

1 5 3
[aAppellFl[—, =,1, =, Sin[c+dx]?, | (Cos[c+dx]?)°sin[c+dx]
2 6 2

/

((a*-b?) dCos[c+dx]®?)
Result (type 6, 4679 leaves):

[9 (a? - b?) sin[c +dx]

1 1 3 , @a’Tan[c+dx]? "
- ||aAppellF1[ =, - =, 1, =, -Tan[c+dx]?, - —— | \/1+Tan[c+dx] /
27 3 2 a2 _ b2
1 1 3 a?Tan[c+dx]?
[9 (a®-b?) AppellF1[—, - =, 1, =, -Tan[c+dx]?, ,#] .
27 3 2 a? b2

3 1 5 a’?Tan[c +dx]?

2 [3 a?AppellFl[ =, - =, 2, =, -Tan[c +dx]?, —#] + (-a®+b?)

2 3 2 a2 - b2

3 2 5 , @a’Tan[c+dx]?

AppellFl[—, -1, —, -Tan[c+dx]°, - ————— +
2 3

F— ]JTan[c+dx}2J
2 a‘-b
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11 3 , a‘Tan[c+dx]
bAppellFl|[~, =, 1, =, -Tan[c+dx]?, - ——— | /
2" 6 a? - b?

2
1 1 3 a?Tan[c +dx]?
[—9 (az—bz) AppellFl[f, =,1, =, -Tan[c+dx]?, —#} +
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3 1 5 a’Tan[c+dx]?
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AppellFl|[ =, =, 1, =, -Tan[c+dx]?, -——————— || Tan[c + d X] /
2 6 2 aZ-b?
2\1/6
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(-p*+a® (1+Tan[c+dx]?))
(— ! 18a® (a®-b®) Sec[c+dx]?Tan[c+dx]?

(1+Tan[c+dx]2)1/6 (-b?+a? (1+Tan[c+dx]2))2

1 1 3 , @a’Tan[c+dx]?
- aAppellFl{f, -—5 1, —, -Tan[c+dx]*, - —————— \/1+Tan[c+dx] /
2 3 2 a% - b?
1 1 3 a?Tan[c+dx]?
[9 (a - b?) AppellF1[=, =, 1, >, Tan[c+dx]?, 1ot @y,
2 3 2 a?-b?
3 1 5 a’?Tan[c +dx]?
(3 a?AppellFl[ =, - =, 2, =, -Tan[c+dx]?, —#} + (-a®+b?)
2 3 2 aZ-b?
3 2 5 , a’Tan[c+dx]? 5
AppellFl[ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c +d X] +
2 3 2 a? - b?
1 1 3 , a‘Tan[c+dx]?
bAppellFl[—, =, 1, =, -Tan[c+dx]?, - ————————| /
2 6 2 a’ - b?
1 1 3 a’Tan[c+dx]?
[-9 (a*-b%) AppellF1[—, —=, 1, =, -Tan[c+dXx]?, -#] +
2 6 2 a? - b?
3 1 5 a?Tan[c+dx]?
[6a AppellFl[ =, =, 2, =, -Tan[c+dx]?, 7#} + (a®-b?)
2 6 2 - b?
3 7 5 , @a’Tan[c+dx]? 5
AppellFl[ =, —, 1, =, -Tan[c+dx]?, -———————— || Tan[c +d X] -
2 6 2 a%-b?
1
3 (a®-b*) Sec[c+dx]?Tan[c+dx]?

(1+Tan[c+dx])2)”® (-b?+a2 (1+Tan[c+dx]?))

a’?Tan[c +dx]
12, —[ - \/1+Tan[c+dx]
2 _p2

/

1 1 3
- ||aAppellF1|[ =, - =, 1, =, -Tan[c +dX
2 3 2

azTan[c+dx]2]
| +

_9 (a?_b?) AppellFi[ T, -1, 1, 2, - 2
9(a )Appe Fl[ , ,1, =, -Tan[c+dx]?2,
2 3 2 aZ-b?

a?Tan[c +dx]?

3 1 5
2 {3 a’AppellF1[ =, - =, 2, =, -Tan[c+dx]?, - ——— | + (-3’ + b?)
2 3 2 a’-b?
3 2 5 , @a’Tan[c+dx]? ,
AppellFl[f, —, 1, —, -Tan[c+dx]*, ——] Tan[c +d x] +
2 3 2 a? - b?

3 , @a’Tan[c+dx]?
,1, =, -Tan[c+dx]?, -] /
2 a’-b?

N|I—\
Q| =

[b AppellF1| —,
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1 1 3 a’Tan[c+dx]?
(9 (a®-b?) AppellFi[—, =, 1, =, -Tan[c+dx]?, 7#} +
2 6 2 a?-b?
3 1 5 a’Tan[c+dx]?
(Ga AppellFl[ =, =, 2, =, -Tan[c+dXx]?, —#] + (a? - b?)
2 6 2 a2 -b?
3 7 5 , @a’Tan[c+dx]? 5
AppellF1[ =, —, 1, =, -Tan[c+dx]?, -————————|| Tan[c + d X] +
26 2 a?-b?
1 2 2 2
9 (a®-b?) sec[c+dx]
(1+Tan[c+dx]2)1/6 (-b?+a? (1+Tan[c+dx]?))
1 1 3 , a’Tan[c+dx]?
- aAppellFl[—, -—, 1, —, -Tan[c+dx]*, —2 \/1 Tan[c+dx]? /
2 3 2 -b

1 3 , a’Tan[c+dx]?
-—,1, =, -Tan[c+dx]?, ——] +

(—9 (a® - b?) AppellFl[%, N X -
a —

3 1 5 a’Tan[c+dx]?
2 {3 a’AppellF1[ =, - =, 2, =, -Tan[c+dx]?, —#} + (-a? +b?)
23 2 a?-b?
3 2 5 , a‘Tan[c+dx]? ,
AppellFl|[ =, =, 1, =, -Tan[c+dx]?, -————————| | Tan[c+dx]?|| +
2 3 2 aZ-b?
11 3 , a*Tan[c+dx]?
bAppellF1|[~, =, 1, =, -Tan[c+dx]?, - ——— | /
2 6 2 a? - b?
1 1 3 a?Tan[c +dx]?
[9 (a® - b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?, —#} +
2 6 2 a2-b?
3 1 5 a’?Tan[c+dx]?
(Ga AppellFl[=, =, 2, =, -Tan[c+dx]?, —#] + (a®-b?)
2 6 2 a%-b?
3 7 5 , @a’Tan[c+dx]? 5
AppellFl[f -, 1, —, -Tan[c+dx]*, ——] Tan[c +dXx] +
2 6 2 a?-b?

9 (a®-b?) Tan[c +dx]

(1+Tan[c+dx]2)1/6 (-b?+a? (1+Tan[c+dx]?))
a?Tan[c+dx]?
a27b2 }

/[\/1+Tan[c+dx]2 [‘9 <a2_b2>

1 1 3 ,
- ||aAppellF1[ =, - =, 1, =, -Tan[c+dx]?, -
2 3 2

Sec[c+dx]?Tan[c +dX]

1 1 3 , @a’Tan[c+dx]? 5
AppellF1[—, - =, 1, =, -Tan[c+dx]?, - ————————| +2 |3 a*AppellF1|
2 3 2 a? - b?
3 1 5 a?Tan[c +dx]?
=, -=,2, =, -Tan[c +d x]?, —#} + (-a® + b?) AppellF1]|
2 3 2 a? - b?
3 2 5 , @’ Tan[c+dx]? 5
-y —» 1, —, -Tan[c +d x] ,——] Tan[c +dXx] -
273 2 a? - b2
1 ) 3 1 5 , @a’Tan[c+dx]?
a|-—————2a’AppellF1[~, - =, 2, =, -Tan[c+dx]?, - ————— ]
3 (a?-b?) 2 3 2 a? - b2
, 2 3 2 05 ,
Sec[c+dx]?Tan[c+dx] + — AppellF1[=, =, 1, =, -Tan[c+dx]?,
9 2 3 2

a’?Tan[c+dx]? 5
f—] Sec[c+dx]“Tan[c +dx]

a2 -b?

\/1+Tan[<:+dx}2

/




420 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

1 1 3 a’Tan[c+dx]?
[9 (a® - b?) AppellF1[ =, - =, 1, =, -Tan[c +dx]?, _aTanfc+dx]” ] +
2 3 2 a?-b?
3 1 5 a?Tan[c +dx]?
2 {3 a?AppellFl[ =, - =, 2, =, -Tan[c+dx]?, —#] + (-a? + b?)
2 3 2 a% - b?
3 2 5 , @a’Tan[c+dx]? ,
AppellFl[f, -1, —, -Tan[c+dx]*, ——] Tan[c+dx]°| +
2 3 2 a?-b?
1 ) 3 1 5 , @a’Tan[c+dx]?
b|l-————2a AppellFl[—, =,2, =, -Tan[c+dx]?, 7—]
3 (a?-b?) 276 2 a? - b?
5 1 37 5
Sec[c+dx]?Tan[c+dx] - — AppellF1[ =, —, 1, =,
9 2 6 2

/

a’?Tan[c +dx]? 5
- ————————] Sec[c+dx]*Tan[c +dx]

-Tan[c +dx]?,

a27b2
1 1 3 a?Tan[c+dx]?
{9 (az—bz) AppellFl[f, =,1, =, -Tan[c+d x]?2, _aTanfc+dx]® }Jr
2 6 2 aZ-b?
3 1 5 a’Tan[c+dx]?
(6 a?AppellFi[ =, =, 2, =, -Tan[c+dx]?, —#] + (a®-b?)
2 6 2 a%-b?
3 7 5 , @a’Tan[c+dx]? ,
AppellFl[—, -, 1, —, -Tan[c+dx]*, ——] Tan[c+dx]°| +
26 2 a?-b?
1 1 3 , a’Tan[c+dx]? )
aAppellFl[—, - =, 1, =, -Tan[c+dx]?, - ————————] \/1+Tan[c+dx]
3 2 a’-b?
5 aZTan[c+dx]2}
— —_— |+

, -Tan[c+dx]?, -
a’-b?

5 a?Tan[c +dx]?
,1, =, -Tan[c+dx]?, - ———
2 aZ-b?

2 3.1
4 |3 a? AppellFi| =, , 2,
2 3

win N

(-a%+b?) AppellFl[i,
2

2 2 2 2 3 1 >
Sec[c+dx]?Tan[c+dx] -9 (a®-b?) |- 2a% AppellFl| =, - =, 2, =,
3 (a?-b? 23 2

, @a’Tan[c+dx]? 5 2
-Tan[c+dx]?, - ————————] Sec[c+dx]?Tan[c +dx] + — AppellF1]
9

a?-b?
3 2 5 , a*Tan[c+dx]? 5
=, =51, =, -Tan[c+dx]?, - ————————| Sec[c+dx]*Tan[c+dx] | +
2 3 2 a2 -b?

2 2 1 2 > 1 7 2
2Tan[c+dx]* |[3a° |-——12a AppellFl[f, -—, 3, —, -Tan[c+dXx]~,

5(a2—b2) 2 3 2

a?Tan[c+dx]? ; 2 5 2
- ———————] sec[c+dx]?Tan[c+dx] + — AppellF1[ =, =, 2,
a?-p? 5 23

+

7 , a’Tan[c+dx]? 5
—, -Tan[c+dx]?, -————————| Sec[c+dx]?Tan[c +d X]
2 a%-b?

1 , 2 7 ,
- —6a AppellF1[ =, =, 2, —, -Tan[c+dx]?,
3 2

5 (a2 - b?)

)

N w

(—az + bz)

)

a’Tan[c+dx]? 5 4 5 5 7
————————] Sec[c+dx]?Tan[c+dx] - — AppellF1][ =, =, 1, —
a’-b? 5 27 3 2
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1%

a’?Tan[c+dx]?

~Tan[c+dx]?, - | seclc+dx]?Tan[c +dx]

| 421

_ b2
1 1 3 a’?Tan[c +dx]?
{—9 (a>-b?) AppellF1[—, - =, 1, =, -Tan[c+dx]?, —#] +
2 3 2 a? - b?
3 1 5 a’Tan[c+dx]?
2 (3a2Appe11F1[, -=,2, =, -Tan[c +d x]?2, —#] + (-a?+b?)
2 3 2 aZ-b?
3 2 5 , @a*Tan[c+dx)]? ,) 2
AppellFl[ =, —, 1, =, -Tan[c+dx]?, -———————| | Tan[c+dx]?| -
2 3 2 a%-b?
1 1 3 , @a’Tan[c+dx]?
bAppellFl[~, =, 1, =, -Tan[c+dx]?, - ————————|
2 6 2’ a?-b?
3 1 5 , @a’Tan[c+dx]?
2 |6a’AppellFl[ =, =, 2, =, -Tan[c+dx]?, - —— | +
2 6 2 a? - b?
242 3 7 5 , a*Tan[c+dx]?
(a®-b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?, - ———
2" 6 2 a2-b?
) ) ) 3 1 5
Sec[c+dx]2Tan[c+dx] -9 (a®-b?) 2a% AppellFl| =, =, 2, =,
2 6 2

73(a2—b

-Tan[c+dx]?, -
a?-b?

a?Tan[c +dx]? 5 1
——————| Sec[c+dx]?Tan[c+dx] - — AppellF1]|
9

3 7 5 , @a’Tan[c+dx]? 5
-y —» 1, —, -Tan[c +d x] ,——]Sec[c+dx] Tan[c+dx] | +
2 6 2 a’-b?
) 1 5 1 7 5
Tan[c+dx]?|6a%? |- ———12a° AppellFl[f —, 3, —, -Tan[c+dx]*,
5 (a% - b?) 2 6 2
a’Tan[c+dx]? 5 1 5 7
——}Sec[c+dx] Tan[c+dx]——AppellF1[— -, 2,
- b2 5 26
7 , a’Tan[c+dx]? 5
—, -Tan[c+dx]?, -———————| Sec[c+dx]?Tan[c+dx] | +
2 a? - b?

(a% - b?) (—ﬁ6 aZAppellFl[g, 2, 2, 2, ~-Tan[c+dx]?,
a —

(93]

a2 -b?

, a‘Tan[c+dx]? 5
~Tan[c+dx]?, -————————| Sec[c+dx]?Tan[c +dX]

a’-b?
1 1 3 a?Tan[c +dx]?
-9 (a*-b?) AppellFl[—, =, 1, =, -Tan[c+dx]?, —#} +
2 6 2 aZ - b?
3 1 5 a?Tan[c +dx]?
[6a AppellFl|[ =, =, 2, =, -Tan[c+dx]?, —#} + (a* - b?)
2 6 2 a2-b?
3 7 5 , a‘Tan[c+dx]? 5
AppellFl[ =, =, 1, =, -Tan[c+dx]?, -———————| | Tan[c + d X]
2 6 2 a?-p?

Problem 681: Attempted integration timed out after 120 seconds.

a’Tan[c+dx]? 5 7 13
———————] Sec[c+dx]?Tan[c+dx] - —AppellF1[ =, —, 1, —,
5
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dx

J Cos[c+dx]>/3
va+bCos[c+dx]

Optimal (type 8, 28 leaves, 0 steps):

5/3
Int[ Cos[c+dx] ,x]

vJa+bCos[c+dx]

Result (type 1, 1leaves):

???

Problem 687: Attempted integration timed out after 120 seconds.

1
J dx
Cos[c+dx]*3+a+bCos[c+dx]

Optimal (type 8, 28 leaves, 0 steps):

Int| ! » X]

Cos[c+dx]%3+/a+bCos[c+dx]

Result (type 1, 1leaves):
22?

Problem 689: Attempted integration timed out after 120 seconds.

1
J dx
Cos[c+dx]73+a+bCos[c+dx]

Optimal (type 8, 28 leaves, 0steps):

Int[ ! 5 x]

Cos[c+dx]7?*+/a+bCos[c+dx]

Result (type 1, 1leaves):

222

Problem 719: Result more than twice size of optimal antiderivative.

Sec[c+dx]3/?
J dx

a+bCos[c+dx])?

Optimal (type 4, 277 leaves, 11 steps):
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—;(2 a*-3b*) +/Cos[c+dx] EllipticE|

a’ (a?-b?)d
b+/Cos[c+dx] EllipticF[i (c+dx), 2| V/sec[c+dx]
a(a?2-b?)d

2
(b (5a*-3b%) /Cos[c+dx] EllipticPi|

(c+dx), 2] Vsec[c+dx] +

N |

b 1
, = (c+dx), 2] V/sec[c+dx]

/

a+b 2
(az (a—b) (a+b)2d)+<2a273b2> VSec[c+dx] Sin[c+dx}+ b2Sec[c+dx]32Sin[c+dx]
a? (a®-b?) d a(a?-b%)d(b+asec[c+dx])

Result (type 4, 635 leaves):
JSecicrdx] ( (222-307) sin[cedx] b2 Sinfc+d x] )
a (a’-b?) (a+bCos[c+dx])

a’ (a2-b?) ~
d
1
[ [(2 (4a°-8ab?) Cos[c+dx]?
4a’(a-b) (a+b)d
EllipticPi[- 3 -ArcSin[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

\/175ec[c+dx}2 Sinfc+dx] /<b (a+bCos[c+dx]) (17Cos[c+dx]2))]+
(2(10a2b——9b3)Cos[C4fdx]2 EllipticF [ArcSin[+/Sec[c+dx] |, -1] +

, ~Arcsin[+v/Sec[c+dx] |, 71]] (b+aSecic+dx])

EllipticPi|-

N O |

\/175ec[c+dx} Sinf[c+dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

((Zazb—3b3) Cos[2 (c+dx)]| (b+aSec[c+dx]) (—4ab+4abSec[c+dx]2—

4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +
4 32 EllipticPi[—a, ~ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? -

b
2 b? EllipticPi[—g, ~ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]?
(

Sin[c +dx] /(ab2 a+bCos[c+dx]) (1-Cos[c+dx]?)

vSec[c+dx] (Zfsec[c+dx]2))]

Problem 720: Result more than twice size of optimal antiderivative.

J \/Sec[c+dx]
(

a+bCos[c+dx])?

dx

Optimal (type 4, 217 leaves, 10 steps):
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mellipticE[i (c+dx), 2] Vsec[c+dx]
a(a?-b?)d

mEllipticFE (c+dx), 2] VSec[c+dx]
(a2-b?) d

((Baz—bz) V/Cos[c+dx] EllipticPi| 2b s 1 (c+dx), 2] V/sec[c+dx]
2

a+b

b2 +/Sec[c+dx] Sin[c+dx]

a(a?-b?)d(b+asSec[c+dx])

+

/

(a (a-b) (a+b)2d) +

Result (type 4, 590 leaves):
Sec[c+dx] |bsinlcedx] bSin[c+dx]
sec[c+dx] a (a%-b?) * (-a%+b?) (a+bCos[c+dx]) 1
+
d 4a(—a+b) <a+b>d

~ArcSin|[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

/<(a+bCos[c+dx]) (1—Cos[c+dx}2))) +

(— ( (8 aCos[c+dx]?EllipticPi|-

a
b’
+d x]
[2 (-4a?+3b?) Cos[c+dx]? [EllipticF[ArcSin[/Sec[c+dx] |, -1] +
EllipticPi[—E, ~Arcsin[v/Sec[crdx] |, 71]] (b+asec[c+dx])

/(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

\/1—Sec[c+dx}2 Sin[c

\/1—Sec[c+dx}2 Sinf[c+dx]

Cos[2 (c+dx)]| (b+aSec[c+dx]) [74ab+4ab5ec[c+dx]27

4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +
, —~ArcSin[~/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? -

2b? EllipticPi|- - ~ArcSin[+/Sec[c+dx] |, -1]

vSec[c+dx] \/1—Sec[c+dx}2)sin[c+dx]/
(a (a+bCos[c+dx]) (1-Cos[c+dx]?) /Sec[c+dx] (2—Sec[c+dx]2)>]

4 3% EllipticPi[- —
b
a

Problem 721: Result more than twice size of optimal antiderivative.

1

J(a+bCos[c+dx])2\/Sec[<:+dx]

Optimal (type 4, 208 leaves, 10 steps):

dx
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vfCos[c +dx] EllipticE[% (c+dx), 2] V/Ssec[c+dx]

+

(a2-b?) d
a+/Cos[c+dx] EllipticF[i (c+dx], 2| V/sec[c+dx]
b (a2 - b?) d .

/

((a2+b2) V/Cos[c+dx] EllipticPi| 20 s 1 (c+dx), 2] V/sec[c+dx]

a+b 2

b+/Sec[c+dx] Sin[c +dx]

(a2-b?) d (b+asSec[c+dx])

((a-b)b(a+b)?d] -

Result (type 4, 580 leaves):

/Sec c+dx _ Sinfc+d x] i aSinfc+d x]
[ ] ( aZ-b? (a®-b?) (a+b Cos[c+dx]) 1
+

d 4 (a-b) (a+b)d
, —ArcSin[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

/(b (a+bCos[c+dx]) (1-Cos[c+dx]?))

(— ( (8 aCos[c+dx]?EllipticPi|-

a
b’
+dx

\/1—Sec[c+dx}zsin[ x]
(ZbCos[c+dx}2 EllipticF [ArcSin[+/Sec[c+dx] |, -1] +
a
EllipticPi[fg, ~ArcSin[+/Sec[c+dx] |, 71]] (b+asec[c+dx])

/(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

\/1—Sec[c+dx}2 Sinf[c+dx]
Cos[2 (c+dx)]| (b+aSec[c+dx]) [74ab+4ab5ec[c+dx]27

4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +
, —~ArcSin[~/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? -

4 3% EllipticPi[-

b

2 R .

2b E111pt1cP1[ B Ar‘c51n[\/Sec[c+dx ] }\/Sec c+dx] 1-Sec[c+dx]?
b

Sin[c +dx]

vSec[c+dx] (Z—Sec[c+dx]2))]

/(ab (a+bCos[c+dx]) (1-Cos[c+dx]?)

Problem 722: Result more than twice size of optimal antiderivative.

1

J dx
(a+bCos[c+dx])25ec[c+dx]3/2

Optimal (type 4, 223 leaves, 10 steps):
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a~/Cos[c+dx] EllipticE[i (c+dx), 2] V/sec[c+dx]

N
b (a2 -b?) d
(a2 -2b?) v/Cos[c+dx] EllipticF[i (c+dx), 2] V/sec[c+dx]
b? (a2 - b?) d .
. o 2b 1
(a (a®-3b%) v/Cos[c+dx] EllipticPi| , = (c+dx), 2] V/sec[c+dx] )/
a+b 2
’\/7 .
((a—b) b2 (a+b)2d)+ avSec[c+dx] Sin[c+dX]
(a2-b?) d (b+aSec[c+dx])

Result (type 4, 577 leaves):
a?Sinfc+dx] )

JSecTcrdx] [siniceax
[c+ ] ( b (a%-b?) +b(—a2+b2) (a+b Cos[c+d x])

|

1
4(—a+b> (a+b>d

, —Arcsin[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

/<(a+bCos[c+dx]) (1—COS[C+dX}2>)) _

+

ol

8Cos[c+dx]?EllipticPi|-

\/1—Sec[c+dx}2 Sinf[c+dx]

2Cos[c+dx]? [EllipticF[ArcSin[+/Sec[c+dx] |, -1] +
EllipticPi[—E, ~Arcsin[v/Sec[crdx] |, 71]] (b+asec[c+dx])

/((a+bCos[c+dx]) (1-Cos[c+dx]?)) +

}2

\/1—Sec[c+dx}2 Sinf[c+dx]
Cos[2 (c+dx)]| (b+aSec[c+dx]) [74ab+4ab5ec[c+dx]27
4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1—Sec[c+dx]2 +

2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] J1-secic+dx)? +
a) -ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1—Sec[c+dx]2 -

4 3% EllipticPi[- —
b
a

2b? EllipticPi|- - ~ArcSin[+/Sec[c+dx] |, -1]

\Sec[c+dx] \/1—Sec[c+dx}2)sin[c+dx]/
(bz (a+bCos[c+dx]) (1-Cos[c+dx]?)+/Sec[c+dx] (Z—Sec[c+dx]2)))

Problem 723: Result more than twice size of optimal antiderivative.

1
J dx
(a+bCos[c+dx])ZSec[c+dx]5/2

Optimal (type 4, 245leaves, 10 steps):
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(3a?-2b?) \/Cos[c+dx] EllipticE[% (c+dx), 2] V/Sec[c+dx]
b? (a2 - b2) d

;a (3a®-4b%) v/Cos[c+dx] EllipticF[1 (c+dx), 2] Vsec[c+dx] +
2 2

/

(az (3a2-5b?) v/Cos[c+dx] EllipticPi] 2b B 1 (c+dx), 2] V/Sec[c+dx]

a+b 2

a?+/Sec[c+dx] Sin[c+dx]

b (a?-b?) d (b+aSec[c+dx])

((a-b) b* (a+b)?d) -

Result (type 4, 611leaves):
\/7 _a’sinfc+dx] a3 Sin[c+d x]
sec[c+dx] b? (a?-b?) b? (-a2+b?) (a+bCos[c+dx]) 1

+

d 4(a-b)b(a+b)d

, ~Arcsin[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

[— [ (8 aCos[c+dx]?EllipticPi|-

a oo

\/1—Sec[c+dx12 Sin[c +dx] /((a+bCos[c+dx]) (1—Cos[c+dx12)))+

(2 (a*-2b?) Cos[c+dx]? [EllipticF{Ar‘csin[\/Sec[c+dx] |, -1] +
, —ArcSin[+/Sec[c+dx] |, —1]] (b+asec[c+dx])

EllipticPi|-

a
b
2

\/1—Sec[c+dx} Sin[c +dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

((BaZ—ZbZ)Cos{Z (c+dx)] (b+asSec[c+dx]) (—4ab+4ab$ec[c+dx]2—

4abEllipticE[ArcSin|[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? +

2 (2a-b) bEllipticF|[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +
4a2E11ipticPi[— ,—ArcSin[\/Sec[c+dx ] }\/Sec c+dx] \/1 Sec[c+dx]? -

Sin[c+dx]

b
2 b? EllipticPi[—g, -ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c +d x]?
(

/(ab2 a+bCos[c+dx]) (1-Cos[c+dx]?)

vSec[c+dx] (2—Sec[c+dx]2)))

Problem 726: Result more than twice size of optimal antiderivative.

J \/Sec[c+dx]
(

a+bCos[c+dx])?

dx

Optimal (type 4, 321 leaves, 11 steps):
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7;% (3a®-b?) v/Cos[c+dx] EllipticE[1 (c+dx), 2| Vsec[c+dx] -
2

4 a? (az—bz)zd
(7a%-b?) V/Cos[c +dx] EllipticF[% (c+dx), 2] V/Sec[c+dx]
4a (az—bz)zd

(3 (53237 b7 b¥] /Cos[c v dx] ElLipticei be, L(cedx), 2] Veecrcrax]
a+ 2
2 3/2 4
(432 (a*b>2<a+b>3d)+ b Sec[c +dXx] Sin[c +dx] .
2a (a?-b?)d (b+aSec[c+dx])2

3b? (3a%-b?) v/Sec[c+dx] Sin[c+dx]

4 a2 (aszz)zd (b+asec[c+dx])

+

/

Result (type 4, 700 leaves):
1

16 a2 (a—b)2 (a+b)2d

, ~ArcSin[+/Sec[c+dx] |, -1]

/

3 3 2 . . . a
(7 [(2 (-32a°b+8ab?) Cos[c+dx] Elllptlcpl[fg

(b+asec[c+dx]) \/l—Sec[Cerx]2 Sin[c+dx]

(b(a+bCos[c+dx]) (1—Cos[c+dx]2>)]+
(2 (16 a* - 19 a? b? + 9 b*) Cos[c + dx]? |EllipticF [ArcSin[+/Sec[c+dx] |, -1] +

EllipticPi[—s, -ArcSin[+/Sec[c+dx] |, —1]] (b+asec[c+dx])

\/1—Sec[c+dx}2 Sinf[c+dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

((—9a2b2+3b4> Cos [2 (c+dx)] (b+asec[c+dx]) (—4ab+4ab5ec[c+dx]2—

4abEllipticE [ArcSin[~/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +

a
4a2EllipticPi[—E, ~ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? -
a
2b2EllipticPi[—E, ~ArcSin[+/Sec[c+dx] |, -1] /Sec[c +dx] \/1 Sec[c+dx]?
Sin[c +d x] /(ab2 (a+bCos[c+dx]) (1-Cos[c+dx]?)
vSec[c+dx] (Z—Sec[c+dx]2))]+3
3b (3a%-b?) Sin[c+dx] bsSinfc+dx]
\/Sec[c+dx] - +
42a% (a%-b2)? 2 (a2-b?) (a+bCos[c+dx])?

-7a’bsSin[c+dx] +b3Sin[c+dXx]

42 (az—bz)2 (a+bCos[c+dx])
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Problem 727: Result more than twice size of optimal antiderivative.

1

J(a+bCos[c+dx])3\/Sec[c+dx]

dx

Optimal (type 4, 317 leaves, 11 steps):
(5a2+b?) +/Cos[c+dx] EllipticE[% (c+dx), 2] V/sec[c+dx]
4a (az—bz)zd

3 (a2 +b?) \/Cos[c+dx] EllipticF[% (c+dx), 2] V/Sec[c+dXx]

+

4b (a2-b?)*d

((3a4+10a2b2—b4) VCos[c+dx] EllipticPi] 20 s 1 (c+dx), 2] V/Ssec[c+dx]

a+b 2

/

(4a(a-b)?b (a+b)’d)

b2~/Sec[c+dx] Sin[c+dx] b (7a?-b?) v/Sec[c+dx] Sin[c+dx]

2a (a?-b?)d (b+aSec[c+dx])2 4a (az—bz)zd (b+asec[c+dx])

Result (type 4, 680 leaves):
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1
16 a (a—b)2 (a+b)2d
[— [(2 (16 2+ 8 ab?) Cos[c+dx}2EllipticPi[7§, ~ArcSin[+/Sec[c+dx] |, -1]

/

(b+asec[c+dx]) \/1—Sec[c+dx]2 Sin[c +dx]

(b (a+bCos[c+dx]) (1—Cos[c+dx]2>)] +
[2(-9a%b+30) Cos[c+dx)? (E1Liptick [Arcsin[+/Sec(c+dx] |, -1«

EllipticPi[—g, -ArcSin[+/Sec[c+dx] |, 71]] (b+aSec[c+dx])

\/175ec[c+dx}2 Sinfc+dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

(<5a2b+b3)C05[2 (c+dx)] (b+aSec[c+dx]) (—4ab+4abSec[c+dx]2—

4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dx] \/1 Sec[c+dx]? +
, ~ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dx] \/1 Sec[c+dx]? -

4a’EllipticPi[-

b
2b2EllipticPi[—§, ~ArcSin[+/Sec[c+dx] |, -1] /Sec[c +dx] \/1 Sec[c+dx]?
Sin[c +dx] /(ab2 (a+bCos[c+dx]) (1-Cos[c+dx]?)
vSec[c+dx] (Z—Sec[c+dx]2))]+§
(5a2+b2)Sin[c+dx] asinfc+dx)]
\Sec[c+dx] |- + +
4a (a?-b?)? 2 (a2-b?) (a+bCos[c+dx])?

3 (a?sin[c+dx] +b?Sin[c+dx])

4(a2—b2)2 (a+bCos[c+dx])

Problem 728: Result more than twice size of optimal antiderivative.
1

J dx
(a+bCos[c+dx1)SSec[c+dx]3/2

Optimal (type 4, 302 leaves, 11 steps):
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(a? +5b2) v/Cos[c +dXx] EllipticE[% (c+dx), 2] V/Ssec[c+dx]

- +

4b (a2-b%)*d
a (a?-7b2) +/Cos[c+dx] EllipticF[% (c+dx), 2] V/sec[c+dXx]

4b2 (a2 -b?)*d

((a4—10a2b2—3b4) VCos[c+dx] EllipticPi] 2b s 1 (c+dx), 2] V/sec[c+dx]

a+b 2

/

(4 (a-b)?b? (a+b)’d) -
b~/Sec[c+dx] Sin[c+dx] 3 (a?+b?) +/Sec[c+dx] Sin[c+dx]

+

2 (a2-b?) d (b+aSec[c+dx])2 4 (az—bz)zd (b+asec[c+dx])

Result (type 4, 671 leaves):
1

16 (a-b)* (a+b)*d

, —ArcSin[+/Sec[c+dx] |, -1] (b+aSec[c+dx])

(— ((48aCos[c +dx]?EllipticPi |-

ol

\/1—Sec[c+dx]2 Sinf[c+dx]

/(<a+bCos[c+dx}> (1—Cos[c+dx]2))) +
EllipticF [ArcSin[+/Sec[c+dx] |, -1] +
EllipticPi[—E, ~Arcsin[v/Sec[c+dx] |, 71}) (b+asecic+dx])

(2 (-5a®-b*) Cos[c+dx]?

\/1—Sec[c+dx]2 Sin[c +dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

((a2+5b2) Cos[2 (c+dx)]| (b+aSec[c+dx])

4 abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1 Sec[c+dx]? +
2 (2a-b) bEllipticF|[ArcSin[+/Sec[c+dx] |, -1] /Sec[c+dx] \/1 Sec[c+dx]? +
4 32 EllipticPi[—s, -ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +d x] \/1 Sec[c+dx]? -

-4ab+4abSec[c+dx]?-

2b2EllipticPi[—§, —Ar‘cSin[\/Sec[c+dx ] ]\/Sec c+dx] \/1 Sec[c+dx]?
Sin[c +dx] /(ab2 (a+bCos[c+dx]) (1-Cos[c+dx]?)

v/Sec[c+dx] (Z—Sec[c+dx]2))) +3

(a?+5b?) Sin[c+dx] a2Sinfc+dx]
+ +

4b(—a2+b2)2 2b (-a%+b?) (aerCos[Cerx])2

\/Sec[c+dx]

a®Sin[c+dx] -7ab?Sin[c+dx]

4b (—a2+b2)2 (a+bCos[c+dx])
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Problem 729: Result more than twice size of optimal antiderivative.
J 1
(a+bCos[c+dx])®Sec[c+dx]5?

dx

Optimal (type 4, 319leaves, 11 steps):
—;3a (a*-3b%) v/ Cos[c+dx] Ellip‘cicE[1 (c+dx), 2] Vsec[c+dx] +
4b? (a? - b2)%d 2
.t
4b* (a%-b2)%d

2b
(3a (a*-2a?b?+5b*) v/Cos[c+dx] EllipticPi]

a+b

(3a*-5a”b”>+8b*) +/Cos[c+dx] EllipticF[l (c+dx), 2| V/sec[c+dx] -
2

/

1
, — (c+dx), 2] V/Sec[c+dx]
2

(4 (a-b)?b? (a+b)’d) +
a~/Sec[c+dx] Sin[c+dx] a(a?-7b?) v/Ssec[c+dx] Sin[c+dx]

+

2 (a2-b?) d (b+aSec[c+dx])2 4b (az—bz)zd (b+aSec[c+dx])

Result (type 4, 694 leaves):
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1

16 (a-b)’b (a+b)?d
, ~ArcSin[~/Sec[c+dx] |, -1]

/

(7 ( [2 (-8a’b-16b) Cos[c+dx]?EllipticPi]-

o |

(b+asec[c+dx]) \/1—Sec[c+dx}2 Sin[c +dx]

(b (a+bCos[c+dx]) (1—Cos[c+dx]2))) +
EllipticF[Ar‘cSin[\/Sec[c+dx} ], —1] +

a
EllipticPi[—E, ~ArcSin[+/Sec[c+dx] |, 71}) (b+aSec[c+dx])

(2 (a®>+5ab?) Cos[c+dx]?

\/1fsec[c+dx]2 Sinf[c+dx] /(a (a+bCos[c+dx]) (1-Cos[c+dx]?)) +

((3a3—9ab2) Cos[2 (c+dx)]| (b+aSec[c+dx]) (74ab+4ab5ec[c+dx}27

4abEllipticE [ArcSin[+/Sec[c+dx] |, -1] +/Sec[c +dx] \/1—Sec[c+dx]2 +
2 (2a-b) bEllipticF[ArcSin[+/Sec[c+dx] |, -1] v/Sec[c+dX] \/1—Sec[c+dx]2 +
4 32 EllipticPi[—a, -ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +dX] \/1—Sec[c+dx}2 -

b
2b2 EllipticPi[—s, -ArcSin[+/Sec[c+dx] |, -1] v/Sec[c +d x] \/1—Sec[c+dx12
(

Sin[c +dx] /(ab2 a+bCos[c+dx]) (1-Cos[c+dx]?)
1
VSec[c+dx] (2-Sec[c+dx]?) )+E
3a (a?-3b?) Sin[c+dx] a3Sinfc+dx]
\/Sec[c+dx] - +
4 b2 (az—b2>2 2b% (-a2+b?) (a+bCos[c+dx])?

-5a*Sin[c+dx] +11a%b2Sin[c+dXx]

4 b2 (—a2+b2)2 (a+bCos[c+dx])

Problem 730: Unable to integrate problem.

J\/a+bCos[c+dx] Sec[c+dx]7/2dx

Optimal (type 4, 369 leaves, 6 steps):
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2 (a-b)a+b (9a*-2b?) v/Cos[c+dx]

o . va+bCos[c+dx] a+b
Csclc+dx] E1lipticE[ArcSin| , - ]

a+b +/Cos[c+dx] a-b

a+b a-b

Ja(lSec[wde) Ja“*sec[“dx” / (15a dsecicaxi | -

2 (a-b)~a+b (9a+2b)+Cos[c+dx] Csc[c+dx] EllipticF|

ArcSin| , -
Ja+b +/Cos[c+dx] a-b

a+b

vJa+bCos[c+dx] a+b]\/a(15ec[c+dx]) \/a(1+Sec[c+dx])

2b+/a+bCos[c+dx] Sec[c+dx]32Sin[c +d x]

(15a2dx/Sec[c+dx] )+

15ad

2+va+bCos[c+dx] Sec[c+dx]52Sin[c+dXx]
5d

Result (type 8, 27 leaves):

J\/a+bCos[c+dX] Sec[c+dx]7/2dx

Problem 731: Unable to integrate problem.

va+bCos[c+dx] Secl[c+dx]°*2dx
[ ] [ ]

Optimal (type 4, 311 leaves, 5steps):

/
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2 (a-b)b+a+b v/Cos[c+dx] Csc[c+dx] EllipticE[ArcSin| Yarbosicrdx] 7a+b}
va+b +/Cos[c+dx] a-b
1-5 d 1+5 d
Ja( ec[c+dx]) \/a( +Sec[c+dx]) /(3a2d\/m)+
a+b a-b
\Ja+bCos[c+dx] a+b]

2 (a-b)a+b /Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

vJa+b +/Cos[c+dx] a-b

a+b a-b

Jausec[udxw Ja(hsecwd“) / (3adsecicaxi )+

2+va+bCos[c+dx] Sec[c+dx]32Sin[c+dXx]
3d

Result (type 8, 27 leaves):

J\/a+bCos[c+dx] Sec[c +dx]%?dx

Problem 733: Unable to integrate problem.

J\/a+bCos[c+dx] \/Sec[c+dx] dx

Optimal (type 4, 155leaves, 2 steps):

1-C d 1+C d
7#2\/COS[C+dX} \/a( osfc+dx]) \/a( +Cosfc +dx]) (a+bCos[c+dx])

Ja+b d a+bCos[c+dx] a+bCos[c+dx]

,Ar‘cSin[\/aer \/Cos[c+dx] }, —aib] \/Sec[c+dx]

a+b va+bCos[c+dx] a+b

Csc[c+dx] EllipticPi [

Result (type 8, 27 leaves):

J\/a+bCos[c+dx] v/Sec[c+dx] dx

Problem 735: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/a+bCos[c+dx}

Sec[c +dx]3?

Optimal (type 4, 498 leaves, 8 steps):
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a+bC d b
a- a+ Cos[c+dx] Csc[c+dx] EllipticE|ArcSin +bCosfc+dx] _art
b) Va+b / d dx] Ellip v

3
va+b +/Cos[c+dx] a-b

1-5S +d 1+S +d
\/a( ec[c+dx]) \/a( ec[c+dx]) /(4bdm) +

a+b a-b

a+bCos[c+dx a+b
Va+b (a+2b)~/Cos[c+dx] Csc[c+dx] EllipticF|ArcSin| Var [c+dx] , - ]
vJa+b +/Cos[c+dx] a-b

1-5s d 1+5 d
\/a( ecic+dx]) \/a( +Sec[c+dx]) /(4bd\/m)+
a+b a-b

3

a+b a+bCos[c+dx
Va+b (a®-4b%) ~/Cos[c+dx] Csc[c+dx] EllipticPi| 2 ArcSin | va- [c+dx]
b va+b \/Cos[c+dx]

1-5§ d 1+S d
_a+b]\/a( ec[c+ X]) \/a( +Sec[c+ X]) /(4b2dm)+
a-b a+b a-b

vJa+bCos[c+dx] Sin[c+dx] a+a+bCos[c+dx] ~/Sec[c+dx] Sin[c+dx]

+

2d+Sec[c+dx] 4bd
Result (type 4, 1113 leaves):

Va+bCos[c+dx] /Sec[c+dx] Sin[2 (c+dX) ]

+

4d
32 a-b T 1 d —ab a-b T 1 d
a . an[z(c+ x)] a . an[z(c+ x)]+
a-b 1 3 a-b 1 5 a-b 1 5
2ab Tan| = d 2 Tan|— d -ab Tan[= d _
a . an[z(c+ x)] +a . an[z(c+ x)] a . an[z(c+ x)]

. 2 . . . a+b . . - 1 a+b
2i a? EllipticPi[ ——, i ArcSinh]| Tan[f(c+dx>H,— ]
a-b a+b 2 a-b
a+b+aTan[L (c+dx)]*-bTan[L (c+dx)]?
\/1Tan[1(c+dx)]2\/ [2( )] [2( )] +
2 a+b
a-b 1 a+b

8 i b? E1lipticPi[ 2, i Arcsi 1 .
pticPi| , 1 ArcSinh| Tan| (c+dx>“,
a-b a+b 2 a-b

]
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2 a+b

ZjaZEllipticPi[a+b, i ArcSinh| a-b Tan[1 (c+dx>H, 7a+b} Tan[1 (c+dx”2
a-b a+b 2 a-b 2

\/1—Tan[l (c+dx)]2 \/a+b+aTan[§ (c+dx”2—bTan[§ (c+dx”2 )

\/1Tan[1 (c+dx)]2 \/a+b+aTan[i (c+dx)}27bTan[§ (c+dx”2 )

2 a+b

SijEllipticPi[ﬂ,jAr‘cSinh[ - Tan[l(c+dx>H,—a+b}Tan[1(c+dx”2
a-b a+b 2 a-b 2
a+braTan[L (c+dx)]*-bTan[L (c+dx)]?
Jlm[l(“dx)]zJ (1 [cxax] ) bTan[} [cvax]]”
2 a+b

ia(a-b) EllipticE[i ArcSinh| aiE Tan[l(c+dx)]],a+E]\/1Tan[l(c+dx)]2
a+ 2 a- 2

1+Tan[1(c+dx 2]\/a+b+aTan[ (c+dx” —bTan[ (c+dx>]

a+b

a+b 1 2
EllipticF|i ArcSinh| Tan[ = (c+dx)]], - }\/1Tan[— (c+dx)]
a+b a-b 2

(1+Tan[§ (C+dx”2] \/a+b+aTan[; (c+dx)] 7bTan[; (c+dx)] /

+21 (a2+ab-2b2)

a+b

a-b 1 1 2
4b d (—1+Tan[—(c+dx”
a+b 1 Tan[i(c+dx)]2 2
32 |a+b+aTan[L (c+dx)|*-bTan[L (c+dx)]?
(1+Tan[l(c+dx)]2) {2( )] {2< )]
2

1+Tan[% (c+dx”2

Problem 736: Unable to integrate problem.

J(a+bCos[c+dx])3/ZSec[c+dx]9/2d1x

Optimal (type 4, 427 leaves, 7 steps):
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4 (a-b)bya+b (41a®-3b%) +/Cos[c+dx]

L . va+bCos[c+dx] a+b
Csclc+dx] E1lipticE[ArcSin| , - ]
Ja+b /Cos[c+dx] a-b
a(l-Sec[c+dx a (l+Sec[c+dx
( [ 1) ( [ ) /(105a3d\/5ec[c+dx] )+
a+b a-b

2 (a-b)a+b (25a°-57ab-6b*) \/Cos[c+dx] Csc[c+dx]

EllipticF [ArcSin|

vJa+bCos[c+dx] a+b} a(l1-sec[c+dx])
“Ja+b /Cos[c+dx] " a-b a+b

S d
\/a(1+ eclc+dx)) /(105a2dx/5ec[c+dx} )+

a-b

2 (25a2+3b?) Va+bCos[c+dx] Sec[c+dx]¥2Sin[c+dx]
105 ad
16b+/a+bCos[c+dx] Sec[c+dx]52Sin[c +dx]
35d
2a+/a+bCos[c+dx] Sec[c+dx]7/2Sin[c +dx]

7d

+

+

Result (type 8, 27 leaves):

J(a+bCos[c+dx])3/25ec[c+dx]9/2d1x

Problem 737: Unable to integrate problem.

J(a+bCos[c+dx])3/25ec[c+dx17/2dlx

Optimal (type 4, 365 leaves, 6 steps):
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vJa+bCos[c+dx]

2 (a-b)a+b (3a%+b?) +/Cos[c+dx] Cscl[c+dx] EllipticE [ArcSin| ]

vJa+b /Cos[c+dx]

1-5§ +d 1+5S +d
_a+b]Ja( eclc X])Ja( ecle+dx) / (sa?asecic axi ) -

a-b a+b a-b

2 (a-b) (3a-b)+a+b +/Cos[c+dx] Csc[c+dx] EllipticF|ArcSin| Va+bCosic+dx] B

vJa+b +/Cos[c+dx]
a+b] a(l1-secfc+dx]) a(l+Sec[c+dx]) /
a-b a+b a-b

4b~a+bCos[c+dx] Sec[c+dx]32Sin[c+dXx]
(5adx/Sec[c+dx})+ +
5d
2a+/a+bCos[c+dx] Sec[c+dx]*2Sin[c +d x]

5d

Result (type 8, 27 leaves):

J(a+bCos[c+dx])3/25ec[c+dx}7/2d1x

Problem 738: Unable to integrate problem.

J(a+bCos[c+dx])3/ZSec[c+dx}5/2d1X

Optimal (type 4, 317 leaves, 5steps):

a+bCos[c+dx a+b
8 (a-b)b~/a+b +/Cos[c+dx] Csc[c+dx] EllipticE|ArcSin]| Var [c+dx] |, - - ]

Ja+b +/Cos[c+dx] a-b

Ja(l—seq“dxw J”“Se”“‘“]) / (zadvSsecierax] | -

a+b a-b

2 (a-3b) (a-b)Va+b +/Cos[c+dx] Cscl[c+dx] EllipticF[ArcSin| VaxbCosfc+dx] ]s

vJa+b +/Cos[c+dx]
a+b] a(1-sec[c+dx]) a(l1+Sec[c+dx]) /
a-b a+b a-b

2a+/a+bCos[c+dx] Sec[c+dx]3>2Sin[c +dx]

3d

(3ad\/Sec[c+dx} )+
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Result (type 8, 27 leaves):

J(a+bCos[c+dx])3/25ec[c+dx15/2dlx

Problem 743: Attempted integration timed out after 120 seconds.

J(a+bCos[c+dx])S/ZSec[c+dx]11/2d1x
Optimal (type 4, 494 leaves, 8steps):

2 (a-b)Va+b (147a*+279a*b>-10b*) +/Cos[c +dx]

. . va+bCos[c+dx] a+b
Csclc+dx] EllipticE[ArcSin| , - ]
a+b /Cos[c+dx] a-b
a(l-Sec[c+dx a(l+Sec[c+dx
( [ ” ( [ ]> /(315a3d\/5ec[c+dx] )—
a+b a-b

2 (a-b)a+b (147a’-114a*b+165ab*+10b>) v/Cos[c +dx]

o . va+bCos[c+dx] a+b
Csclc+dx] EllipticF[ArcSin| , - ]
Ja+b /Cos[c+dx] a-b
a(l-Sec[c+dx a(1+Sec[c+dx
( [ 1) ( [ ) /(315a2d\/5ec[c+dx] )+
a+b a-b
2b (163a%+5b2) \Ja+bCos[c+dx] Sec[c+dx]*2Sin[c+dx]
N
315ad
2 (49a2+75b%) /a+bCos[c+dx] Sec[c+dx]52Sin[c+dX]
N
315d
38ab+a+bCos[c+dx] Sec[c+dx]7/2Sin[c+dXx]
.
63d
2a2+/a+bCos[c+dx] Sec[c+dx]%2Sin[c +d x]
9d

Result (type 1, 1leaves):
?2??

Problem 744: Unable to integrate problem.

J(a+bCos[c+dx])S/ZSec[c+dx19/2d1X
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Optimal (type 4, 427 leaves, 7 steps):

2 (a-b)b+va+b (29a*+3b?) v/Cos[c+dx]

o . va+bCos[c+dx] a+b
Csc[c+dx] E1lipticE [ArcSin| , - ]
vJa+b +/Cos[c+dx] a-b
a(l-Sec[c+dx a (l+Sec[c+dx
( : ) ( : 1) /(Zlazdx/Sec[Cerx} )+
a+b a-b

2 (a-b)\a+b (5a-24ab+3b%) \/Cos[c+dx] Csc[c+dx] EllipticF|

ArcSin|

Ja+bCos[c+dx] ] a+b]\/a(1—5ec[c+dx]) \/a(1+Sec[c+dx1> /

Va+b /Cos[c+dx] a-b a+b a-b

2 (5a%+9b2) vJa+bCos[c+dx] Sec[c+dx]*2Sin[c+dx]
N
21d

+

(21adx/Sec[c+dx] )

6ab+a+bCos[c+dx] Sec[c+dx]%2Sin[c+dx]
7d
2a2+/a+bCos[c+dx] Sec[c+dx]7/2Sin[c +d x]

7d

+

Result (type 8, 27 leaves):

J(a+bCos[c+dx])S/ZSec[c+dx}9/2d1X

Problem 745: Attempted integration timed out after 120 seconds.

J(a+bCos[c+dx])S/ZSec[c+dx}7/2d1x

Optimal (type 4, 378 leaves, 6 steps):
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2 (a-b)Va+b (9a*+23b%) v/Cos[c+dx]

L . va+bCos[c+dx] a+b
Csclc+dx] E1lipticE[ArcSin| , - ]
Ja+b /Cos[c+dx] a-b
a(l-sec[c+dx]) a(l+Sec[c+dx]) /(15ad\/m)—
a+b a-b

2 (a-b)a+b (9a-8ab+15b%) v/Cos[c+dx] Csc[c+dx] EllipticF|

Ja+bCos[c+dx] a+b]\/a(15ec[c+dx]) \/a(1+5ec[c+dx}) /

ArcSin| , -
Ja+b +/Cos[c+dx] a-b a+b a-b

22ab~/a+bCos[c+dx] Sec[c+dx]32Sin[c+dx]
(15ad\/5ec[c+dx])+ +
15d
2a2+/a+bCos[c+dx] Sec[c+dx]®>2Sin[c +d x]

5d

Result (type 1, 1leaves):

e

Problem 748: Result more than twice size of optimal antiderivative.

J(a+bCos[c+dx])5/2\/Sec[c+dx] dx

Optimal (type 4, 503 leaves, 8 steps):
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va+bCos[c+dx]

-9 (a-b)b~/a+b ~/Cos[c+dx] Csc[c+dx]EllipticE[ArcSin|

15

va+b +/Cos[c+dx]

a+b a(1-sec[c+dx]) a(l+Sec[c+dx])
a-b a+b a-b

/(4d\/Sec[c+dx] ) +

va+bCos[c+dx]

Va+b (8a®+9ab+2b?) /Cos[c+dx] Csc[c+dx] EllipticF|ArcSin| ]
va+b +/Cos[c+dx]

a+b a(l1-secfc+dx]) a(l+Sec[c+dx])
a-b a+b a-b

/(4d\/Sec[c+dx] )—

a+b
Va+b (15a®+4b?) /Cos[c+dx] Csc[c+dx] E1lipticPi| =2
b

Ar‘cSin[ , -
Va+b +/Cos[c+dx] a-b a+b a-b

\a+bCos[c+dx] a+b] a(1-Sec[c+dx]) a(1+Sec[c+dx]) /

b2+ a+bCos[c+dx] Sin[c+dx]

(4d\/Sec[c+dx} )+ n
2d+Sec[c+dx]

9ab+a+bCos[c+dx] /Sec[c+dx] Sin[c +dx]
4d

Result (type 4, 3693 leaves):
b?~/a+bCos[c+dx] VSec[c+dx] Sin[2 (c+dx)]
4d

+

3a2b b3

+ +

va+bCos[c+dx] V/Sec[c+dx] 2+/a+bCos[c+dx] Sec[c+dx]

a3 /Sec[c+dx] 11ab2+/Sec[c+dx] 9ab?Cos[2 (c+dx)]~/Sec[c+dx]
+ +

va+bCos[c+dx] 8+a+bCos[c+dx] 8+/a+bCos[c+dx]

Cos[c+dx] a+bCos[c+dx]
1+Cos[c+dx] (a+b) (1+Cos[c+dx])

-18ab (a+b)

(evax)]], 222

EllipticE [Ar‘cSin [Tan [

N |

Cos[c+dXx] a+bCos[c+dx]
1+Cos[c+dx] (a+b) (1+Cos[c+dx])

4(4a3—12a2b+ab2—2b3>
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EllipticF[ArcSin[Tan[1 (c+dx)]], 7a+b] +4b (1522 +4b?) JM

2 a+b 1+Cos[c+dx]
a+bCosfc+dx] EllipticPi[-1, —Ar‘cSin[Tan[l (c+dx)H, —a+b] -
(a+b) (1+Cos[c+dx]) 2 a+b
9abcCos[c+dx] (a+bCos[c+dx})Sec[1(c+dx)}2Tan[1(c+dx)] J/
2 2
1 2 1 2
4d+/a+bCos[c+dx] \/Sec[(c+dx)] \/Cos{(c+dx” Sec[c +d x]
2 2
(—1+Tan[1(c+dx”2]
2
- \/Sec[l(c+dx”2 Tan[l(c+dx” —18ab(a+b)\/—cos[c+dx]
2 2 1+Cos[c+dx]
a+bCos[c+dx] Ellip‘cicE[Ar‘cSin[Tan[1 (c+dx)]], —a+b} -
(a+b) (1+Cos[c+dx]) 2 a+b

Cos[c+dx a+bCos[c+dx
4 (4a>-12a%b+ab?-2b?) Lexdxi rocosfer ax]
1+Cos[c+dx]

(a+b) <1+COS[C+dX]>

-a+b

EllipticF[Ar‘cSin[Tan[l (c+dx)]], "
2 a+

4b<1532+4b2)\/ Cos[c +dx] \/ a+bCos[c+dx]

+

1+Cos[c+dx] (a+b) (1+Cos[c+dx])

EllipticPi[—l, ‘Af‘CSin[Tan[i (C+dX)H, -a +bb] )
a+

9abCos[c+dx] (a+bCos[c+dx]) Sec[1 (c+dx)]2Tan[l (c+dx)]
2 2

/
<c+dx>]2]2”+

18ab(a b) Cos[c+dx] a+bCos[c+dx]
- +
1+Cos[c+dx] (a+b) (1+Cos[c+dx])

(c+dxHZSec[c+dx]

N |

~1+Tan|

N |

4-+/a+bCos[c+dx] \/Cos[

bSin[c+dx]
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-a+b

] _

Cos[c+dx] a+bCos[c+dx]
(a+b) (1+Cos[c+dx])

EllipticE[Ar‘cSin[Tan[l (c+dx)]], "
2 a+

4(4a3—1232b+ab2—2b3)
1+Cos[c+dx]

Ellip‘cicF[Ar‘cSin[Tan[l (c+dx)]], —a+b] +4b (15a% +4b?) \/M
2 a+b 1+Cosfc+dx]

-a+b

} _

(a+b) (1+Cos[c+dx]) 2 a+b

/

\/ a+blosfc+dx] EllipticPi[-1, —Ar‘cSin[Tan[1 (c+dx)]],

9abCos[c+dx] (a+bCos[c+dx]) Sec[1 (c+dx)]2Tan[l (c+dx)]
2 2

2 2

{8 (a+bCos[c+dx])3/2\/Sec[1 (c+dx)]2 \/Cos[l (c+dx)}25ec[c+dx}

[—1+Tan[— <c+dx)]2)J -

1 Cos[c+dx] a+bCos[c+dx]
Tan[f(c+dx” -18ab (a+b)
2 1+Cos[c+dx] (a+b) (1+Cos[c+dx])
Ellip‘cicE[Ar‘cSin[Tan[E (c+dx)]], axby
2 a+b

4(483—12a2b+ab2_2b3)\/ Cos[c+dX] J a+bCos[c+dx]

1+Cos[c+dx] (a+b) (1+Cos[c+dx])

EllipticF[Ar«cSin[Tan[l (c+dx)]], 7a+b] +4b (15a%+4b?) JM
2 a+b 1+Cos[c+dx]

\/ 2bCosfcrdx] E1lipticPi[-1, -Arcsin[Tan[ > (c+dx)]], =2 -

(a+b) (1+Cos[c+dx]) 2 a+b

/

9abCos[c+dx] (a+bCos[c+dx]) Sec[1 (c+dx)]2Tan[E (c+dx)]
2 2

8+a+bCos[c+dx] \/Sec[l (c:+dx”2 \/Cos[l (c+dxHZSec[c+dx]
2 2
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9 1 4 1
-~abCos[c+dx] (a+bCos[c+dx])Sec[~ (c+dx)]| -
2 2 Cos[c+dx

1+Cos[c+d x]

a+bCos[c+dx] L. . 1 -a+b
9ab (a+b) EllipticE[ArcSin|Tan[ = (c+dx)]], ]
(a+b) (1+Cos[c+dx]) 2 a+b
Cos[c+dx] Sin[c +dXx] Sin[c+dx] 1
<1+COS[C+dX])2 1+ Cos[c+dx] Cos[cidx]
1+Cos [c+d X]
2 (4a°-12a’b+ab>-2b7) a+bCosfcrdx] EllipticF|
(a+b) (1+Cos[c+dx])
ArcSin[Tan[l(c+dx)H, -a+b Cos[c+dx] Sin[c +dx] B Sin[c+dx]
2 a+b (1+Cos[c+dx})2 1+Cos[c+dx]
S (15 2% + 4 b?) a+bCosfc+dx] EllipticPi[-1,
coslerdn (a+b) (1+Cos[c+dx])
1+Cos [c+d X]
7Ar'cSin[Tan[1 (c+dx)H, —a+b} Cos[c+dx] Sin[c+dXx] B Sin[c+dx] B
2 a+b (1+Cos[c+dx])2 1+Cos[c+dx]

Cos[c+dXx] L. X 1 -a+b
9ab (a+b) \/ EllipticE[ArcSin|[Tan| = (c+dx)]], ]
1+Cos[c+dx] 2 a+b

bsSin[c+dx] (a+bCos[c+dx]) Sin[c+dx]

/

Cos[c+dx]

- +
[ (a+b) (1+Cos[c+dx]) (a+b) (1+Cos[c+dx])2

a+bCos[c+dx]
(a+b) (1+Cos[c+dx])
-a+b

EllipticF[Ar‘cSin[Tan[l (c+dx)]], ] (_ (a+b

2 (4a°-12a’b+ab’-2b°)
1+Cos[c+dx]

bSin[c+dx]
+
) (1+Cos[c+dx])

/ a+bCos[c+dx]
(a+b) (1+COS[C+dX})

2 a+b

(a+bCos[c+dx]) Sin[c+dx]

+

(a+b) (1+Cos[c+dx])?
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2b (15a%+4b?) \/W EllipticPi[-1, —Ar‘cSin[Tan[l (c+dx)]],

1+Cos[c+dx] 2

+9ab?Cos[c+dx] Sec[1 (c+dx)]25in[c+dx] Tan|
2

bsSin[c+dx] (a+bCos[c+dx]) Sinf[c+dx]

n
(a+b) (1+Cos[c+dx}) (a+b) (1+Cos[c+dx}>2

a+bCos[c+dx]
(a+b) (1+Cos[c+dx])

1 (c+dx)]+9ab (a+bCos[c+dx]) Sec[1 (c+dx)}zsin[c+dx} Tan[1 (c+dx)] -
2 2 2

9abCos[c+dx] (a+bCos[c+dx]) Sec[l (Cerx)]zTan[l (c+dx”2—
2 2

Cos[c+dx a+bCos[c+dx
2 (4a°-12a%b+ab?-2b?) e ax] rocoslcrdx]
1+Cos[c+dx] (

a+b) (1+COS[C+dX])

1 X 1 5 (—a+b>Tan[i(c+dxH2
S — (c+d 1-T — (c+d 1- -
ec[z(c X)] / \/ an[z(c x” \/ e
2b(15a2+4b2) Cos[c+dx] a+bCos[c+dx] Sec[l(c+dx)]2/
1+Cos[c+dx] (a+b) (1+Cos[c+dx]) 2

a+b

\/1Tan[i(c+dx)]2 [1+Tan[i(c+dx”2]\/1 (-a+b) Tan[i(c+dx)]z )

9ab(a b) Cos[c+dx] a+bCos[c+dx] Sec[l(c dtz
+ - +
1+Cos[c+dx] (a+b) (1+Cos[c+dx]) 2
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18ab(a b) Cos[c+dx] a+bCos[c+dx]
- +
1+Cos[c+dx] (a+b) (1+Cos[c+dx])
-a+b

EllipticE[Ar'cSin[Tan[l (c+dx)]], N | -
2 a+

4 (a2’ 12abrab?-2p?) | o8lerdX arbCos[c+dx]
1+Cos[c+dx]

(a+b) (1+Cos[c+dx])

Ellip‘cicF[Ar‘cSin[Tan[l (c+dx)]], —a+b] +4b (15a%+4b?) \/M
2 a+b 1+Cosfc+dx]

a+bCos[c+dx] L. . 1 -a+b
EllipticPi[-1, -ArcSin[Tan[= (c+dx)]], ]
(a+b) (1+Cos[c+dx]) 2 a+b

9abCos[c+dx] (a+bCos[c+dx]) Sec[1 (c+dx)]2Tan[1 (c+dx)]
2 2

(_Cos[l (c+dXH Sec[c +d x] Sin[l (c+dx)] +

2 2
1 2
Cos[;(c+dx” Sec[c+dx] Tan[c +d X] /

3/2

Cos[1 (c+dx)]25ec[c+dx]
2

2

{8\/a+bCos[c+dX} \/SGC[E (C+dXH2
(71+Tan[§ <C+dx)]2J}

Problem 750: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J<a+bCOS[C+dX]>5/2

Sec[c +dx]3/?

Optimal (type 4, 638 leaves, 10 steps):
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-|[|(a-b) Va+b (15a®+284b%) v/Cos[c+dx]

o . va+bCos[c+dx] a+b
Csclc+dx] E1lipticE[ArcSin| , - ]

Va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(192bd\/5ec[c+dx] ) +

a+b a-b

Va+b (15a%+118a*b+284ab”*+72b%) v/Cos[c+dx] Cscl[c+dx]

EllipticF[ArcSin| VarbCos[c+dx] ],—a+b}

Ja+b +/Cos[c+dx] a-b

a(l1-sec[c+dx]) a(l+Sec[c+dx])

/(192bd\/Sec[c+dx] )+

a+b a-b

a+b
Va+b (5a%-120a°b®-48b*) /Cos[c+dx] Csc[c+dx] EllipticPi]| : s
b

a+bCos[c+dx a+b
Ar‘cSin{\/Jr [c+dx] , - - ]

Va+b /Cos[c+dx] a-b a+b a-b

a(1-sec[c+dx]) a(l+sec[c+dx]) /

b2+ a+bCos[c+dx] Sin[c+dx
(64b2d\/Sec[c+dx1 )+ var [c+dX] [c+ }+

4dSec[c+dx]%?

17ab~a+bCos[c+dx] Sin[c+dx]
24dSec[c+dx]3?

+

(59 a% + 36 b?) vJa+bCos[c+dx] Sin[c+dx]

96d+/Sec[c+dx]
a (15a%+284b?) \Ja+bCos[c+dx] ~/Sec[c+dx] Sin[c+dX]
192bd

+

Result (type 4, 1642 leaves):

1 17 .
“a+bCos[c+dx] /Sec[c+dx] |—abSin[c+dx] +
d 96

1 17 1
—— (59 a% +48b?) sin|2 d ~—absin|3 d —b2sin|4 d
192< a?+ ) 1n[ (c+ x)]+96a 1n[ (c+ x)]+32 1n[ (c+ x” +

-15a*

Tan| (c+dx”—15a3b Tan| <c+dx)]—

N |-
N |

a+b a+b
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284 a? b? Tan = c+dx ]—284ab3 a-b Tan[1<c+dx)]+
a+b 2
a-b 1 3
30a%b / Tan| - (c+dx ] +568ab3 Tan{—(c+dx” +
a+b a+b 2
a-b 1 5
Tanf c+dx] -15ab Tan[f(c+dx” +
a+b 2
-b 1 5
284 a2 b? Tan[ = (c+dx ] -284ab3 Tan| ~ (c+dx)] -
a+b a+b 2

=

N
©
+
o

|_\

=

N
©
+
o

a+b a-b 1 a+b
30 i a* EllipticPi| ——, i ArcSinh| Tan[f(c+dx)]],f ]
a-b a+b 2 a-b
1 X a+b+aTan[§(c+dx”2—bTan[§(c+dxH2
1-Tan[= (c+dx)] +
2 a+b
7201’1a2b2E11ipticPi[ﬂ, i ArcSinh| -b Tan[l(c+dx)]], 7a+b]
a-b a+b 2 a-b
1 X a+b+aTan[%(c+dx”2—bTanE(c+dx”2
1-Tan|[= (c+dx)] N
2 a+b
2881b45111pticpi[ﬂ, i ArcSinh| -b Tan[1 (c+dx)]], _a+b}
a-b a+b 2 a-b
1—Tan[1<c+dx)]2 a+b+aTan[§(c+dx”2—bTanE(c+dx”2 )
2 a+b
301’1a4EllipticPi[a+b, i ArcSinh| -b Tan[l(c+dx)]], —a+b]Tan[l(c+dx)]2
a-b a+b 2 a-b 2
1 , a+b+aTan[i(c+dx)}2—bTan[i(c+dx”2
1-Tan[= (c+dx)] 4
2 a+b

720 i a’ b? E1lipticPi |

a+b | . a-b 1 a+b
, 1 ArcSinh| Tan[ = (c+dx)]], - ]
a-b a+b 2 a-b
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a+b

2881b4E111pt1cP1[ ,JlAI"CSlnh Tan[~ (c+dx)]], - b}Tan[ (c+dx)]
- a+b a-b

\/1—Tan[l (c+dx)]2 \/a+b+aTan[§ (c+dx”2—bTan[§ (c+dx”2 )

Tan[;(CerX)}z\/l Tan[l(c+dx \/a+b+aTan[ <c+dx>] 7bTan[ <C+dx)] +

2 a+b

a+b
]

a(15a’-15a’b+284ab’ - 284 b°) EllipticE[i ArcSinh|
a-b

\/l—Tan[

\/a+b+aTan[i (c+dx”2—bTanE (C+dxH2

a+b

Tan[

(crax)]], -

N |

a+b

N |

2 1 2
(c+dx)] 1+Tan{;(c+dx”]

+

i(15a%*+59a*b-38a*b*+36ab’-72b*)

a+b 1 2
EllipticF|i ArcSinh| Tan[ = (c+dx)]], - }\/1—Tan[— (c+dx)]
a+b a-b 2

(1+Tan[§ (c+dx”2] \/a+b+aTan[§ (c+dx”2—bTan[§ (c+dx>]2 /

a+b

a-b 1 1 2
192 b d [—1+Tan[7(c+dx” ]
a+b 1—Tan[§(c+dx)]2 2

a+b+aTan[§ (c+dx)}2—bTan[§ (c+dx>]2

1
(1+Tan[—

A (c+dx)]2)3/2

1+Tan[% (c+dx”2

Problem 751: Unable to integrate problem.

dx

J Sec[c +dx]%/?
va+bCos[c+dx]

Optimal (type 4, 314 leaves, 5steps):
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va+bCos[c+dx]

-||4 (a-b)b~/a+b ~/Cos[c+dx] Csc[c+dx]EllipticE[ArcSin|

15

va+b +/Cos[c+dx]

1-5 +d 1+S +d
‘a+b]Ja( ec[c x])\/a( ecicrdx]) /(Basdm) .

a-b a+b a-b

vJa+bCos[c+dx] a+b

2+a+b (a+2b)~/Cos[c+dx] Csc[c+dx] EllipticF [ArcSin|

]

vJa+b /Cos[c+dx] a-b

Ja(lSec[deJ) Ja@*s“[“dx” / (3ad/Seclc~dx | -

a+b a-b

2+va+bCos[c+dx] Sec[c+dx]32Sin[c+dXx]
3ad

Result (type 8, 27 leaves):
J Sec[c +dx]®/?
va+bCos[c+dx]

dx

Problem 752: Unable to integrate problem.

dx

J Sec[c +dx]3?
va+bCos[c+dx]

Optimal (type 4, 264 leaves, 4 steps):

va+bCos[c+dx] a+b}

2 (a-b) Va+b /Cos[c+dx] Csclc+dx] EllipticE[ArcSin| s
va+b +/Cos[c+dx] a-b

Ja(lSec[wde) Ja“*se““‘“” / (s avSeete x| -

a+b a-b

vJa+bCos[c+dx] a+b

2+va+b /Cos[c+dx] Csc[c+dx] EllipticF[Ar‘cSin[

3
vJa+b /Cos[c+dx] a-b

Ja(lsec[wdxw Ja“*se““‘“” / (aa+Secie axT |

a+b a-b

Result (type 8, 27 leaves):
J Sec[c +dx]3?
va+bCos[c+dx]

dx
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Problem 754: Unable to integrate problem.

1

dx

J\/a+bCos[c+dx} vSec[c+dx]

Optimal (type 4, 136 leaves, 2 steps):

a+b a+bCos[c+dx
-[|2Va+b +/Cos[c+dx] Csc[c+dx] EllipticPi] : , ArcSin]| Var [c+dx] B

b va+b +/Cos[c+dx]

+ 1-S d 1+S d
@ b}JM ec(c+dx)) Ja( +Seclc+dx]) / (bdVsecicrdx] )

a-b a+b a-b

Result (type 8, 27 leaves):
1

dx

J\/a+bCos[c+dx} vSec[c+dx]

Problem 755: Result unnecessarily involves imaginary or complex numbers.
1

dx

J\/aerCos[Cerx} Sec[c+dx]3/?

Optimal (type 4, 474 leaves, 9steps):
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va+bCos[c+dx] a+b

-||(a-b) Va+b +/Cos[c+dx] Csc[c+dx] EllipticE|ArcSin|

3
va+b \/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(abd\/Sec[c+dx1 ) +

a+b a-b

a+bCos[c+dx a+b
Va+b /Cos[c+dx] Csc[c+dx] EllipticF|ArcSin| Va+ [c+dx] ax

]

vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(bd\/Sec[c+dx1 )+

a+b a-b

va+bCos[c+dx] a+b

. .. _.ra+b .
ava+b +/Cos[c+dx] Csc[c+dx] EllipticPi] » ArcSin|

]

vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(bzd\/Sec[c+dx] )+

a+b a-b
Sin[c +dx] avSec[c+dx] Sin[c+dx]
+
dva+bCos[c+dx] v/Sec[c+dx] bd+a+bCos[c+dx]

Result (type 4, 759 leaves):
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1

b a-b d (1+Tan[l (c+dx)]2)3/2 a+b+aTan“—(c+dx)]2—bTan£§—(c+dx)r
arb 2 1+Tan{i—(c+dx)}
! 1—Tan[l(c+dx”2
1—Tan[i<c+dx)]2 2

Tan[l(CerxH\/lTan[l(Cerx)]2 er\/a_b Tan[l(c+dx”

a+b 2 2 a+b 2

\/1—Tan[;<c+dx)]2 +a\/:;:j Tan[;(c+dx”3\/1—Tan[;(c+dxH2 -

a-b 3 1
b T - d 1-T - d
. an[z(c+ x) | \/ an[z(c+ x)|" o+
. .. o.ra+b o . -b 1 a+b
2iaEllipticPi]| , i ArcSinh| Tan[ = (c+dx)]], - ]
a-b a+b 2 a-b
a+b+aTan[i (c+dx”2—bTan[i (CerxH2
a+b '
. .. o.ra+b o . -b a+b
2iaEllipticPi| , i ArcSinh| Tan[ = (c+dx)]], - ]
a-b a+b 2 a-b

1 5 a+b+aTan[l<c+dx)]2—bTan[l<c+dx)]2
Tan[ = (c+dx) | 2 2 +
2 a+b
i (a—b) EllipticE[iAr‘cSinh[ -b Tan[1 (c+dx)]], _a+b]
a+b 2 a-b

1+Tan|[~
2

. R . . a-b 1 a+b
ZnaElllptlcF[lAr'cSmh[ o Tan[; (c+dx)H, - b}
a+ a-

1 (C+dXH2J \/a+b+aTanB (C+dXH2—bTan[§ (c+dx>]2

: (wﬂwawmnu(Cm” ~oTan(} (e -dx)]

1+Tan[f

2 a+b
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Problem 756: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx

J\/a+bCos[c+dx} Sec[c +dx]5?

Optimal (type 4, 505 leaves, 8 steps):

a+bCos[c+dx a+b
3(a-b)a+b /Cos[c+dx] Csc[c+dx]EllipticE[ArcSin| Var [c+dX] R ]

va+b +/Cos[c+dx] a-b

a+b a-b

Ja(l—sec[“dx}) Jﬂ“se”“‘“” / (av2av/Secierax] | -

vJa+bCos[c+dx] a+b

(3a-2b) va+b +/Cos[c+dx] Csc[c+dx] EllipticF|ArcSin| , -
Va+b +/Cos[c+dx] a-b

a+b a-b

Ja(l—seq“dxw J”“Se”“dx” / (ab?avsecicraxT ) -

a+b
Va+b (3a’+4b*) ~/Cos[c+dx] Csc[c+dx]EllipticPi]| 2,
b

ArcSin| , -
a-b

vJa+b /Cos[c+dx] a-b a+b

va+bCos[c+dx] a+b]\/a(1—5ec[c+dx]) \/a(1+Sec[c+dx}> /

va+bCos[c+dx] Sin[c+dx]

(4b3dx/Sec[c+dx])+ -
2bd+/Sec[c+dx]

3ava+bCos[c+dx] v/Sec[c+dx] Sin[c+dx]
4b%d

Result (type 4, 1153 leaves):

Va+bCos[c+dx] /Sec[c+dx] Sin[2 (c+dX) |
4bd

a+b+aTan[§ (c+dx)]2—bTan[i (c+dx)]2

1+Tan[§ <c+dx)]2

3 a2 a-b Tan[l<c+dx)]+3ab a-b Tan[l(c+dx”—6ab a-b
a+b 2 a+b 2 a+b
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(c+dx”3—3a2 a-b Tan[1 (c+dx”5+3ab a-b Tan[E (c+dx”5+
a+b 2 a+b 2

) .. _.ra+b X -b 1 a+b
6 ia®EllipticPi| , 1 ArcSinh| Tan[ = (c+dx)]], -
a-b a+b 2 a-b

Tan[

N |-

]

1 , a+b+aTan[l(c+dx)]2—bTan[l(c+dxH2
1-Tan[= (c+dx)] 2 2 +
2 a+b
81’1b2E11ipticPi[a+b,JiAr‘cSinh[ a-b Tan[l(c+dx)H,—a+b}
a-b a+b 2 a-b

6ia”EllipticPi|

+

, a+b+aTan[i(c+dx)]2—bTan[i(c+dxH2
a+b

a+b a+b

-b 1 1 2
, i ArcSinh Tan| = d , Tan[ = d
- i ArcSin [ - an[z(c+ X)H a—b} an[z(c+ XH

8i b%EllipticPi|

1—Tan[§ (c+dx)]2

+

\/a+b+aTan[i (c+dx)]27bTan[§ (c+dx)]?

a+b

a+b | X a-b 1 a+b
, 1 ArcSinh| Tan|— (c+dx>H, -
a-b a+b 2 a-b

}Tan[i (CerxH2

3ia(a-b)EllipticE|i ArcSinh|

a+b

\/l—Tan[i (c+dx)]2 \/a+b+aTan[§ (c+dx)]2—bTan[§ (c+dx”2 )

-b 1 a+b
T — d -
a+b an[z(c+ XH]’ a-b

]

\/l—Tan[

(c+dx)]2 [1+Tan[§ (c+dx”2)

N |

a+b+aTan[i (c+dx”2—bTan[i (c+dx”2

-21i (3a’-ab+2b?)
a+b

EllipticF[i ArcSinh] a_E Tan{l(c+dx)H,—a+E}\/1—Tan[1(c+dx)]2
a+ 2 a- 2
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2]\/a+b+aTan[§(c+dx)}2—bTan{§(c+dx>]2 /

a+b

1+Tan| <c+dx)]2

a-b

a+b

4b? d(—1+Tan[l(c+dxH2]

2

1-Tan| (c+dx)]2

[b (71+Tan[§ (c+dx)]2) -a (1+Tan[§ <c+dx)]2J]

Problem 757: Unable to integrate problem.

j Sec[c+dx]>?
(

a+bCos[c+dx])>?

Optimal (type 4, 397 leaves, 6 steps):

bC d b
-||2b (5a*-8b?) \/Cos[c+dx] Csc[c+dx] EllipticE[ArcSin| VarbCos(crdx] ],7a+ ]
va+b v/Cos[c+dx] a-b

a+b a-b

\/a(l—Sec[c+dX]> \/a(l+$ec[c+dx]) /(3a4\/a+b d\/SEC[C+dX}) +

va+bCos[c+dx]

15

2 (a+2b) (a+4b)/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

a+b] a(1-sec[c+dx]) a(l+Sec[c+dx]) /
a-b a+b a-b

2b%s dx]3/2si d
(3a3\/a+b d+/Sec[c+dx] | + eclc+dx] infc+dx] +
a(a®-b?)d~/a+bCos[c+dx]

va+b y/Cos[c+dx]

2 (a®-4b%) \Ja+bCos[c+dx] Sec[c+dx]>2Sin[c+dX]
3a? (a?-b?) d

Result (type 8, 27 leaves):

J Sec[c+dx]>?
(

a+bCos[c+dx])>?
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Problem 758: Unable to integrate problem.

J Sec[c +dx]3/?
(

a+bCos[c+dx])>?

Optimal (type 4, 325leaves, 5steps):

bC d b
2 (a®-2b?) \/Cos[c+dx] Csc[c+dx]EllipticE[ArcSin| Va-bCos(c+dx] },7a+ ]

Ja+b +/Cos[c+dx] a-b

a+b a-b

1-5 d 1+S d
\/a( eclc+ XJ) \/a( +5ec[c+ XJ) /(a3\/a+b d+/Sec[c+dx] )—

o ] va+bCos[c+dx] a+b
2 (a+2b) ~/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin| ], - ]

va+b v/Cos[c+dx] a-b
a(1-sec[c+dx]) a(l+Sec[c+dx]) /
a+b a-b

2b%+/Sec[c+dx] Sin[c+dx]

a(a®-b?)d~/a+bCos[c+dx]

(aZ\/a+b d+/Sec[c +dx] )+

Result (type 8, 27 leaves):

J Sec[c+dx]3/?
(a+bCos[c+dx])

3/2

Problem 759: Unable to integrate problem.
j \/Sec[c+dx]
(

a+bCos[c+dx])

dx
3/2

Optimal (type 4, 307 leaves, 5 steps):
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va+bCos[c+dx] a+b}
, -
va+b \/Cos[c+dx] a-b

2b~/Cos[c+dx] Cscl[c+dx] EllipticE[ArcSin|

a+b a-b

1-S +d 1+S +d
\/a( ec[c+dx]) \/a( ec[c+dx]) /(aZ\/a+bd\/Sec[c+dx] )+

va+bCos[c+dx] a+b]
va+b +/Cos[c+dx] a-b

\/a(lSec[Cerx}) \/a(1+Sec[c+dx]) /
a-b

2+/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

a+b

2b+/Sec[c+dx] Sin[c+dXx]

(a?-b?) dva+bCos[c+dx]

(a\/a+b d+/Sec[c+dx] )

Result (type 8, 27 leaves):
J \Sec[c +dx]

(a+bCos[c+dx])>?

dx

Problem 761: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
1

dx
J(a+bCos[c+dx])3’/25ec[c+dx]3/2

Optimal (type 4, 447 leaves, 7 steps):
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vJa+bCos[c+dx] a+b

2+/Cos[c+dx] Csc[c+dx] EllipticE [ArcSin]

3
Ja+b ~/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(b\/a+b d+/Sec[c+dx] )—

a+b a-b

va+bCos[c+dx] a+b

2+/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx])

/(b\/a+b d+/Sec[c+dx] )—

a+b a-b

va+bCos[c+dx] a+b

. .. _.ra+b .
2+/a+b +/Cos[c+dx] Csc[c+dx] EllipticPi] » ArcSin|

]

vJa+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) /
a+b a-b

2a2+/Sec[c+dx] Sin[c+dx]

b (a?-b?) dva+bCos[c+dx]

(bzd\/Sec[c+dx] )—

Result (type 4, 1175leaves):

Ja+bCos[c+dx] /Sec[c+dx]

2aSin[c+d x] 2a%Sin[c+dx]
b (a%-b?) b (-a?+b?) (a+bCos[c+dx])

2 |-a? . Tan[%(c+dx”7ab . Tan[%(c+dx)]+2ab b Tan[%(c+dx”3+
b 1 5 - 1 5
T — d -ab T — d -
an[z(c+ x)] a T an[2<c+ x)]
ZiaZEllipticPi[a+b, i ArcSinh| a-b Tan[l (c+dx)]], _a+b}
a-b a+b 2 a-b

a+b+aTan[i (c+dx)]2—bTan[i (CerxH2

1 2
1-Tan[= (c+d
an[z(c+ x) | . +
ZjszllipticPi[a+b, JiAr‘cSinh[ -b Tan[1 (c+dx>H, _a+b}
a-b a+b 2 a-b
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2 a+b

J”anmcwx)]z Ja*b*a“wwxwbTanmudxw f

ZjazEllipticPi[a+b,JlAr‘cSinh[ -b Tan[l(c+dx>H,—a+b}Tan[1(c+dx”2
a-b a+b 2 a-b 2
a+b+aTan[L (c+dx)]*-bTan[L (c+dx)]|?
\/1Tan[1(c+dx)]2\/ [2( )] [2( )] +
2 a+b
ZijEllipticPi[ﬂ,jAr‘cSinh[ - Tan[l(c+dx)H,—a+b}Tan[1(c+dx”2
a-b a+b 2 a-b 2
a+b+aTan[L (c+dx)]*-bTan[L (c+dx)]?
J”anm“dx)]zj (3 [cxax] ) -bTan[} [cax]]”
2 a+b

ia(a-b) EllipticE[i ArcSinh| aiz Tan[l(c+dx)]],a+E]\/1Tan[l(c+dx)]2
a+ 2 a- 2

a+b+aTan[L (c+dx)|*-bTan[L (c+dx)]?
(1+Tan[l(c+dx”2]\/ [2( H [2( H +
2 a+b
i (2a®-ab-b*) EllipticF|i ArcSinh| -b Tan[l (c+dx)]], 7a+b]
a+b 2 a-b

=

(c+dx”2)

N

2

\/1 Tan| - c+dx)]2 [1+Tan{l

J%‘"Tanu<c+dx>r—manmc+dx>f /

a+b

(a - b2) d

1
a+b \IlTanB(CerxHZ

[—1+Tan[§ (c+dx)]2]

2 3/2
(1+Tan c+dx)])

a+b+aTan| (Cerx)]z—bTan[i(c+dx)]2

+Tan[§ (c+dx)]2
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Problem 763: Unable to integrate problem.

5/2

J Sec[c +dx]°/?
(a+bCos[c+dx])

Optimal (type 4, 513 leaves, 7 steps):

-||8b(2a*-7a’b®>+4b*) +/Cos[c+dx] Csc[c+dx]

EllipticE [Ar‘cSin[ )
va+b /Cos[c+dx] a-b

a+bCos[c+dx] a+b]\/a(1—5ec[c+dx])

a+b

1+S +d
\/a( Zc_[; x]) /(3a5 (a-b) (a+b>3/zd\/m) +

2 (a*+9a’b+16a*b>-12ab’-16b*) \/Cos[c+dx] Csc[c+dx]

bcC d b
EllipticF[Ar‘cSin[ VarbCos(c+dx] ,—a+ ]

va+b /Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) /
a+b a-b

2 3/2 g3
(3a4(a_b> (a+b>3/2dm)+ 2b SeC[C+dX] Sln[C+dX] N

3a (a2-b?)d(a+bCos[c+dx])??
4b? (5a%-3b2) Sec[c+dx]*2Sin[c+dx]

+

3a2 (aszz)zd\/a+bCos[c+dx}

2 (a*-13a%b%+8b*) Va+bCos[c+dx] Sec[c+dx]¥2Sin[c+dx]
3a3 (az—bz)zd

Result (type 8, 27 leaves):
J Sec[c +dx]°/?

(a+bCosc+dx])®>?

dx

Problem 764: Unable to integrate problem.

Sec[c +dx]3/?
J dx

(a+bCosc+dx])®>?

Optimal (type 4, 438 leaves, 6 steps):
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2 (3a*-15a°b*+8b*) v/Cos[c+dx] Csclc+dx]

EllipticE [ArcSin| , -
va+b \/Cos[c+dx] a-b

vJa+bCos[c+dx] a+b]\/a(1—5ec[c+dx])

a+b

a-b

1+S d
J” Sl X |/ (30t (a-b] (a+ ) dVSeele ax] ) -

2(3a’+9a’b-6ab’-8b’) /Cos[c+dx] Csc[c+dx] EllipticF]|

ArcSin| s
vJa+b /Cos[c+dx] a-b a+b a-b

Ja+bCos[c+dx] a+b]\/a(1—Sec[c+dx]) \/a(1+Sec[c+dx}> /

2 .
(3a3 (a—b) (a+b)3/2d\/m)+ 2bs+/Sec[c+dx] Sin[c +dX] .

3a (a?-b2)d(a+bCos[c+dx])*?

8b? (2a?-b?) v/Sec[c+dx] Sin[c+dx]

3a2 (az—bz)zd\/a+bCos[c+dx]

Result (type 8, 27 leaves):
J Sec[c+dx]3/?
(

a+bCos[c+dx])>?

dx

Problem 765: Unable to integrate problem.
J \/Sec[c+dx]
(

a+bCos[c+dx])®>?

dx

Optimal (type 4, 421 leaves, 6 steps):
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va+bCos[c+dx] a+b

4b (3a’-b?) \/Cos[c+dx] Csc[c+dx] EllipticE[ArcSin|

]

va+b +/Cos[c+dx] a-b

1-§ +d 1+S +d
\/a( ec[c+dx]) \/a( ecfc+dx]) /(3a3(a—b) (a+b)3/2d\/m)+

a+b a-b

vJa+bCos[c+dx]

2 (3a*>-3ab-2b?) +/Cos[c+dx] Csc[c+dx] EllipticF |ArcSin|

a+b] a(l1-secfc+dx]) a(l+Sec[c+dx]) /
a-b a+b a-b

2b%2Sin[c+dx]

(Ba2 (a-b) (a+b)3/2d\/5ec[c+dx])+ -
3a (a2-b2)d(a+bCos[c+dx])*?/Sec[c+dx]

)5

Ja+b ~/Cos[c+dx]

4b (3a%-b?) V/Sec[c+dx] Sin[c+dx]
3a (a?-b2)?d+/a+bCos[c+dx]

Result (type 8, 27 leaves):
J \/Sec[c+dx]
(

]>5/2

dx
a+bCos[c+dx

Problem 766: Unable to integrate problem.

1

J(a+bCos[c+dx])5/2\/Sec[c+dx]

dx

Optimal (type 4, 399 leaves, 6 steps):
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va+bCos[c+dx] a+b

- |2 (3a*+b?) \/Cos[c+dx] Csc[c+dx] EllipticE[ArcSin|

va+b +/Cos[c+dx] a-b

1-5§ +d 1+S +d
\/a( ec[c+dx]) \/a( ecfc+dx]) /(3a2<a—b> (a+b)3/2d\/m) +

a+b a-b

va+bCos[c+dx] a+b

2 (3a-b)~/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

}

va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) .
(Ba(a—b) (a+b) d\/Sec[c+dx])—

a+b a-b

2bSin[c +dXx]
3 (a2-b?)d (a+bCos[c+dx])3/2\/Sec[c+dx}
2 (3a2+b?) v/Sec[c+dx] Sin[c+dx]

3 (aszz)zd\/a+bCos[c+dx]

+

Result (type 8, 27 leaves):
1

J(a+bCos[c+dx])S/Zx/Sec[c+dx]

dx

Problem 767: Unable to integrate problem.

1

dx
J(a+bCos[c+dx])S/ZSec[c+dx]3/2

Optimal (type 4, 382leaves, 6 steps):
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va+bCos[c+dx] a+b

8b~/Cos[c+dx] Cscl[c+dx] EllipticE|[ArcSin|

]

3
va+b \/Cos[c+dx] a-b

1-5S +d 1+S +d
\/a( ecfc X” \/a< eclc X]> /(3a(a_b> (a+b)3/2d\/m)+

a+b a-b

va+bCos[c+dx] a+b

2 (a-3b)~/Cos[c+dx] Csc[c+dx] EllipticF[ArcSin|

]

va+b +/Cos[c+dx] a-b

\/a(lsec[chdx}) \/a(1+Sec[c+dx]) /(Ba(a—b) (a+b)3/zdm)+

a+b a-b

2aSin[c+dx] 8ab+/Sec[c+dx] Sin[c+dX]

3 (a2-b?)d(a+bCos[c+dx])*?+/Sec[c+dx] 3 (a?2-b?)*d+/a+bCos[c+dx]

Result (type 8, 27 leaves):
1

dx
J(a+bCos[c+dx])S/ZSec[c+dx]3/2

Problem 768: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
1

dx
J(a+bCos[c+dx])S/ZSec[c+dx]5/2

Optimal (type 4, 557 leaves, 8 steps):
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va+bCos[c+dx] a+b

2 (3a%-7b%) +/Cos[c+dx] Csclc+dx] EllipticE[ArcSin| s
va+b +/Cos[c+dx] a-b

a(l-sec[c+dx]) a(l+Sec[c+dx]) /

a+b a-b

(3 (a-b) b? (a+b)*?d~/sec[c+dx] )7 2 (3a’+ab-6b?) \/Cos[c+dx] Csc[c+dx]

1-S d
EllipticF[Ar‘cSin[ Va+bCos[c+dx] ,_a+b} a( ecfc+ x])

Va+b /Cos[c+dx] a-b a+b

a(1+sSec[c+dx])
a-b

/(3 (a-b) b2 (a+b)3/2dm),

va+bCos[c+dx]

]

. .. .pa+b .
2+/a+b +/Cos[c+dx] Cscl[c+dx]EllipticPi| ——, ArcSin] , -
b Ja+b +/Cos[c+dx]

a(1-sec[c+dx]) a(l+Sec[c+dx])

/(b3dx/Sec[c+dx] )—

a+b a-b

2a%sin[c+dx]
3b (a?-b?)d (a+bCos[c+dx])3/2\/Sec[c+dx}
2a? (3a*-7b?) v/Sec[c+dx] Sin[c+dx]

3 b2 (az—bz)zd\/a+bCos[c+dx]

Result (type 4, 1716 leaves):

1 2a (3a2-7b?%)Sin[c+dx]
“+a+bCos[c+dx] /Sec[c+dx] ( ) -
d 3b2 (a2 -b?)°

2a%Sin[c +dx] 8 (a*sin[c+dx] -2a2b?Sin[c+dx])

+

3b2 (-a%+b?) (a+bCos[c+dx])2 i 3 b2 (—a2+b2)2 (a+bCos[c+dx])

- 1 - 1
2(3a* Tan| = d 3a’b Tan|— d -
a . an[z(c+ x)]+ a . an[z(c+ x)]
1 -b 1
7 a2 b2 Tan[= (c+dx)] -7ab? Tan[~ (c+dx)] -
a . an[z(c+ x)] a . an[z(c+ XH
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6ab a-b Tan{l(c+dx)}3+14ab3 a-b Tan[—(c+dx)] -
a+b 2 a+b 2
3at a-b Tan[f(c+dx)]5+3a3b a-b Tan[f(c+dx” +
a+b 2 a+b 2
7 a2 b? a-b Tan[—(c+dx”5—7ab3 a-b Tan[—(c+dx)] +
a+b 2 a+b 2
6ja4EllipticPi[a+b,JiAr‘cSinh[ a-b Tan[l(c+dx)H,fa+b}
a-b a+b 2 a-b
a+b+aTan[L (c+dx)]*-bTan[L (c+dx)]?
Juanm“dxmj [ eedx)) - bTan[2 (cdx))”
2 a+b
1Zja2b2EllipticPi[ﬂ,jAr‘cSinh[ a-b Tan[l(c+dx)H,fa+b}
a-b a+b 2 a-b

\/l—Tan[l (c+dx)]2 \/a+b+aTan[§ (c+dx)]2—bTan[§ (c+dx”2 )

2 a+b
611b4EllipticPi[a+b, i Arcsinh| a-b Tan[1 (c+dx)]], 7a+b}
a-b a+b 2 a-b

+

(c+dx) ]’ Ja+b+aTan[§ (c+dx)]*-bTan[ (c+dx)]’

a+b

a+b a-b 1 a+b 1 )
» 4 Arcsinh Tan[= (c+dx)]], - Tan[ = (c+d
_—, bAvesin [\/: an[z(c+ x) ] afb} an[z(c+ x) |

(crdx]]’ Ja+b+aTan[§ (c+dx)]*-bTan[ (c+dx)]’

a+b

N | R

\/l—Tan[

6ia*EllipticPi|

\/1—Tan[
-b 1 a+b

EllipticPi[ZiE, i ArcSinh| . Tan{; (c+dx)]], —a_b]Tan{i (c+dx”2

JlTan[1<c+dx>fJa*b“’"“wwxn CoTan[} [crax)]t

-12 i a® b?

N R

a+b
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61'1b4EllipticPi[a+b, i ArcSinh| -b Tan[l (c+dx)]], —aer}Tan[1 (c+dx”2
a-b a+b 2 a-b 2
1 , a+b+aTan[l((:erx)]z—bTan[l(CerxH2
1—Tan[7<c+dx)] 2 2 +
2 a+b
) 3 ) ) 3 L. . . a-b 1 a+b
ia(3a’-3a’b-7ab’+7b’) EllipticE i ArcSinh| Tan[ = (c+dx)]], - ]
a+b 2 a-b

2 2

\/1Tan[1 <c+dX)]2 [1+Tan[l (c+dx”2

\/a+b+aTan[§ (c+dx”2—bTan[§ (c+dx)]®

a

-1 (6a4—2a3b—13a2b2+6ab3+3b4)

EllipticF|i ArcSinh|

+b
:;E Tan[% (c+dx)]], :JrE]\/lTan[% (C+dx)]2

1
(1+Tan[— (c+dx

2 a+b

H2]\/a+b+aTan[§(c+dxH2bTan[i(Cerx)]z /

a+b+aTan[§ (c+dx)]2—bTan[i (c+dx)]2

1+Tan[§ (c+dx)]2

(—1+Tan[§ (c+dx”4

Problem 773: Result more than twice size of optimal antiderivative.

Cos[c+dx]m
J dx

a+bCosfc+dx]

Optimal (type 6, 190 leaves, 5 steps):
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1 - 3
——=——aAppellF1[=, =—, 1, =,
(a2-b?) d 2 2 2

inm 1
Cos[c+dx] '™ (Cos[c+dx]?) 2 Sin[c+dx] - —————
a’-b?)d

bZSin[c+dx}2}

: 2
Sin[c+dx]~, 2 _p?

b2Sin[c +dx]?
a27b2 ]

1 m 3 . )
bAppellF1l[~, - =, 1, =, Sin[c+dx]?, -
2 2 2

Cos[c+dx]™ (Cos[c+dx]2) ™?sin[c+dx]

Result (type 6, 6355 leaves):
[3 (a®-b%) Cos[c+dx] *™sin[c+dx] (1+Tan[c+dx}2)’1’:’ [bJra\/lJrTan[Cerx}2 )

/

1 m 3 a’Tan[c+dx]?
—,1, =, -Tan[c+dx]?, —#] \/1+Tan[c+dx}2

)

2 2 a? - b?
1+m 3 , a’Tan[c+dx]?

, 1, —, -Tan[c +d x] ,——]/
2 2 a? - b2
aZTan[c+dx]2]
R AR I

- | |a AppellF1| —
( ([ [ZJ 2 2 a2_b2
1 m 3 a’?Tan[c+dx]?
{—3 (a?-b?) AppellF1[—, —, 1, =, -Tan[c+dx]?, —#} +
2 2 2 a? - b?
3 m a’Tan[c+dx]?
[2 a?AppellF1[ =, —, 2, =, -Tan[c+dx]?, —#] +(a®-b*)m
272 2 a?-p?
3 2+m 5 , a’Tan[c+dx]? 5
AppellF1| = ,1, =, -Tan[c+dx]?, - ———————] | Tan[c +d x] +
2

1
(b AppellFl[f,
2

s 12 1 1+m 3 )
-3 (a% - b?) AppellF1|—, ,1, =, -Tan[c +dx]?,
2 2 2 a? - b?
5 3 1+m 5 , @a’Tan[c+dx]? s 2
2a? AppellF1| =, »2, =, -Tan[c+dx]?, -———————| + (a®-b?) (1+m)

2 2 2 aZ-b?

3 3+m 5 , @a’Tan[c+dx]? 5
AppellFi| =, ,1, =, -Tan[c+dx]?, -———————] | Tan[c +d x] /

2 2 2 aZz-b?

b 2 2 2
(-b*+a® (1+Tan[c+dx]?))

d(a+bCos[c+dx]) |a+

\/1+Tan[c+dx}2

1

b ] (-b?+ a2 (1+Tan[c+dx]2>)2

[a ,
1+Tan[c+d x]?

6a’ (a*-b?) Sec[c+dx]*Tan[c +dx]? (1+Tan[c+dx]2)’1’; (b+a\/1+Tan[c+dx12

a2Tan[c+dx]?
#} \/1+Tan[c+dx]2
a27}32

/

3 2
1, —, -Tan[c+dx]*, -
2

NS

1

{— [(a AppellF1| —,
2

azTan[c+dx]2]

a2 -b?

=

2
y — +

2 2

N

m 3
[3 (a®-b%) AppellF1|[ =, —, 1, =, -Tan[c +dX]
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) 3 m 5 , a’Tan[c+dx]?
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3 m 5
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2Tan[c+dx
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2 2 a% - b2
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1 2 2 2
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3 m
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272 2 aZ - b2

/




Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)~m (c+d cos)”™n.nb

| 473
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Bt (ot (1o Tanic )
1+Tan[c+d x]2

(1+Tan[c+ dx]z)’l’%

(b+a\/1+Tan[c+dx]2
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2 2 2
a?Tan[c +dx]?
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2a? AppellF1| =, »2, = -Tan[c+dx]?, - ———————] + (a’-b?) (1+m)
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2 2 a2z -b? 2
2+m 5 , @a’Tan[c+dx]? 5
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1 5 3 +m 5 , a’Tan[c+dx]?
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(2 a? AppellFi[ =, i , 2, =, -Tan[c +dx]?, —#} + (a®-b%) (1+m)
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2 2 2 a? - b?
, [ 1 3 m . 5 ,
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~Tan[c+dx]?, -———————| Sec[c+dx]?Tan[c+dx] - = (1+m)
a’-b? 5
5 1+m 7 , a‘Tan[c+dx]?
Appe11F1[7,1+ , 2, —, —Tan[c +d Xx] ,——]
2 2 2 a? - b?
1
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Problem 774: Result more than twice size of optimal antiderivative.

Cos[c+dx]™
j dx
(a+bCos[c+dx])?

Optimal (type 6, 294 leaves, 8 steps):
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a’Tan[c+dx]? 5
- ————————]| Tan[c +dx]

2 i 5 _ 2
2a?AppellFl| =, —, 2, =, -Tan[c+dx]?,
2 2 2 aZ-b?

1

2 2 2
(-b*+a* (1+Tan[c+dx] )))]Jr ;

(b?2-a% (1+Tan[c+dx]?))

3 , a’Tan[c+dx]?
(-1+m), 2, =, -Tan[c+dx]?, ———————]

B
2 —a% +b?

2b ( [a AppellF1|

N |
N |

\/1+Tan[c+dx12

/ (—3 (a% - b?) AppellFl[l, 1 (-1+m), 2, i,
2 2 2

azTan[c+dx]2}

5 2 3 1
-Tan[c+dx]?, - + |4a%AppellF1] =, — (-1+m), 3,
a? - b? 2 2
5 a?Tan[c+dx]?
=, -Tan[c+dx]?, —#} + (a®-b?) (-1+m) AppellF1]
2 a’-b?
3 1+m 5 , a*Tan[c+dx]? 5
-, » 2, —, -Tan[c +d x] ,——] Tan[c +dx] -
2 2 2 a? - b?
1 m 3 a’Tan[c+dx]?
bAppellF1|~, =, 2, =, -Tan[c+dx]?, #}J/ (—3 (a% - b?)
22 2 -a%+b?

2 3
4 a“ AppellF1l [ )

1 m 3 , a‘Tan[c+dx]?
AppellFl[;, =, 2, =, -Tan[c+dx]?, - ————— | + A

2 2 a2 -b?

m 5 , a’Tan[c+dx]? y 3
~,3, =, -Tan[c+dx]?, - ————————| + (a® - b?) mAppellF1[ —,
2 2 aZ-b? 2
2+m 5 , a’Tan[c+dx]? 5
»2, =, -Tan[c+dx)?, - ————— || Tan[c + d x] +
2 2 a2 _ p2

) 1 m 3
2a’AppellFl|—, —, 1, =,
2
a’?Tan[c+dx]?

2
a? - b? /

1 m 3 a’?Tan[c+dx]?
[[3 (a®-b?) AppellFi[—, —, 1, =, -Tan[c+dx]?, ,#] N
272 2 a2 - b2

a’Tan[c+dx]?

3 (a®-b?) Tan[c+dx] (1+Tan[c+dx]?)™?

N

~-Tan[c+dx]?, - | secic+dx]?Tan[c+dx]

|+

) ) 3 m 5 )
(a>-b%) mAppellF1[ =, 1+ —, 1, =, -Tan[c+dx]?,
2 2 2 a2 - p?
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) 3 m 5 , a’Tan[c+dx]?
2a?AppellFl| =, =, 2, =, -Tan[c+dXx]?, - ——— |
22 2 a? - b?

Tan[c+dx]?| (-b*+a? (1+Tan[c+dx}2>)2} -

1 3 m 5 , a’Tan[c+dx]?
- =mAppellF1[ =, 1+ —, 1, =, -Tan[c+dx]?, - ——— ]
3 2 2 2 a2 - p?

) 1 ) 3 m 5
Sec[c+dx]?Tan[c+dx] - —————2a?AppellF1[ =, —, 2, =,
202 2

3 (a%-b?)
/

1 m 3 a’?Tan[c+dx]?
[[3 (a® - b?) AppellF1[ =, —, 1, =, -Tan[c+dx]?, 7#] N
2

, @a’Tan[c+dx]? 5
~Tan[c +d x] ,—ﬁ}Sec[cmx] Tan[c +d x]
a‘-b

2 2 a? - b2

m 5 , @a’Tan[c+dx]?
—, 1, —, -Tan[c +dX] ,——]+

2 2 a2 - b2

5 , a’Tan[c+dx]? X
,2, =, -Tan[c+dx])?, - ————————] | Tan[c + d x]
2 a2 - b2

[ (a®> - b?) mAppellF1|—,

N\BN

2 E
2 a2 AppellFl| =,
2’

1

(-b*+a? (1+Tan[c+dx12))]+
(b2-a2 (1+Tan[c+dx]?))>
! (-1+m), 2, i, ~Tan[c +dx]?,

1
8a’bSec[c+dx]%Tan[c +d x] aAppellFl[
2

2 2
a’?Tan[c +dx]? 1 1
e — \/1+Tan[c+dx 3 AppellFl[f 7(—1+m>,
-a%2+b? 2 2
3 5 aZTan[c+dx 3 1
2, —, -Tan[c+dx]", —] 4 32 AppellFl[ - (-1+m),
2 2_p2 2 2

a?Tan[c+dx]?

3, E, ~Tan[c+dx]2, - | + (a®-b?) (-1+m) AppellF1]

2 a%-b?
3 1+m 5 , a‘Tan[c+dx]? 5
-, , 2, —, -Tan[c +d x] ,7—] Tan[c+dx]°| -
2 2 2 a? - b?

1 m 3 a?Tan[c+dx]?

bAppellFl|—, =, 2, =, -Tan[c+dx]?, M}J/ (—3 (a® - b?)
202 2 -—a%+b?
1 m 3 , @a’Tan[c+dx]? ;
AppellFl| =, —, 2, =, -Tan[c+dx]?, - ————————| + |4a® AppellF1]|
22 2 a? - b?
3 m 5 a’Tan[c+dx]?
=, —,3, =, -Tan[c +d x]? —#} + (a® - b®) mAppellF1|
2 2 2 a? - b?
3 2+m 5 , a’Tan[c+dx]? 5
-, , 2, —, -Tan[c +d x] ,——] Tan[c +dXx] +
2 2 2 a? - b?
1 m 3 , a‘Tan[c+dx]?
AppellFl[f, -, 1, —, -Tan[c+dx]*, ——}
202 2 aZ-b?
3 m 5 a’?Tan[c +dx]?
2 [(az—bz) mAppellF1|[ =, 1+ —, 1, =, -Tan[c+dx]?, —#] +
2 2 2 a2 - b?

2 3om 5 2
2a?AppellFl| =, =, 2, =, -Tan[c +dX]
22 2 a’-b?

a’Tan[c+dx]? 5
-———————] | sec[c+dx]
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Tan[c+dx] -3 (a* - b?)

1 3 m 5 )
- —mAppellF1[ =, 1+ —, 1, =, -Tan[c+dx]?,
3 2 2 2

a?Tan[c+dx]?

1 3
-———————] sec[c+dx]?Tan[c+dx] - ——————2a’AppellF1[~,
a? - b2 3 (a?-b? 2

m 5 , @a’Tan[c+dx]?
-, 2, =, -Tan[c+dx]?%, - ——m——
2 a? - b?

| seclc+dx]?Tan[c+dx] | +

1 5 m 7
Tan[c+dx]? | (a®-b’)m |- —————6a*AppellF1|—, 1+ —, 2, —, -Tan[c+dx]?,
5 (a? - b?) 2 2 2
a’?Tan[c +dx]? 5 6 m 5
- ———————] sec[c+dx]?Tan[c +dx] ———[1*-40 AppellFl[ =, 2+
a?-b? 5 2 2
m 7 , a‘Tan[c+dx]? 5
-, 1, —, -Tan[c+dx]*, ——] Sec[c+dx]“Tan[c+dx] | +
2 2 aZ-b?
, [ 3 5 m 7 , @a’Tan[c+dx]?
2a® |- =mAppellF1[~, 1+ —, 2, —, -Tan[c+dx]?, - ——— ]
5 2 2 2 a? - b?
) 1 ) 5 m 7
Sec[c+dx]*Tan[c+dx] - —————12a” AppellF1|~, —, 3, —,
5 (a? - b?) 2 2 2
, a’Tan[c+dx]? ;
~Tan[c+dx]?, -————————| Sec[c+dx]?Tan[c +d X] /
a27b2
1 m 3 a?Tan[c +dx]?
[—3 (a®-b?) AppellF1|[—, —, 1, =, -Tan[c+dx]?, —#] +
2 2 2 a? - b?
3 m 5 a?Tan[c +dx]?
[(azbz) mAppellF1[ =, 1+ —, 1, =, -Tan[c+dx]?, —#} +2a?
2 2 2 a2-b?

a2Tan[c+dx]2 2

3 m 5 ,
AppellFl| =, —, 2, =, -Tan[c+dx]2,
2 2

F— ]]Tan[c+dx}2
2 a‘-b

1

+

(7b2+a2 (1+Tan[c+dx]2>)

(b? - a2 (1+Tan[c+dx]2))2
1 3 , a’Tan[c+dx]? 5
2b | |aAppellF1[ =, — (-1+m), 2, =, -Tan[c+dx]?, ———————— | Sec[c+dX]
2 2 -a%+b?

\Nll—‘

Tan[c +dX]

(\/1+Tan[c+dx}2 (—3 (a®>-b?) AppellFl{%, % (-1+m), 2,

3 , @a’Tan[c+dx]? 5 3 1
=, -Tan[c+dx]?, -—————— | + |42’ AppellF1[ =, = (-1+m), 3,
2 a? - b? 2 2
5 a?Tan[c +dx]? 3
=, -Tan[c +d x]?, —#} + (a®-b%) (-1+m) AppellF1i| -,
2 a?-b? 2
1+m 5 , @a’Tan[c+dx]? 5
, 2, —, -Tan[c +d Xx] ,——} Tan[c +dXx] +
2 2 a%-b?

d

W |-

301 5 ,
(-1+m) AppellF1[ =, 1+ = (-1+m), 2, =, -Tan[c+dXx]?,
2 2 2

a’Tan[c+dx]? ,5 1
————————] sec[c+dx]?Tan[c+dXx] + ———————
—a?+b? 3(—a2+b2)
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5 , a’Tan[c+dx]?
(-1+m), 3, =, -Tan[c+dx]?, ——— |
2 —a?+b?

/

3 2
(-1+m), 2, =, -Tan[c+dx]?, -
2 a%-b?

2 3
4 a® AppellF1l [ )
2

N |

Sec[c+dx]?Tan[c +dX] \/1+Tan[c+dx]2

a’Tan[c+dx]?
, a faflc+rdaxl”

[—3 (a* - b*) AppellF1|

N | =
N |-

|+

) 3 1 5 , @a’Tan[c+dx]?
4a?AppellF1[ =, = (-1+m), 3, =, -Tan[c+dx]?, - ———————— | +
22 2 a?-b?

3 1+m 5
(a2-b2) (-1+m) AppellF1[>, =, 2, 2,

2 2 2

, a’Tan[c+dx]? ,
~Tan[c+dx]?, -——————— || Tan[c+dx]?| -
a? - b?

a’Tan[c+dx]?

]

1 3 m 5 )
b |-~ mAppellF1[ =, 1+—, 2, =, -Tan[c+dx]?,
3 2 2 2 —aZ + b2

) 1 ) 3 m 5
Sec[c+dx]?Tan[c+dx] + —————4a’ AppellFl|~, —, 3, —,
2

3 (-a?+b?) 2
/

1 m 3 a?Tan[c+dx]?
[3 (a* - b%) AppellFl[~, —, 2, =, -Tan[c+dX]?, —#]
2 2 a? - b?
a?Tan[c +dx]?
GELLUTLRLLS W I
a?-b?

2+m 5 aZTan[c+dx}2]]

N

, a’Tan[c+dx]? )
~Tan[c+dx]?, ——————— ] Sec[c+dx]?Tan[c +dx]
—a? +b?

+

N

2 3 - 2
4 3% AppellF1[ =, =, 3, =, -Tan[c+dx]?,
2 2

NS

,2, =, -Tan[c+dx]?%, -

3
2 _b?) mAppellF1| =
(2 ) mAppe [2’ 2 a2 - b2

N R N

2 1 3 2
Tan[c+dx]?| - |aAppellF1[—, = (-1+m), 2, =, -Tan[c+dx]?,
2 2

B

a?Tan[c +dx]?

3
—a% +b?

}\/1+Tan[c+dx]2 2 {4a2Appe11F1[

N W
N |

(—1+m), 3,

a?Tan[c +dx]?
) a’-b?
1+m 5 a?Tan[c+dx]?

, ,2, =, -Tan[c+dx]?, -
2 2 a? - b?

, -Tan[c+dx]?, |+ (a®-b%) (-1+m) AppellF1|

|| secfc+dx)?

N W N U

1 3 1 5
-— |-1+m ppe —H 1+ = (-1+m), 2, —,
(-1+m) AppellFi[—, 1 (-1+m), 2

Tan[c+dx] -3 (a*-b?)
3 2 2 2

, @a’Tan[c+dx]? 5 1
-Tan[c+dx]?, - ———————] Sec[c+dx]?Tan[c+dX] -

a? - b2 3 (az—bz)

5 , a‘Tan[c+dx]?
(-1+m), 3, =, -Tan[c+dx]?, - —— |

2 i
4 a® AppellF1[ =,
2 2 a2-b?

N |

> (C14m)

43% |-~
5

Sec[c+dx]2Tan[c+dx]] +Tan[c +dx]?

5 1 7 , a’Tan[c+dx]?
AppellF1l[ =, 1+ = (-1+m), 3, =, -Tan[c+dx)?, - ————————
2 2 2 a? - b?
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5 1
Sec[c+dx]?Tan[c+dx] - —————18a® AppellF1[ =, — (-1+m),
5 (a% - b?) 22
7 , a‘Tan[c+dx]? 5
4, =, -Tan[c+dx]?, - ———————] Sec[c+dx]?Tan[c+dx] | +
2 aZ_b2

(a2-b2) (~1+m)

) 5 1+m )
- | |12 2% AppellFi[ =, ,3, —, -Tan[c +dx]?,
2

2 2
/(s (220 |

5 1+m )
(1+m) AppellFl[g, 1+ , 2, —, -Tan[c +d x]2,

axrrmeson]

3 , a*Tan[c+dx]?
(-1+m), 2, =, -Tan[c+dx]?, - —————— | +
2 a? - b?

a?Tan[c+dx]? B,
—] Sec[c+dx]“Tan[c +d X]
a27b2

Ul | w

a?Tan[c+dx]?

a%-b?

| secic+dx]?Tan[c+dx]

[—3 (a* - b%) AppellF1| 1,
2

N |

2 3
4 a® AppellFi[ =,
2

N |-

5 , a‘Tan[c+dx]?
(-1+m), 3, =, -Tan[c+dx)?, - ———

2 a%-b? }+

)

3 1+m 5

(a>-b%) (-1+m) AppellF1| =, : y 2, —

2 2 2

a’Tan[c+dx]?

-Tan[c+dx]?, —#}
a? - b?

2

+

JTan[c+dx]2

1 m 3 , a‘Tan[c+dx]?
bAppellF1[=, =, 2, =, -Tan[c+dx]?, —
2 2 2

]

-a?+b?

5 3 m 5 , a‘Tan[c+dx]?
2 |4a%AppellF1[ =, —, 3, =, -Tan[c+dx]?, - ———————| +
272 2 a?-p?
Sy 3 2+m 5 , a’Tan[c+dx]?
(a% - b?) mAppellFl[—, ,2, =, -Tan[c+dx]%, - ——————
2 2 2

a? - b? ]
Sec[c+dx]*Tan[c+dx] -3 (a*-b?)

1 3 m
- —mAppellF1[ =, 1+ —, 2,

3 2 2
5 , a’Tan[c+dx]? 5
=, -Tan[c+dx]?, - ———————]| Sec[c+dx]?Tan[c +dx] -
2 a? - b?

) 3 m

S 4a AppellF1|

=, —,3, =, -Tan[c+dx]?,
3 (a?-b?) 2 2

N

a’Tan[c+dx]? 5 ;
ﬁ]Sec[c+dx] Tan[c+dx] | +Tan[c +d x]
a‘-b

4 32

5 m 7 , a’Tan[c+dx]?
—fmAppellFl[f, 1+—,3, —, -Tan[c+dx]~, ——]
5 2 2 2 a? - b?
) ) 5 m
Sec[c+dx]?Tan[c+dx] - —————18a? AppellF1| ~, —, 4,
5 (a2 - b?) 272
a?Tan[c +dx]?
~Tan[c+dx]?, —#]
a? - b?

) 5 2+m )
-1112a AppellFl[;, N y 3, g, -Tan[c+dx]~,

)

7
2

Sec[c+dx]%?Tan[c+dx] | +

(a®>-b%) m
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a’Tan[c+dx]? 5
- ———————] Sec[c+dx]?Tan[c +dx]
a’-b?

/(5 (a2 -e7)) |-

7 2
, 2, —, -Tan[c+dx]*,

oxvrmcesnl |/

m 3 , @a’Tan[c+dx]?
~, 2, =, -Tan[c+dx]?, - ———— | +
2 2 a? - b?

2+m

3 5
= (2+m) AppellF1[ =, 1+
5 2

a’Tan[c +dx]? 5
——} Sec[c+dx]“Tan[c +d X]
Zsz

[3 (a* - b%) AppellF1[—,

N\I—‘

5 , @a’Tan[c+dx]?
»3, =, -Tan[c+dx]?, - ———————] +

m
[4a AppellF1[ =, —
2 2 a?-b?

N|w

> 2
, 2, —, -Tan[c+dx]*,

o]

3
2
a?Tan[c +dx]? J
e L nic+dx]?
a2_b2
Problem 778: Result unnecessarily involves imaginary or complex numbers.
J\/17Cos[x]
v/ a-Cos[X]

Optimal (type 3, 26 leaves, 2 steps):
Sin[x]

(a® - b?) mAppellF1|—,

dx

-2 ArcTan|

]

\/1-Cos[x] +/a-Cos[x]

Result (type 3, 47 Ieaves) :
i+v2-2Cos| Csc[ | Log[i \FCos[ ] +Va-Cosix] |
2 2

Problem 788: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+aCos[c+dx])1/3 (A+BCos[c+dx]) dx

Optimal (type 5, 102 leaves, 3 steps):

3B (a+aCos[c+dx])*?sin[c+dx]
N
4d
13 1 1 1
(4A+B) (a+aCos[c+dx])"?Hypergeometric2F1[~, =, =, = (1-Cos[c+dx]) ]
6 2 2 2

Sin[c+dx})/ (2 2%d (1+Cosfc+dx] )

Result (type 5, 213 leaves):
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%3 (a(1+Cos[c+dx]))?? (—8 (4A+B) Cot[—] +8BCos[dx] Sin[c] +
32
=, =, —e 9 (Cos|[c] +JiSin[c])] +

C
(2 (4A+B) Csc [ f] (2 Hypergeometric2F1 [—
4 3 3

-e'?* (Cos[c] H'LSin[c})])

WIir N n
.

e! X Hypergeometric2Fl| =, —, =,
3 3 3

< idx C idx cs 1/3
Sec[4] (1+e'?*Cos[c] +1ie'?*sin[c]) ]/
E} +i (-1+et?¥) Sin[E}) +8BCos[c] Sin[dx]

((1+ejdx) Cos[2 A

Problem 790: Result unnecessarily involves imaginary or complex numbers

A+BCos[c+dX]
J dx
(a+aCos[c+dx])2/3

Optimal (type 5, 105leaves, 3 steps):

3 (A-B) Sin[c +dXx]
2/3

d(a+aCos[c+dx])
3, 1 (1-Cosfc+dx])]

e

(25/5 (A-2B) (a+aCos[c+dx])*?Hypergeometric2F1[~, =, =
6 2 2 2
Sin[c+dx1)/ (ad <1+COS[C+dX1>5/6)
Result (type 5, 197 leaves):
3Cos[1 (c+dx)] [—4 [(—2A+SB) Cos[dfx} +BCos[c+dl] Csc[g} -
2 2 2
(A-28) e’%“chc[S} (2 Hypergeometric2F1[- —, 3, 3, ~e' 9% (Cos[c] +iSin[c]) ]+
4 3 3 3
2 5 jdX(Cos[c]+jSin[c})])

e' X Hypergeometric2F1| —, —, =,
3 3 3
Sec[i] (1+e1dxcos[c] +jeidxsin[c]>1/3)}/ (4d (a (1+Cos[c+dx}>)2/3)

4

Problem 922: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

(bCos[c+dx])" (A+BCos[c+dx])
dx

J \Cos[c+dx]

Optimal (type 5, 163 leaves, 4 steps):
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N\H

(1+2n),

IS

—((ZAx/Cos[Cerx} (bCos[c+dx])" Hypergeometric2F1| —,

/

(2 BCos[c+dx]*? (bCos[c+dx])" Hypergeometric2F1| =,

1 1
3+2n), — (7+2n), Cos dx]?
4(+n)4(+n) os[c+ x]}

d(1+2n)+/Sin[c+dx]?

(5+2n), Cos[c+dx]?] Sin[c+dx]

FNQUPN
NlH

Sin[c +dx]

/(d (3+2n)+/sin[c+dx]?

Result (type 6, 4951 leaves):
Cos[1 (c+dx”2]2—+nCos[c+dx]’“ (bCos[c+dx])"
2

2

Sl L, 3,
(—BCOS[C+dX}2 "+ACos[c+dx]z"+
2

1 2
(Cos[c+dx] Sec[; (c+dx)] J

1 1in 1 1in e
ZBCos[c+dXx] Cos{z(c+dx”+;18€os[c+dx]z Sin[2 (c+dx) ] +Sec[c+dx]
2

1 1 1
(—*J‘lBCos[c+dx}7"Cos[2 (c+dx)]sinfc+dx] +ACos[c+dx]2"Sin[c+dx]?+Sin[c+

1 1,+n 1 £+n . 1
dx] |-~ iBCos[c+dx]z"+=BCos[c+dx]z"Sin[2 (c+dx) | Tan[;(c+dx”
2 2
1 3 3 1 2 1 2
9 (A+B) AppellF1[=, = -n, ~+n, =, Tan[= (c+dx)]", -Tan[~ (c+d //
([ (A + B) Appe [2 2+n 5 an[z(c+ x) | an[2 (c+dx)] ]]
1 1 3 3 1 2 1 2
3AppellF1[ =, = -n, ~+n, =, Tan[= (c+dx)]", -Tan[= (c+d
( ppe [2 A n 2+n X an[z(c+ x) | an[z(c+ x) ||+
3 1 5 5 1 2 1 2
~(3+2n) AppellFi[=, =-n, 2 +n, >, Tan[= (c+d , ~Tan|= (c+d
( (3+2n) Appe [2 2 n 2+n X an[2 (c+ x)] an[2 (c+ XH |+
3 3 5 1 2 1 2
1-2n) AppellFi|=, Z-n, Z+n, 2, Tan|= (c+d , ~Tan|= (c+d
( n) Appe [2 2+n A an[z(c+ x) | an[z(c+ x)]})
1 2 3 1 3 5
Tan| — (c+dx” ]+ (5 (-A+B) AppellF1[ =, = -n, =+n, —,
2 2 2 2 2
Tan[l(c+dx”2,7Tan[l(c+dx)]2} Tan[l(c+dx)]2]/
2 2 2
3 1 3 5 1 2 1 2
5AppellF1[ =, = -n, Z+n, >, Tan[~ (c+dx)]", -Tan[~ (c+d
( ppe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) 7]+
5 1 5 7 1 2 1 2
3+2n) AppellF1[ >, = -n, Z+n, =, Tan[= (c+dx)]|", -Tan[ = (c+d
(( +2n) Appe [2 A n 2+n » an[z(c+ x) | an[2<c+ x) |7+
5 3 3 7 1 2
(-1+2n) AppellF1[ =, =-n, —+n, —, Tan|[= (c+dx] ],
2 2 2 2 2
—Tan[l(c+dx)]2})Tan[l(c+dx”2))/
2 2
{3d(1 Cos[l(c+dx)]2)7+n Cos[c +dx] Sec[l(c+dx)]2)7+n
3 2 2
[(9 (A+B )AppellFl{l 1—n,i+n, i, Tan[l(c+dx)]2,—Tan[l(c+dx”2})/
2 2 2 2 2 2
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1 1 3 3 1 2 1 2
[3Appe11F1[—, —-n, —+n, =, Tan[ = (c+dx)]", -Tan[ = (c+dx)] ]| +
2 2 2 2 2 2
[—(3+2n) AppellFl{z, %—n, §+n, Z, Tan[% (c+dx”2, —Tan[% (c+dx)]2} +
(1-2n) AppellFl[%, %—n, §+n, 3, Tan[% <c+dx)]2, —Tan{% (c+dx)]2]
1 2 3 1 3 5
Tan|[ = (c+dXx) | J+ [5 (-A+B) AppellF1[ =, = -n, =+n, =,
2 2 2 2 2
1 2 1 2 1 2
Tan[g(c+dx)] s —Tan[;(c+dx)] ]Tan[;(c+dx)] )/
[—SAppellFl[i, l—n, i+n, E, Tan[1 (c+dx”2, —Tan[1 <c+dx)]2] +
2 2 2 2 2 2
[(3+2n)AppellF1[§, i—n, §+n, %, Tan[% (c+dx)]2, —Tan{% (c+dx”2] +
5 3 3 7 1
(—1+2n>AppellF1[f, =-n, =+n, —, Tan[ = (c+dx)} ,
2 2 2 2 2
—Tan[l(c+dx)]2]]Tan[1(c+dx)]2J]—
2 2

)
— | —+n
312

Cos[c+dx] Sec[l (c+dx)}2)_;+n
2

2 2 2 2
[3Appe11F1{l, l—n, i+n, i, Tan{l (c+dx)]2, —Tan[l (c+dxH2} +
2 2 2 2 2 2
[—(3+2n) AppellFl{%, g—n, §+n, Z, Tan{% (c+dx”2, —Tan[% (c+dx)]2} +
(1-2n) AppellFl[z, z—n, §+n, 3, Tan[i <c+dx)]2, —Tan{% (c+dx)]2]J
1 2 3 1 3 5
Tan| = (c+dXx) | ]+ [5 (-A+B) AppellF1[=, = -n, =+n, =,
2 2 2 2 2
Tan[l(c+dx)]2, —Tan[l(c+dx)]2]Tan[1(c+dx)]2)/
2 2 2
[—SAppellFl[i, l—n, §+n, E, Tan[1 (c+dx”2, —Tan[1 <c+dx)]2] +
2 2 2 2 2 2
((3+2n)AppellF1[§, i—n, §+n, 2, Tan[% <c+dx)]2, —Tan[% (c+dx”2] +
5 3 3 7 1
(—1+2n>AppellF1[f, =-n, —+n, —, Tan[~ (c+dx)} ,
2 2 2 2 2
—Tan[l(c+dx)]2]]Tan[l(c+dx)]2J]+
2 2

Cos |~ (c+dx)]2J?n (Cos[c+dx] Sec[1 (c+dx)]2]7?n
2



488 | Mathematica 11.3 Integration Test Results for 4.2.2.1 (a+b cos)”m (c+d cos)”™n.nb

—Sec[l (c+dx)]zsin[c+dx] +Cos[c+dx] Sec[l (c+dx)]2Tan[l (c+dx)]
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[ ppe [2 A n 2+n A an{z(c+ x) ] an[z(c+ x) 7]+
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1 2 3 1 3 5
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2 2 2 2 2
Tan[l(c+dx)]2, —Tan[l(c+dx)]2]Tan[1(c+dx)]2)/
2 2 2
3 1 3 5 1 2 1 2
_5AppellFl[=, =-n, —+n, =, Tan|[ = d , —Tan|[= (c+d
[ ppe [2 , n 2+n 5 an[z(c+ XH an[2<c+ x)]]+
5 1 5 7 1 2 1 2
3+2n) AppellF1[>, = -n, > +n, =, Tan[= (c+dx)]°, -Tan[ = (c+d
[( +2n) Appe [2 5 n 2+n " an[2 (c+dx)] an[2 (c+dx)]] +
5 3 3 7 1 2
(—1+2n>AppellF1[f ~-n, = +n, *,Tan[*(CerX)} ,
2 2 2 2 2
1 2 1 2
—Tan[—(c+dx)] ]]Tan[—(c+dx)] ]]Jr
2 2
2 Cos[l(Certz]z+n Cos[c +dx] Sec[l(c+dx”2]7?nTan[l(c+dx”
3 2 2 2
{(9 (A+B)
[—1 i+n] AppellFl[z,l—n,EJrn, E, Tan[l(c+dx)]2,—Tan[l(c+dx)]2]
312 2 2 2 2 2 2
1 2 1 1 /1 3 3 3 5
Sec[~ (c+dx) | Tan[—(c+dx)]+—(— ]AppellFl[— ~-n, =+n, &,
2 2 312 2 2 2 2
Tan{l(c+dx”2,—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[l(c+dx)] ]/
2 2 2 2
[B»AppellFl{l l—n,i+n, i, Tan[l(c+dx)]2,—Tan[l(c+dxH2}+
2 2 2 2 2 2
3 1 5 5 1 2 1 2
-(3+2 A 11F1|—, —-n, — y, — T — d , =T — d
[ (3+2n) Appe [2 A n 2+n A an{2 (c+dx)] an[2 (c+dx)]|"] +
3 3 3 5 1 2 1 2
1-2n) AppellFi[=, = -n, =+n, 2, Tan|— d , —Tan[= (c+d
( n) Appe [2 A n 2+n A an[2<c+ x) | an{z(c+ x)]]]
1 2 3 1 3 5
Tan| = (c+dXx) | ]+[5 (-A+B) AppellF1[=, —-n, =+n, =,
2 2 2 2 2
Tan[l(c+dx)]2, ~Tan[~ (c+dx) ] ]Sec[l(c+dx)] Tan[f(c+dx”)/
2 2
3 1 3 5 1 2 1 2
~5AppellFi[ =, = -n, ~+n, >, Tan[~ (c+dx)]", -Tan[= (c+d
[ ppe [2 , n 2+n 5 an[z(c+ XH an[2<c+ x)]]+
5 1 5 7 1 2 1 2
3+2n) AppellF1[>, = -n, > +n, =, Tan[= (c+dx)]°, -Tan[ = (c+d
[( +2n) Appe [2 5 n 2+n " an[2 (c+dx)] an[2 (c+dx)]7] +
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2
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2 2 2

N | =

1
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3 5
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1
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1 5
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2
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2
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1 3
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2

1 2 5 /(5 7 1 7 9
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)

Z 3 5
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1 2 1
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Problem 923: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

j<bCOS[C+dX])n (A+BCos[c+dx])

Cos[c +dx]3/?

Optimal (type 5, 163 leaves, 4 steps):

1 1 1
(ZA (bCos{c+dx])" Hyper‘geometr‘1c2F1[ ( 1+2n), (3+2n), Cos[c+dx]?]

Sin[c +dx] /( (1-2n) v/Cos[c+dx] +/Sin[c+dx]?

(ZB\/COS [c+dx] (bCos[c+dx])" Hyper‘geometrlczFl[ (1+2n),
2 4
/(d (1+2n)+/Sin[c+dx]?

| =

1
= (5+2n), Cos[c+dx]?] Sin[c+dx]
4

Result (type 6, 4842 leaves):
[6x/Cos[c+dx} (bCos[c+dx])"

£+n 1 1—+n 1 1—+n
ACos[c+dx]z"+Sec[c+dx] BCos[c+dx]z"+ =BCos[c+dx]z"Cos[2 (c+dx)]+

2 2

+Sec[c+dx]?

1 Lin s
~1iBCos[c+dx]:"Sin[2 (c+dx)]

2

1. l+n . £+n .
(7—1BCos[c+dx]z Cos[z(c+dx)]51n[c+dx]+ACos[c+dx]z Sin[c+dx]%+
2

. 1 £+n 1 £+n .

Sin[c+dx] [-=1iBCos[c+dx]z "+ —=BCos[c+dx]: Sln[2<c+dx)]))]

2 2
Tan[1 (c+dx)} ([(A—B) AppellF1l[ =, = -n, l+n, i, Tan[1 <c+dx)]2,
2 2 2 2
dx)

')/

—Tan[% <c+dx)]2} (—1+Tan %

(3AppellF1[§, %—n, §+n, z, Tan[% (c+dx)]2, —Tan[% (c+dx)]2] -
((1+2n) AppellFl[z ifn, §+n, 3, Tan[% (c+dx”2, 7Tan[§ (c+dx)]2] +
( 1+2n)AppellF1[i = _n, 1+n, E, Tan[1<c+dx)] s
2 2 2 2
1 2 1 2
—Tan[;(c+dx>]} Tan[;(c+dx” +
(ZAAppellFl[i %—n, %+n, >’ Tan[% (c+dx)], —Tan[% (c+dx)] }]/
[BAppellFl[i %—n, §+n, >’ Tan[%(c+dx)] s —Tan[l(c+dx)] ] -
i = _n, 3+n, , Tan[ = (c+dx) ], -Tan[= (c+dx) | ] +
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1 3 1 3 1 2 1 2
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312 2 2 2 2 2

2
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~34+2n) AppellfFi[=, 2 -n, =+n, >, Tan[= (c +d , —Tan[= (c+d
(-3+2n) Appe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) | ]]
1 2 1 1 1 3
Tan[—(c+dx”) ((A B) AppellF1[~, —-n, —+n, —,
2 2 2 2 2
1 2 1 2 1 2
Tan[ = (c+dx)]|", 7Tan[2 (c+dx)]7] (71+Tan[;(c+dx)] )
2
3 1 3 5
~[(1+2n) AppellF1[=, = -n, Z4n, >, Tan[~ (c+dx)]|", -Tan[ = (c+d
( (( +2n) Appe [2 A n 2+n A an[z(c+ x) | an[2<c+ x)]7]+
3 3 1 5 1
(-1+2n) AppellF1[=, =-n, —+n, =, Tan| =~ (c+dx) ],
2 2 2 2 2
1 2 1 2 1 1 /1
“Tan[= (c+d sec[= (c+dx)]’Tan[= (c+d 3= (=
an[z(c+ x)]7] ec[z(c+ x) | an[z(c+ x) ]+ ( 3[2+n)
3 1 3 5 1 2
A 11F1|—, —-n, — s, — T — d -T d
ppe [2 A n 2+n A an[2 (c+dx)]", an{ (c+ x)]]
1 2 1 1 /1 3 3 1 5
Sec[~ (c+dx) | Tan[—(c+dx)]+—(—7nJAppellF1[f,ffn,f+n, -,
2 2 312 2 2 2 2
Tan[l(c+dx)]2, 7Tan[l(c+dx)}2} Sec[l(c+dx)}2Tan[1(c+dx)] -
2 2 2 2
1 2 3 /(3 5 1 5 7
Tan[f(c+dx)] [(1+2n) (—*(*+n AppellFl[ =, ~-n, —+n, —,
2 512 2 2 2 2
1 2 1 2 1
Tan[f(c+dx” ,—Tan[£<c+dx)] ]Sec[£<c+dx)] Tan|
2
1 3 /(1 5 3 3 7 1
—(c+dx”+—[— )AppellFl[— =-n, —+n, =, Tan[ = (c+dx) ],
2 512 2 2 2 2 2
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—Tan[l(c+dx)] ]Sec[ (c+dx)]2Tan[l(c+dxH +

2 2
3 /(1 5 3 3 7 1 2
(-1+2n) (—— (—+n) AppellF1[=, =-n, —+n, —, Tan[= (c+dx] ],
512 2 2 2 2 2
1 2 2 1
—Tan[;(c+dx)] ]Sec[ (c+dx)] Tan[;(c+dx”+
3 /(3 5 5 1 7 1 2
= (f—nJ AppellF1[ =, =-n, —+n, —, Tan|[ - <c+dx)] s
512 2 2 2 2 2
—Tan[l(c+dx)]2]5ec[f(c+dx)]2Tan[l(c+dx)} J])/
2
1 1 1 3 1 2 1 2
3AppellF1[ =, = -n, ~+n, =, Tan[ = (c+dx)]", -Tan[= (c+d -
( ppe [2 ) n 2+n 5 an[2<c+ x>] an[z(c+ x)]]
3 1 3 5 2
1+2n) AppellFi[>, = n, , 2, Tan[= (c+d , ~Tan|= (c+d
[( +2n) Appe [2 A n 2+n X an[z(c+ x) | an[2 (c+dx)]7] +
3 3 1 1
(—1+2n)AppellF1[f ~-n, —+n, ,Tan[f(c+dx” ,
2 2 2 2
2 1 2)2
—Tan[—(c+dx)]] Tan[;(c+dx)] -
2
[2AAppe11F1[1 3 n ! n Tan|[ = (c dx”2 Tan| = (c dx)]z}
— — N, —/+N, —, - + y ~ - +
2 2 2 2 2
( (( 2n) AppellFl[B 3 n n Tan[1 (c+dx)] Tan[1 (c+dx)]|"]
- + ——-n, —+n, —, — (c+ , - — (c+ +
2 2 2 2
3 5 1 5 1
(—3+2n)AppellF1[f ~-n, —+n, f,Tan[f(c+dx)] ,
2 2 2 2 2
1 2 1 2 1 1/1
“Tan[= (c+d Sec[= (c+dx) ] Tan[= (c+d 3[-= (=
an[z(c+ x)]] ec[2<c+ x)] an[z(c+ x)]+ ( 3(2+n)
3 3 3 5 1 2
AppellF1[=>, = -n, Z+n, 2, Tan|= (c+dx)]%, -Tan[= (c+d
ppe [2 A n 2+n X an[z(c+ x)] an[ (c+ x)]]
1 2 1 1 /(3 3 5 1 5
Sec[~ (c+dx) | Tan[—(c+dx)]+—(——nJAppellFl[—,——n,—+n, -,
2 2 312 2 2 2 2

Tan[% (c+dx)]2, —Tan[% (c+dx”2} Sec[% (c+dx”2Tan[— (c+dx)]

5 7
-n, —+n, —,

Tan[%(c+dx)]2[(1+2n) (—§[§+n z A A
1

5
AppellFi[ =,
2

Tan[1 (c+dx”2, —Tan[l <c+dx)]2] Sec|— <c+dx)]2Tan{
2 2 2

l(c:+dx”+i(i )AppellFl[E E—n,7+n, Z,Tan[l(c+dx)]2,

2 512 2 2 2 2 2

)

—Tan[i (c+dx)]2] Sec[i
(-3+2n) (—g (%+n) AppellF1]| =,

7Tan[§ (c+dx)]2] Sec[% (c+dx)

3 /(5 5 7
- (——n) AppellFl[—, —-n, —+n,
512 2 2 2
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—Tan[l (c+dx)]2] Sec[l (c+dx)]2Tan[l (c+dx)] ]))/
2 2 2
(BAppellFl[l, i—n, l+n, i, Tan[1 (c+dx>]2, —Tan[l (c+dx)]2] -
2 2 2 2 2 2
[(1+2n) AppellFl[z, z—n, §+n, z, Tan[% (c+dx)]2, —Tan{% (c+dx”2] +
3 5 5 1 2
(-3+2n) AppellF1[=, =-n, —+n, =, Tan|— (c+dx) ],
2 2 2 2 2

—Tan[% (c+dx)]2] Tan|

N |

<c+dx>]2]2]”

Problem 924: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(bCos[c+dx])" (A+BCos[c+dx])
J dx

Cos[c+dx]°/?
Optimal (type 5, 163 leaves, 4 steps):

B

(2 A (bCos[c+dx])"Hypergeometric2F1|

N |

(-3+2n), = (1+2n), Cos[c+dx]?]

FNQNTIN
FNQRFN

+

Sin[c+dx})/ (d (3-2n) Cos[c+dx]*>?+/sin[c+dx]?

(-1+2n), 1 (3+2n), Cos[c+dx]?]
4
2

/(d(l—Zn)\/COS[CerX] Sin[c+dx] )

)

(2 B (bCos[c+dx])"Hypergeometric2Fl|

N [
FE

Sin[c +dx]

Result (type 6, 4948 leaves):

2Cos[c+dx] " (bCos[c+dx])"

1 l+n 1 £+n
~BCos[c+dx]:"+=BCos[c+dx]z"Cos[2 (c+dx) ]|+

(ACos[c+dx]’?"+Sec[c+dx]2
2 2

1J'lBCos[Cerx]%"Sin[Z (c+dx)]

+Sec[c+dx]3
2

1 1, X Lin ..
[——iBCOS[C+dX]2 "Cos[2 (c+dx)]sin[c+dx] +ACos[c+dx]:"Sin[c+dx]?+
2

. 1. i 1 Lin s
Sin[c +d x] (——18Cos[c+dx]z + —BCos[c+dx]2 Sln[z(c+dx)]))]
2 2

5
-—+n

(c+dx)]2] ’

—-—+Nn
1
1+Tan[§ (c+dx)]2

Tan[i (c+dx” (1—Tan[

N R

1 5 1 3 1 2 1 2
([9 (A +B) AppellFl[;, ;—n, —;+n, S’ Tan[g(c+dx)] , —Tan[; (c+dx” })/
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1 5 1 3 1 2 1 2
(BAppellFl[—, —-n, -—+n, =, Tan[= (c+dx) ], -Tan[= (c+dx) ]| ] +
2 2 2 2 2 2
((1—2n) AppellFl[%, z—n, §+n, z, Tan[% (c+dxH2, —Tan[% <c+dx)]2] +
(S—Zn)AppellFl[z,%—n,—%+n, 3, Tan[%<c+dx)]2, —Tan[%(c+dx)]2]
1 2 3 5 1 5
Tan[ = (c+dx) | ]+(5(—A+B) AppellF1[=, =-n, -~ +n, =
2 2 2 2
Tan{E (c+dx”2, —Tan[1 (c+dx)]2}Tan 1 (c+dx) | J
2 2
( 5AppellF1[§ 3—n,—%+n, 3, Tan[z (c+dx” —Tan[%<c+dx)] |+
((—1+2n)AppellF1[§, z—n, §+n, %, Tan[; (c+dx)] —Tan{i (c+dx”2] +
5 7 1 7 1 2
(-5+2n) AppellF1[ =, —-n, - ~—+n, —, Tan[~ (c+dx)]",
2 2 2 2 2

1+Tan[§ (c+dx)]2

1 5 1 3 1
9 (A+B) AppellFl[=, > -n, -=+n, =, Tan|= (c+d , —Tan[= (c+d /
(( (A +B) Appe [2 A n 2+n A an[2 (c+dx)] an[2 (c+dx)] ]]
[BA ellFl[1 > n n 3 Tan[ =~ (c dx”2 Tan[ = (c+dx)]|"]
— — N, ——+N, —, - + y - - + +
PP 2 2 2 2 2 2
3 5 1 5 2
1-2n) AppellF1|[=, 2-n, =+n, 2, Tan|[= (c+d , —Tan| = d
[( n) Appe [2 X n 2+n A an[z(c+ x) | an[z(c+ x) 7]+
3 7 1 5 1 2 1 2
5_2n) AppellF1|[=, Z—-n, -=+n, =, Tan[— d , —Tan[ = d
( n) Appe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) | })
1 2 3 5 1 5
Tan[ = (c+dx) | J+ {5 (-A+B) AppellF1[ =, = -n, - —+n, -,
2 2 2 2 2
Tan[l(c+dx)]2, —Tan[l(c+dx)]2]Tan[l(c+dx)]2)/
2 2 2
3 65 1 5 1 2 1 2
~5AppellF1[ =, > -n, == +n, >, Tan[= (c+dx)]", -Tan[ = (c+d
[ ppe [2 A n 2+n A an[z(c+ x) ] an[z(c+ x) 7]+
5 5 1 7 2
~1+2n) AppellFi[ >, 2 -n, , =, Tan[= (c+dx)]", -Tan[= (c+d
[( +2n) Appe [2 A n 2+n A an[z(c+ x) | an[ = (c+dx) ]|+
5 7 1 7
(-5+2n) AppellF1[=, —-n, -=+n, —, Tan[ = (c+dx) ]|,
2 2 2 2
1 2 1 2
—Tan[;(c+dx)]] Tan[;(c+dx)] ]]+
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1
-Z4n

%Sec[% (c+dx)]2 1—Tan[§ (c+dx”2)7+n {1+Tan[

[BAppellFl[l, E—n, —l+n, =, Tan| = (c+dx”2, —Tan[l (c+dx)]2] +
2 2

3
{ (1-2n) AppellF1|—,
2

3 7 1 5 1 2 1 2
5-2n) AppellF1[ =, ~-n, -~ +n, >, Tan[= (c+dx)]", -Tan[ = (c+d
( n) Appe [ A n 2+n A an[z(c+ x) | an[z(c+ XH})

2

5 5 1
[(—1+2n) AppellF1[ =, =-n, = +n,
2

]

[—SAppellFl[z, z—n, —l+n, 3, Tan[% (c+dx)]2, ~Tan|= (c+dx”2] +
7

2 2

(—5+2n>AppellF1[E,Z—n,—l+n, Z, Tan[f(c+dx)]z,
2 2 2 2 2
1 2 1 2
—Tan[f(c+dx)] ]]Tan[f (c+dx)] J]—
2 2
2 1 1 2 1 2 1 2\ M
o= in|sec[= (c+dx)] Tan[= (c+d 1-Tan[~ (c+d
3( 2+n ec[z(c+ x)] an[z(c+ XH ( an[z(c+ x)]
l+n
1 2
1+Tan[§(c+dx)]2
((9 (A +B) AppellFl[l, E—n, —l+n, 3,Tan[— (c+dx) ], -Tan[= (c+dx) ] ]]/
2 2 2
1 5 3 2
[BAppellFl[;, ;—n, -~ +n, >’ Tan[= (c+dx)|", -Tan[= (c+dx) | ] +
5 1 1
[(l—Zn)AppellFl[—, —-n, —+n, =, Tan[ = (c+dx)]", -Tan[ = (c+dx) ]| ]| +
2 2

2
5 1 5
Tan|[ = (c+dXx) | J+ [5 (-A+B) AppellF1[=, = -n, - —+n, =,
2 2 2
Tan[f(c+dx)]2, -Tan|[ = (c+dx) | ]Tan[l(c+dx)]2)/
2
3 5 1 5 1 ) 1 5
-5A 11F1 FERELE )7:T - d ,—T — d
[ ppe [2 5 n 2+n » an[z(c+ x) ] an{z(c+ x) 7]+

[(—1+2n) AppellFl{z, z—n, %+n, z, Tan[% (c+dx”2, —Tan[i (c+dx)]2} +
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5 7 1 7
(-5+2n) AppellF1[=, —-n, -=+n, —, Tan[ = (c+dx) ]|,
2 2 2 2 2
—Tan[l(c+dx)]2]]Tan[1(c+dx)]2]]+
2 2
7§+n
-—+n
ETan[1<c+dx)] (1—Tan[1(c+dx)]2) : 1
3 2 2 1+Tan[l<c+dx)]2
2
{(9 (A+B)
[—1 —E+n)AppellF1[i, E—n,1+n, =, Tan[f(c+dx)]2, —Tan[l(c+dx”2}
3 2 2 2 2 2 2 2
1 2 1 1 3 7 1 5
Sec[~ (c+dx) | Tan[—(c+dx)]+—(—7n)AppellF1[—, ——-n, -=+n, =,
2 2 3 2 2 2 2
Tan[l(c+dxH2,—Tan[l(c+dxH2} Sec[l(c+dxH2Tan[l(c+dx)] ]/
2 2 2 2
1 5 1 3 1 2 1 2
3AppellF1[=, 2 -n, -~ +n, =, Tan[= (c+dx)]", -Tan[ = (c+d
[ ppe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) 7]+
3 5 1 5 1 2 1 2
1-2n) AppellfF1[ =, > -n, =+n, =, Tan[= (c+dx)]", -Tan[~ (c+d
[( n) Appe [2 5 n 2+n A an[z(c+ x) | an[z(c+ x) 7]+
3 7 1 5 1 2 1 2
5_2n) AppellF1[=, Z-n, -=+n, >, Tan[= (c+d , -Tan[= d
( n) Appe [2 A n 2+n A an[2 (c+dx)] an[2 (c+dx)] })
1 2 3 5 1 5
Tan[ = (c+dx) | ]+ [5 (-A+B) AppellF1[ =, =-n, -~ +n, —,
2 2 2 2 2
Tan[l(c+dx)]2, —Tan{l(c+dx)]2]5ec{l(c+dx)]2Tan[l(c+dxH)/
2 2 2 2
3 5 1 5 1 2
~5AppellF1[=, > -n, -~ +n, >, Tan[= (c+dx)]", -Tan[ = (c+d
[ ppe [2 A n 2+n A an[z(c+ x) ] an[= (c+dx) ]|+
5 5 1 7 2 1 2
-1+2 A 11F1|—, —-n, — , — T — d , =T — d
[( +2n) Appe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) ||+
5 7 1 7 2
(-5+2n) AppellF1[=, —-n, -=+n, —, Tan[ = (c+dx) |,
2 2 2 2 2
1 2 2 1
—Tan[;(c+dx)] ]]Tan[f (c+dx)] ]+[5 (-A+B) Tan[;(c+dx)]
[73 7E+n)AppellF1[E, E—n,1+n, Z, Tan[l(c+dx)]2, —Tan[l(c+dx”2}
5 2 2 2 2 2 2 2
1 1 3 5 7 1 7
Sec[f(c+dx)] Tan[f(c+dx)]+f(f—n)AppellFl[f, —-n, -=+n, —,
2 2 5 2 2 2 2
Tan[l(c+dxH2,—Tan[l(c+dxH2} Sec[l(c+dxH2Tan[1(c+dx)] ]/
2 2 2 2

[—SAppellFl[z, E—n, —1+n, E, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
2 2

2 2 2 2
5 5 1 7 1 2 1 2
~1+2n) AppellfF1[>, > -n, Z4n, =, Tan[= (c+dx)]", -Tan[= (c+d
(( +2n) Appe [2 A n 2+n A an[z(c+ x) | an[z(c+ x) ]+

5 7 1 7 1 2
(-5+2n) AppellF1[ =, —-n, -~ +n, —, Tan[ = (c+dx) ]|,
2 2
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—Tan[% (c+dx)]2] Tan[% (c+dx)]2 -

1 5 3 1 2 1 2
(9 (A+B) AppellF1[—, = -n, -=—+n, =, Tan[= (c+dx) |, -Tan| = (c+dx)]"]
2 2 2 2 2 2
[((1—2n) AppellFl[% z—n,§+n, 3, Tan[%(c+dx”2, —Tan[%(c+dx)]2]+
3 7 1 5 1 2
(5-2n) AppellF1[ =, —-n, -—+n, =, Tan|— (c+dx) ],
2 2 2 2 2
1 2 1 2 1 1 1
“Tan[= (c+d Sec[= (c+dx)] Tan[= (c+dx)]+3[-= [ =
an[z(c+ x)]7] ec[z(c+ x) | an[z(c+ x) ]+ ( 3[ 2Jrn]
AppellFl[z,z—n,iJrn, 3, Tan[%(Cerx)}z, —Tan[i(c+dx”2}
1 2 1 1 /5 3 7 1 5
Sec[~ (c+dx) | Tan[—(c+dx”+—(—fn] AppellFl[ =, —-n, - =+n, —,
2 2 312 2 2 2 2

Tan[% (c+dx>]2, —Tan[% (c+dx)]2] Sec[% (Cerx)]zTan[l (c+dx)]

2
1 2 3 /1 5 §5 3 7
Tan[ = (c+dx) | ((1—2n) [——(—+n AppellFl[ =, =-n, ~—+n, —,
2 512 2 2 2 2
1 2 1 2 1
Tan[g(c+dx)] ,—Tan[;(c+dx” ]Sec[;(c+dx” Tan|
1<c+dx)]+i(5 ]AppellFl[E Z—n,l+n,f Tan| (c+dx>] ,
2 512 2 2 2 2 2
—Tan[l(c+dx)} }Sec[ (c+dx” Tan[l(c+dx)] +
2 2
3 1 5 7 1 7 1 2
(5-2n) (—f [—7+n] AppellFl[ =, —-n, —+n, —, Tan|[~ (c+dx)} B
5 2 2 2 2 2 2
—Tan[l(c+dx”2} Sec[l(c+dx” Tan[—(c+dx)]+
2 2 2

3 /(7 5 9 7 1 2
= (——n] AppellF1[=, =-n, -=+n, —, Tan[ = (c+dx)]|",
512 2 2 2 2

5 )/

[BAppellFl{i, ;—n, —l+n, z, Tan[l (c+dx”2, —Tan[% (c+dx)]7]+

N

—Tan[% (c+dxH2} Sec[% (c+dx)]" Tan]

2 2 2
((1—2n) AppellFl{z, z—n, %+n, 2, Tan[i (c+dxH2, —Tan[% (c+dx)]2} +
3 7 5
(5-2n) AppellF1[ =, —-n, -=+n, =, Tan| = (c+dx) |,
2 2 2 2 2
1 2 2
—Tan[;(c+dx”} Tan[2 (c+dx)} -
(5( A+B) AppellFl[i E—n,—l+n, 5, Tan[l(c+dx)}2,—Tan[l(c+dx)]2}
2 2 2 2 2 2

Tan{% (c+dx”2

[((—1+2n) AppellF1| —,
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(-5+2n) AppellFi[—, g—n, -~ +n,

o N |

1 1
-T — d -
an[z(c+ x) | A A
5 7
AppellFl[ , ——-h, —+n, —
2 2 2
)

(c+dx ]ZTan[i (c+dx” +

+

—_
o
=]
I
)
+
a
X
.
I
-
o
=]
I
n
+
a
X
N
w N w
™
1o}
I
n
+
a
X
N
_|
o
=]
|
N
+
a
X

1 2 571 7 5 3
Tan[ = (c+dx) | ((—1+2n) (—— [—+n) AppellFl[—, = -n, —+n,
2 7 \2 2 2 2

9 1 2 1 2 1 2

2, Tan[= (c+dx)]%, ~Tan[= (c+d sec[= (c+dx)]’T

A an[2<c+ x) | an[z(c+ x) "] ec[z(c+ x) ] Tan|
1 5 /5 1 9 1 2
—<c+dx)]+—(——n)Appe11F1[ , —-Nn, —+n, =, Tan[= (c+dx) ],
2 7 \2 2 2 2 2 2
) (

/—\
|
|
>
-
>
o
b
0}
[
[
n
=
NN
-
N | O
|
>
<
|
|
+
>
-
.
_|
9
>
|
N
+
a
x
.

(—SAppellFl[z, g—n, -~ +n, g, Tan[% (c+dx)]2, —Tan[i (c+dx”2] +

((—1+2n) AppellFl[z, Z—n, §+n, 2, Tan[% <c+dx)]2, —Tan{% (c+dx)]2] +
(-5+2n) AppellFl[E, Z—n, —l+n, Z, Tan[ = (c+dx) ]|,

N

—Tan[% (c+dxH2} Tan{% (c+dx)]2)2)

Problem 925: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(bCos[c+dx])" (A+BCos[c+dx])
J dx

Cos[c+dx]7/?

Optimal (type 5, 163 leaves, 4 steps):
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(-5+2n), (—1+2n>,Cos[c+dx]2]

)

(2 A (bCos[c+dx])"Hypergeometric2F1|

N |

FNQRTN
FNQUPN

Sin[c +dx] +

/(d (5-2n) Cos[c+dx]>?+/Sin[c+dx]?

11 1
(23 (b Cos[c+dx])”Hypergeometr‘icZFl[;, . (-3+2n), . (1+2n), Cos[c+dx]?]

Sin[c+dx]

/(d (3-2n) Cos[c+dx]*>?+/sin[c+dx]?

Result (type 6, 4948 leaves):

2Cos[c+dx] ™ (bCos[c+dx])"

1 l+n 1 l+n
~BCos[c+dx]:"+ =BCos[c+dx]z"Cos[2 (c+dx) ]|+

3
(ACos[c+dx]7m+Sec[c+dx]3
2 2

lJ'lBCOS[C-#dX];mSin[Z (c+dx)]
2

+Sec[c+dx]*

1 i, . N
[——iBCOS[C+dX]2 "Cos[2 (c+dx)]sSin[c+dx] +ACos[c+dx]:"Sin[c+dx]?+
2

1
2

1 l+n 1 lm
Sin[c +d x] (——]iBCOS[C+dX]2 +=BCos[c+dx]2"Sin[2 (c+dx)]))]
2 2

1

1+Tan[§ (c+dx)]2J

3 3 1 2 1 2

“n,-Zin, 2, Tan[= (c+dx)]’, ~Tan[= (c+d /

n 2+n , an[z(c+ x)] an[z(c+ XH})
3 3 1 2 1 2
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N w
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2 2 2 2 2
1 2 1 2
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2 2
3 7 3 5 1 2
_5AppellFl[=, “—n, - Z4n, 2, T d T d
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[( +2n) Appe [2 A n 2+n A an[2<c+ x) | an[z(c+ x) 7]+
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2 2
7§+n
~Zin
ETan[1<c+dx)] (1—Tan[1(c+dx)]2) : !
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1 2 301 5 7 1 7
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}Z}Sec[l(c dxHZTan[l(c dx) |
— + - + +
2 2 2
3 /(9 5 11 3 7 1 2
= (f—n] AppellFl][ =, =~ -n, - ~+n, —, Tan[~ (c+dx” ,
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2

[3 AppellF1]
2 2 2

)

N R
NN

3 7 1 5 1 2 1 2
3-2n) AppellF1[ =, ~-n, -~ +n, >, Tan[ = (c+dx)]", -Tan[ = (c+d
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| W

-n, 73+n, E, Tan[1 (c+dx)]2,
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R

—Tan[% (c+dx) 2} Tan[i (c+dx”2 ‘.

N
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Tan| (CerxH2

N |

[((73+2n)AppellF1[§, -n, 71+n, —, Tan| = (c+dx”2, 7Tan[1 (c+dx)]2} +

(-7+2n) AppellF1|

7
2
5 9
— —-N, ——+n,
2 2

~Tan|

Z o
m N R
N)

1 3
Sec[;(c+dx X -
Tan[i (c+dx”2, —Tan[% <c+dx)]2] Sec[% <c+dx)]2Tan[§ (c+dx” +

Tan[% (CerxH2 (<73+2n) (*3 [,§+n] AppellFl[g,

7 1

~-n, Z+n,

2 2

%, Tan[% (c+dx)]% —Tan[% (crdx)]’] Sec[% (c+dx)]2Tan[§

5 /7 7 1 9 1 2

(c+dx)]+= (——n) AppellF1[—, —-n, -—+n, =, Tan[ = (c+dx) ]|,
7 \2 2 2 2 2

_Tan[i (c+dxH2} Sec[i (c+dx) | Tan[i (c+dx) ]|+
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—Tan[l (c+dx”2} Sec[l (c+dxHZTan[l (c+dx)]+

2 2 2
57/9 7 11 3 9 1 2
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5 9 3 7 1 2
(-7+2n) AppellF1[ =, =-n, - =+n, —, Tan[ = (c+dx)] ,
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Problem 926: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(bCos[c+dx])" (A+BCos[c+dx])
J dx

Cos[c+dx]%/?
Optimal (type 5, 163 leaves, 4 steps):

(2 A (bCos[c+dx])"Hypergeometric2F1|
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(-7+2n), = (-3+2n), Cos[c+dx]?]
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B

+
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n . 11 1 5
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1jBCOS[C+dX]§+nSin[2<C+dX)] 1°
2

+Sec[c+dx

1 1 1
[7—jBCos[c+dx]?+"Cos[2 (c+dx)]sinfc+dx] +ACos[c+dx]:"Sin[c+dx]?+
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1 £+n 1 1-H’}
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Problem 930: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 931: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 932: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Summary of Integration Test Results

932 integration problems

A - 496 optimal antiderivatives

B - 96 more than twice size of optimal antiderivatives
C - 309 unnecessarily complex antiderivatives

D - 25 unable tointegrate problems

E - 6integration timeouts



